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PREFACE 


The present work is intended to fulfill a demand for an introduction 
which puts more emphasis on. the physical background of quantum 
mechanics and its dose relation to classical experience than on u rigid 
axiomatio forme iation of the mathematical method. Whereas the latter 
procedure often produces a mood of frustration, ut least in the initiute, 
our aim is to keep the reader in dose contact with the accustomed 
modes. of thought and thereby make him more conscious of the futula- 
mentnl differences between the raw concept uul scheme and the classical 
one. A number of standard examples are carried through, so far as 
this lias heen jjOESsiblo without going into extensive nmlhemuticaI 
calculations. The reader who looks for complete solutions—-e.g,, for 
the exact determimLtion of normalizing factors even in such simple 
examples as the oscillator and rotator—must be referred to other text¬ 
books. Frequent, allusions to the historical development or*- designed 
to keep tiie student aware of the transitory character of alt present 
theories, rather than to present him only with a beautiful but rigid 
picture of axiomatic perfection. 

The book begins with a discussion of several standard experiments 
of an essentially classical nature. The two viewpoints of waves and 
partieies art sin mu to I k- connected by certain rulen of translation, 
and the quantum theory is gradually developed by the method of 
induction. Through this approach, it. is hoped, the student will obtain 
a clearer insight into the conceptual background of the quantum theory 
lhan can l>e gained from such quotation* as that “electrons, instead 
iff having laws similar t" the classical laws, obey the laws of wave 
motion 11 or that "light is corpuscular in nature, at least when it 
interacts with matter. The technique of matrix mechanics Is devel¬ 
oped. again in an inductive rather than an axiomatic manner, starting 
from well-known elementary experiments. Consider able space is 
devoted to the quantum theory of non conservative processes such as 
collision and scattering. It. also seemed imperative to include the 
Dirac electron and the elementary theory of radiation. The Iasi 
chapter on the meson may be welcomed as a preparation for the vast 
literature on nuclear forces, 

The slightly repetitions style may be excused as a concession to 
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PREFACE 


inquiring young physrieifits *Lirh 4 s. those* met with ill a tlm-e-quurNn 
murae an quantum mechanics given at The Ohio Statu University. 

Particular thanks ace owed to my touch D. K. Ktindti, for :o- 
iimnv critical remarks and his careful reading of the in musei-ijit a- i 
to the editorial istafT of the Pitman Publishing Corporation for Ommt 
splendid co-t> juration in making this edition p&suible 

Alfred LaxuA 
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PHYSICAL CDNSTANTS 

(partly from K. BirgC r /fey. Mod. pkys. t 1941) 


Velocity of light 

Charge' of the electron 
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Mafia of the proton , 

Ratio of proton and electron 
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= 1.9865 cal degree -1 mote” 1 
A — 6.0242 x 10 -i7 eigBeo 
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# [3 - 109,677.561 cm- 1 
R m = 109,73 7,303 enr 1 
fl,j = 0.5292 x 10 -S em 

— 0,9273 x 10“*® erg gauss -1 
= 2.82 x lO’ 15 * om = 475 Mev 

hjfte = 2,42 X J0 -j "cra — 0.51 1 Mev 
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1.6020 x 10““«ig 
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INTRODUCTION 


Physic* has lwn deHoribeil ns nn inquiry into lilt) objective world 
hidden behind 1 be subjective world of sense perceptions. The objective 
struct nre of the world is .supposed to manifest i lac If Ln regularities And 
rules controlling the phenomena perceived by our senses. Critical 
analysis shows, however, that tbs regularities and ruled of nature, if 
they are not mere conventions or delinitiona (the law of inertia merely 
dejmeb' a framework of trajectories called straight lines), are strongly 
eoJuied by our own. minds whose very function it. ia to oonraivc and 
digest the perceptional material in the form of sequences selected 
according Lo the subjective principle of simp]icily or economy—o r g r , 
symmetry, algebraic proportionality, geometric linearity, and the like. 
To the ancients it was an empirical fact that the stars are arranged in 
constellations determining the fate of mortal nnon. and that the plan 
of nature was based on saorad mini bore and on the harmony of spheres. 
Modem theoretical physio* in its search for simple mathematical 
relations continues the old const dial tots and number magic, with a 
mare critical evaluation af experience and a more modest god of tolling 
the future, it is true, but still reiving on an arbitrary sc lection and 
arrangement of material. Thus, the variation principles of mechanics 
EiTid thermodynamics deal with quantities defined by operations eoiv 
verb cutty chosen so as to reveal a fancied economy of nature. Yet, the 
study of those selected operations which produce certain minium has 
proved to be of great practical value, and our technical skill consist* 
to a large extent in repeating selected minimum operations. 

Having selected ami arranged empirical data from the viewpoint of 
mathematical simplicity and aaonomy, we often strive to visualize 
Hetjue:m>es of data by farm burr mechanisms. Newton's mutual accelera¬ 
tion of masses was '■explained” by a fictitious force of gravity and 
visualized by invisible arms or strings, later changed to the inertia 
in accelerated elevators. Atomic spectra were ascribed to jumping 
electrons, later changed to vibrating charge cloudy Models and other 
speculative constructions: (theories) aid us greatly in predicting and 
controlling natural events, and our confidence in their ' truth ” increases 
with their practical success. It is futile, however, to expect all pheno¬ 
mena to be capable of being explained by, or even to lie comparable 
i 7 
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with, familiar nioehaniKms. Nut only liave models und theories 
changed whenever new facts were discovered, but one and the same 
set of data lias often led to conflicting models. We refer to Huygens’ 
uiididaforv and New run's emission theory concerning the '’real nature " 
of light, to the various mechanical models of electrodynamics, or to 
the half-dozen different, explanations of Planck's radiation law. Those 
recurring conflicts have gradually shaken the naive belief in Hirnple 
visualizations, in pariicuJnr when applied to liiibnueroswpio pheno¬ 
mena. Bull why construe;!, and then believe in, large-scale models of 
micro physical events altogether! AH w r e can do is establish mathe¬ 
matical relations between more or less arbitrarily selected phenomena. 
Even whcci these 1 relations do not permit- an interpretation in terms of 
models, they still may aid us in predicting and controlling empirical 
events. 

The foregoing considerations have a particular significance for 
■quantum mechanics. Whereas classical physics taught that the 
exactness of observation and the predetermination of physical events 
could be improved indefinitely, at least in principle, mi pro physical 
experience as condensed in the quantum tbcon has revealed that 
there ia a definite bruit to causaE deterimn&ey itjlfh I'bis result leaves 
ns no hope of visualizing micro physical processes. by causal classical 
models, be they mechanical particles or waves. 



simpler I 

THE EQUIVALENCE OF 
WAVES AND PARTICLES 

i 1. Uudulatory and Corpuscular Theories 

1.1. MfUUr. After the great nuccesa ol classical mechanics in the* 
prediction of terrestrial und celestial jihcrusmena it Pernod quifco 
natural that one ought t.i> apply the samr classical print!plea eiIao in 
tin.- rnicro physical don tain. This pn^raiu mot with great initial tmccess 
ils attested by the kinetic theory of matter which won capable, with the 
aid of a priori principles of probability, of deriving the number id in 
visible atoms jier mole from the visible motion of Brownian particles. 
A few flkeptiea (Wiibekn Ostwaid) Ht ill considered the statistical 
proof Jks too indirect to aece|)l an atomistic structure of matter. 
They were silenced, however, by the evidence of electronics and 
radioactivity. Here we observe individual matter particles by thf-ir 
tracks in a cloud chamber, by their click* on entering a (ieiger 
counter, and by their balancing effect on oil drops in electric 
hfMe. 

The kinetic theory of matter particle* weihe shaken, however, when 
Davisson and Dernier 1 found that the rcliectinn of slow cathode rEtys 
from crystals gave rise to maxima and minima of reflected intensity 
bdmilar to lirugg x-ray diagrams, and when U. P. Thomson 2 obtained 
diffraction fringes similar to Bcbye-Sohjorasr patterns from the trams- 
mission of cathode rays through thin meted foils. The natural con 
elusion seemed to 1* that cathode rays. and mutter rays in general, 
are waves: subjected to the principle »f interference, in confirmation 
of the earlier hypothesis of L, de Brpgiic/ 1 We thus were confronted 
with two apparently Contradictory aspects concerning the basic 
structure of matter. 

1 O. Davisann anil L. Cornier, Fhy x. Iter. 30, 70S 

3 Q. P, Themrjrtan, /Tim. Itoy. Sae. [tjQhi fo nj 117, li'Ni (Hiifl). 

* L. da Bnsglio,, ph},'ii. 3, ill (I9!25>. 

ii 
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1.2. Light* Optic*! phenomena lead to a similar dikunma, The old 
controversy l>etween Newton's emission theory and Huygens' undu- 
latory concept ton of light, seemed decided in favor of waves by the 
discovery of diffraction and polarization. 

The wave theory failed, however, in iu application to photoproccsses 
such as fluorescence, photochemical reaction, and photo ionization. 
The basic rule controlling these phenomena is 

= Stokes* rule, (la) 

or* in words; in order to produce the desired reaction the incident 
light frequency ia required to surpass a certain critical frequency r 0 . 
If the photoprooeea were induced by periodic light waves, one would 
expert a maximum effect for a certain resonance frequency sur¬ 
round^:! by a range of reduced intensity for v > r 0 as well as r < v n . 
Furthermore, if the incident light consisted of a continuous flow of 
energy, sensitive particle a ought, to react only after a certain energy 
accumulation time, after which all particles ought to react :it once, 
but even in the case of very weak light no such retardation interval 
hits ever been fon nd. 1 * I i otopro cesses rat her ta ke ] 11 ace i n a sfca f l» t i ca I iy 
ruled foshion, ns though light energy were condensed in finite quanta 1 
or photons distributed at random over the incident ray, so that an 
atom reacts to a photon only when the energy A of the latter surpass 
a certain atomic threshold energy h'# according to the energy relation 

£>E* tit) 

This would, explain the rule of Stokes when it is assumed that the 

energy of the photons in a monochromatic light ray in proportional to 
tho frequency v accord mg to the rule 

£ ™ hv. (Id) 

Under this assumption one can derive (.ho value of the Factor h from 
Stokes'-law experiments, in particular from the phot lelecrrh effect. 
The experimental value of h is 

h = (1.li34 X IO -a? erg see = Planck* constant. lid) 

Further evidence of Ema fawiPa photons may be seeflu in the Compton 
effect. During a collision with a free electron the incident energy £ 
of a photon decreases to £'; tho energy shift M = £ — £' then 
corresponds to a frequency shift Av — v — v' according to r-q. (Ic). 
Those who questioned tho reality of individual Compton i-'ulh^ioiL 

A- Einatotii, Ann. Fhyttit 17. 131 (Iffl)fl], 
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pruL'eK-ier. were con v hived by the i 'oniptiin-lSinicji^ exp rimt hi showing 
sitniiltaneouH primary and Kecuiidnry idee non truck* whose direelidti 
fthd point «>f origin agreed in 41 ricLaik with (hr mechanical rullimuti 
theory (trig, l„lj. All tlhh evident is in violent euntrudirtinn t-n the 
classicdL wave t.hr-< j ry of light, ll nee rued, an fttugg remarked, h* 
(hough matter and light behaved ad waves on Monday. Wednesday, 
and Friday , and as particles t in - rest <4 the week. 

1.3, The Rob of Quanlntn 'Theory. It- is (lie task of the quantum 
theory to reconcile the contradict ifm tictweon ! hi- two clastueaJ concepts. 
This is achieved, in the first place, by the proof that the two classical 
theories are not quite no contradic¬ 
tory fld they appear al first sight. 

Rather, the two theuries show a 
certain i'quitfiknee, insofar aw many 
phenomena can he described tn 
mechamo&l terms of particles and in 
wave terms as well. For example, 
it was believed that the Doppler 
frequency shift is a typical wave 
phenomenon incapable of a nice hard 
cal explanation in terma of photons, 
whereas the Compton effect .seemed 
to he explainable in terms of inechunicnl cnllheone only, a strange 
contradiction indeed. However, we shall see below that the floppier 
effect can also Is - explained as the result of conservat ion nf energy and 
momentum oT particles w hereas (lie Compton effect nui v also lie inter- 
| nr red in Urms of (lie wave theory. Even the select ive reflection of 
at rays from crystals, eonahk-red since Lane as \ lie stronger! argnmenl 
in favor nf the wave Miniature of x-rays, can be derived from mechanical 
collisions between, tlio inokk-Ql photons and the crystal Tina 

reconciles the controversy between waves and particles. Indeed, if 
either theory is capable of explaining one and the same phem .urn'll on 
"all days of the w r oek," the two theories are no longer (twatrej verbal but 
are equivalent, and neither theory van claim to he true in am, absolute 
-ense. The ■tituatian is comparable wicb the oontmvcny between 
various rest syiUima for the? propagation of light, solved by ibe recog¬ 
nition that different inert id Systems are equally lit to nerve nn rent 
systems. The equivalence of waves and pan idea finds ils espinission 

* .V H. 1 'ji|[i|jOhi iirirE V VI. Wim-m. Pint*. tier. E5, turn i ISS&f HiHrr, Fiiso.io lAxmptaa 
Hftd Allimi, X Roy*. £14 < 3 ; A. .JcrfT* iu.il V rnLWiiIf. Z. Physik K4, SHfl 

(I9S4J. 



FlO. 1.1 Tiro romplon-Siimiri os- 
jroriixwnf, Tiro dotted Hobs Hitfmfy 
invisitjVi [nhfttuu putts, tiro -olid Uiroe 
urn vigilllft ulii-tran tricks. 
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in u certain code of translation nr transformation, analogous to the 
Lin'rnt-v, Imnsformatkin From one rent system to Another. The best 
known t-rnnsbifidii rules an 1 



R - /jr Planek A equation 

fie) 

and 




p he = hjA tie Broglie s equation. 

ill) 


with p momentum, 9 — 1/A = the number of waves jief unit length, 

and r the number of waves pe-r unit time. Tilt meaning of 11n- 

two equations \s: tj rj certain phenomenon rtin hr erphined m 
qf /wrb'cfes of energy E and momentum p v then t)>> wrai* phenotte 
tf t#o he explained by wa fy.h of frequency r — hfh ami norm tnnuL f 
it — pjh, and rice versa, This stale men l is fur icmmed from Plain 1 LA 
original hyjMithesw that nscillfllkme of frequency j - t.ik^ ]•! • -- ^ith 
quantized energies R — uAr. 


s 2. Deflection of Mutter Rays 

We now I urn to n systematic disiiussjon of the f.qnimlt no <■( t in- two 
classical theories, considering as our first example the deflection of a 
homogeneous my of matter frotn it-- nu-r-j linear path 

2.1, Far tick Theory. Particles of riin.s- n nmj bi-sent 1 t.i . r$\ k 

through a force field in which they have potential energy I (ju/zJ. 
The [iath of a particle between two points .-3 ami B then i- > ■■!ktr -I1 
by the principle of f vuef action. An Lietion one define* the integral 
jpda along any path, p lieirg the momentum. According in the 
least-act ion principle 

t*ii 

| p{xyz) ds ^ extremum (-a.) 

along the actual path, as compared with the integral carried along 
adjacent partis between „4 and H, The momentum p hi the integrand 
U the following function of the co-ordinates ; 

■p{r.yz) — pv = \ r Iti * = % 2,/ilK 1 — t ftgi'rif 

Kxamplc; A bullet shot from A to // with given energy E two 
possible pat hs, a tint path of least action anti u steep pat 1 m d max ini mu 
action. 


2.2. Wave. Theory, The same curved path from ,1 to H may also bi¬ 
de scribed us a wflie train t Trough a medium with at.lev of refraction 

varying fro nr po tnt to po in t:, For a ni'' nOehroi tni t i v fret j i ion .cy j- t he wa vt 
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number & — If A will lit 1 a function of xyz. Tilt? actual path of the ray 
between A and H then is determined by Ftirtmtf* pfinctpfe of the 
least optical path/' that is. of the loa*t. mini her of ware pcritxlw : 
flf 

i?(;ryz) ds — extremum, £2c) 

format's geometrical ray optics in restricted. however, by the condition 
l list v must not. vary too much along one wave length. 


£3 + If tKitfi eqs. (2a) and (He) art to yield the same observed path, 
there must be a irropirtioiiality between the mechanical momentum 
fl(x}fz) of t.3ie particles, and the wave number of the corresponding 
waves, namely, 

PfriW) *=* * ■ H%iP) (2d) 


with a constant factor h. The twofold interpretation of a deflection 
experiment confirms the equivalence of waves and particles; the 
absolute value of the factor h cannot be determined from macroscopic 
deflection experiment a alone. 

Suppose the potential energy f. of particles of energy E in normalized 
so that f ",j = U in free s[mee, The phase velocity of waves of frequency 
r in free apace may be denoted by u^. The index of wave refraction k 
at ii. jH’jint JTi/“ then is related to the potential energy f ol fiucticl&a 
nt xtft by 


a * = f = p = / j - p y* 

A % Pn \ E f 


( 2 «) 


Snell's law of refraction is a special tin^e of i'ennat h principle. The 
wave I henry ascribes it to different- wave lengths in the two media for a 
given frequency; the particle theory ascribes it to a discontinuity of 
f ho potential for a given energy. 


i 3, The Doppler Effect 

3.1. II ffj’f ThKory. Alight source of Frequency r moving with velocity 
r is tibsorved with frequency 

/ *» r f I +■•? cos f3a) 

where x is tlie angle between the vector t; and the radius vector from 
source to observer. The relative frequency shift 

6v v —r v 

— = ■-- — - cos * 

v c 


V 


m 
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in explained by the changed number uf vibrations per second awcwping 
over the observer. The Doppler efFwt has ml ways been considered 
as u cmiviutirip T of the wave .structure nf light. 


3,2- P&rtidf Tftr/jty. The same Dopph.tr frequency shift- may ftki be 
derived fru-ni purely mechanical considerations." Suppose ati atom 
nf mass M At rest m able to emit a photon of energy & ~ E v — E 2 when 
its internal energy changes from tike higher level E t to the lowi.-i level 
The recoil velocity is small il If is sufficiently largo. The phot-on 
energy £ then measures the change of the iu.lf.rmd atomic energy' only. 
.Suppose tkuu i hat the snide atom changes its internal energy from 

£\ to A’ t when in a state of transition 
from the original 4r-dircetion velocity 

My _ , lA_ _^ Vj to the final velocity Vj In the dime- 

tion of p (Fig. 1.2). The photon 
"^Y ejected in the direction of * will 

have energy <T different from the 
Pm. Li. Thu Dttppiw sffibeL An * 

ndom rtuunguv it* from v t lo _ ‘ - 

i' a whnn A plifltan 1 lie fllCJUl^IltUlll 01 A pluilQll, flOCuItl* 

ing to relativistic eloctrodynamies. is 
ita energy divided by c. We thus have the following equations for 
the wmaanrfttTiui of energy and of the x component uf momentum: 

Ufrf + h\ = E t +d\ 

S' 

Mi\ = M n a co* /f + — eos i. 


If M is large thou will l«s small so that we can replace cos d by 
unity. Writing 

S - E x -E t , 

df.r = U 1 — J.r a . V = !(% + f%), cos ^ « l t ) 
the former conservation laws reduce to 

Mr 

M v -h 1 = AS and M bn = cos a: hence 

c 





c 

— - 003 3i. 

c 


l3v> 


This, however, is simply the corpuscular translation of the Doppler 
formula (3b) by virtue of & = h\ and $* — h\\ The constant c wam 
introduced as a factor of proportionality between the mechanical 


P. SchfiHiiiijinr, J'J.yMh. Z. S3, HuJ |1U2S;i. 
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cuscrrgy and thu momentum uf n. photon, <f — nut ah the velocity 
of light ffftvte, 

The Doppler effect may serve ah an example of the method of 
quantum theory. Instead of deriving dr directly from the wave 
theory, as Usual, our may first derive M from the mechanical eon- 
nervation laws, and then tmiwlatt the result M into the Correa ponding 
tV without ever using the wave model itself. Or one may take the 
opposite way, A difference between the two *?x pie nations of the name 
Doppler formula cnnoMta in that, according to the undulatoiy theory, 
every light source emits radiation simultaneously in all directions, 
whereas the mechanical 
model eunside ra the observed 
radiation as the statistical 
effect of many individual 
photons ejected in various 
directions at random times, 

£4, The Compton Effect 

4,L Meehan ica{ Theory, 

A. 11. Compton discovered 
that x-mys incident on u 
body containing many 
almost-free eteetrima arc 
scattered in till directions, with the scattered wave Length larger than the 
incident wave length A by the amount dA = const. [1 — oos «), where x, is 
1 lie angle of scattenhig The coi^stant factor tumod out to ha ve the va t ue 
hjfu\ where p is the rest mass of tho electron, A wave-theoretical 
explanation did not seem possible at first sight, {mv below, however); 
so Compton and Debytv resorted te quantum theory, that is, they first 
considered a muehunicu] model of collision between photons and elec 
trone, and then translated the final result into wave terms by means 
of Planck's equation, in the following manner. When an x-ray photon 
of energy E collides w ith ji free or elI most-free electron at rest,, tile 
tatter recoils in the direction of ;i (Pig. J.3) with velocity t\ whereas 
the photon is deflected with diminished energy E" in tho direction of a. 
Tho mechanics of the collision process may here he derived on u non- 
relativistic boats, under the ixssnm.ption that v ^ c. This condition 
is satisfied when the wave length of the incident x-rays is large coin- 
pared to the so-called Campion jmre l,otyth of the electron, defined ns 
jtp = hi pc = £.42 X 1£>™ 1# am, (4a) 

1 A. H. Cttnptnn, Phye. /far. M. (J9S3F. P. Dflfryv, Pby*ik, Z HA. tel {1K3|, 



Flu 1,3. 'Hit 1 Compton oflix-l. An inoi<|ftnL 
photon r 1 " rebound* with onei^r ef’ from mi 
elootrcn, which rwrdur: with mawnm fiv. 
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The energy of the incident photon then is smalt compared to the rest 
energy of the electron, pc*. In this approximation the difference 
M — £ — S' will Vie m sniu.ll that the momentum vectors ffr, <T/r. 
and n v (Kig. 1.3) form an isosceles triangle, am l t lie angle of s mitering 

* is bisected by the line perpendicular to /i*, yielding * - ft EMi . 

The process* may now ho <iomjwi.mJ with n reflection of the phoum 
fnjin the plane bisecting fin- nng]t- *. The momentum euni]w.ment of 
the photon normal to this plane decreases in the direction of ft, i.e., 

£ st , 

from \ to - - sin the momentum of the electron must increase 

e 2 

hy the same amount, hence 


'l£ 4 st . . 

fiv = —- am - (m omen turn conservation). 


On the other hand, the small kinetic energy, 3t/jr a , acquired by the 
electron requires an equally small energy loss of the photon: 

ip?’ 3 - tW, (energy conflenmtiem). 


These ure two eqnatioiiH for tS and they yield 

M M . * \ 


v = 


M 

fit 


etn 


Mb) 


Kin (a/2) may lx j replied hy cok ft. Trunslatiuii into wave term-: 
gives 

&v _ ^ or e- A (| cos I), (4e) 

v fic* f/c 


2Ai' r * 
if = — sm , 
«c 2 


(4d| 


Ec,. (4c) is CoruptoiiH res tilt for tho wave length shift, 

The derivation above vu nquralati viatic, The sume tinal result 


can also be derived relativisticatly [UKfc} and remains valid for the 
neat te ring of hard y-rays as long fl£ the spin qualities of the electron 
are negligible. 


4.2.. Wave Theory. Schrodingor* has derived the Ccunpton eftect from 
a reaction between light waves and matter waves. The electron® 

* EL iBahr&dinjwr, /Itih. Phprik 82 r 2157 ^1U2 jJ. 
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recoiling in the direction of ft with velocity 0 arc replaced by a plane 
tnatter wave traveling toward ft with 

Frequency N = E(h — ^ir a /2/j„ wwe length A — hfpvA 
phase velocity it = iVA = je. j 

The phase velocity is rmly half the velocity of the corresponding free 
particle. The initial state of the electron with >\ = o corresponds t>» 


a ei Initial matter wave with 
Xj— th Af^db;, Wi= It'* — U. (4F> 
The two matter waves interfere 
and give rise to beat maxima, 
located in parallel planer of 
distance A and traveling with 
velocity u in the direction of $ 
(Fig, L4]i The deflection of the 
incident light, toward the ct-dire* 
lion may now tie considered an a 
Bm<jg ftflectimi from the parallel 
planes of lattice constant A. 
Indeed, the reflection nnt only 
eatiefiee the ordinary reflection 

redo, ^ 4- ft - 90°, but also Bragg': 

Jy 



I’lO, 1,4. TIw Compton, eitpci, TJur 
iT.ivr i- tl.|j 1 uj:iLLtii>n nt-.,-hjjin j .i il r^UiH'ttDEk rtf 
i-hc imrkhnl )jjrh,t waves Erani it -ot at 

nxi^inp; Bmiijl; |iIjulm faiTUffil liy mutter 
WHVVnfc 

interference rub. 'id sin 6 = X 


(of. §5), which in the present case, with fJ - £*., reads 

%A ■ sin [x/2) — X r (4g) 


This condition is satisfied t indeed, vith 


A = 4 X = °. (4St) 

fW v 

and is from cq. (-Id). The mechanical transition from the iiutiJ-d velo¬ 
city r t — 0 to the liuni v translates Into a superposition of the two 
corresponding matter waves, eqs. (4e, f). [The superposition intensity 
of the two interfering mat ter waves in often referred to an the transit fan 
(tensity of the matter from the initial to the final state.] 

The Compton frequency shift is due to the fact that the reflecting 
Bragg planes are receding. Reflection from a moving surface can 
be derived from the Huygens conception that the reflecting surface 
carries resonators width emit secondary waves whose envelope repre¬ 
sents the reflected wave front. In the present case the resonstore 
are seated in the Bragg pknea and travel with velocity u iu the direc¬ 
tion ofjjff. They are illuminated with frequency r, hence they vibrato 
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with frequency r a 


•( 


I- tjm 


r 


>) 


and ore observed in the dirmioTi 


of a with frequenay; 


so that 





1 + - COS (a r fi) — J' fl ( l — COS 

e J v e 


a A 1 l 

2u A 

I — (i ) ^ v [ 

1-eos n 

t / \ 

t / 




dv iu . 2ti . « 
— — — oo« d = —■ Hin 
jr e r 2 


Now choose tr according to ci|, (4ej 


u — k> 

with y from p<j. { 4 d) r This yields Compton’s formula again, now 
derived from a wave moduli dsn i according Lu SohiO'linger. 

The observed eiiniiltaiwoiiH Compton scattering In various diit-viiuiis 
c£ r , a' T ■ ■ + j.H ascribed in wave theory to the xiinulttitieou-s pre^nec 
(induct:*] by 1 hr: incident light. winv) of l.iruuir plaztti afvariMli noxmflJ 
directions fi\ j3" r - ■ ■ with corresponding lattice ocmatanu A A', 
- • ■ arising from the superposition of the “initial" matter irave 
(A — oo) and various “final” matter waves. 

The Compton frequency shift may also |>p derived from t b« n —in prum 
that free electrons exposed to the incident light wave Iw-rome Krcand&iy 
sources of Hght emfeskm ami are moving in the directbin of the incident light 
with velocity v = fivf^c, A twofold Doppler effect, -dmikr t>» tin- proves* 
described above then yields eq (4c) again for the frequency of the light 
received by an observer at rest in the direction of %. Although this ; . 

tion is simpler than that of the reflecting linage plane sel--, it di*ts m :: have 
a general significance. The i3shr£M]itiger idt^n, however, that transition of 
particles ewnvspnndH to Mifwrpti&iiion of wttm works in idi ■ .L-r.- and r-. i n ■ 
senta a general principle of quantum theory. 

It may lie- noticed that eq. (4lo docs not contain Pirn k St? ■ or.-' int h. 
whereas eq, (4e) does. However, eq. (4c) is a mixture of partial* («j sad 
wave elements (i 1 ), so tfiat the translation quantity A k involved. To obtain 
a pure wavy formula for dr, (lOfresponding fo the pure mechanii-iil formula 
{4b j for &$(/•. one may introduce n ‘ J ware-action him" p defined hj 

/i = (41) 


in niuilngy to rf — A.r and p AP, Compton % wave formula then read* 


dr 

v 


— —- f 1 — dob a] 


and no longer contains h 
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'.$5. Diffraction through Crystals 

6.1. II fire Theory, The diffraction nf .v-mya through crystals, rifo - 
covered by Law in IB 12, may be described, according to I5ragg f a 
selected reflection of light waves X from totems of parallel lattice 
planes of distance d according to 1 lie condition 

2d sin fj = nX t (3a) 

where 0 is the angle between the lattice pinner hind the incident 
well a& the reflected x-ray. Jimag’d reflection rule im usually ascribed 
to the interference oJ waves reflected from successive planes (Ftg, 
Lfi). n is the order of diffraction. The 
intensity maxima am very sharp due to the 
enormous number of oo-opeivtang lattice 
pianos, [The intensity of the ath -order re 
1 loot ion maximum in proportional to the in¬ 
tensity of the «th Fourier component of w ave 
length A„ = dfn , obtained from a harmonic 
analysis of the matter density jurrallel to the 
direct ion of d. If the density were purely 
sinusoidal' the only Fourier term would bi> 

— d, and only lirst.-order Jiff ruction would 
occur,] X-ray diffraction in crystals has long 
been considered as direct evidence that (a) crystal » nre periodic 
lattices, (ft} x-rays arc periodic waves. 

|it- is keeping within the domain of waves when we consider the 
■natter distribution in the periodic lattice as a superposition of matter 
wayoe with d wave normal and with wave lengths 




Fia. I,ft, r>jFfrjH?li^n. Hiu 
pat li diflrruHt '. 1 of two wnvss 
refltMl,'^ from iw<j tiriijjflK 

ptnrii«i nf ilirti im-w d it) n - J, 

= 2d ■ sikl3 0. 


To derive the velocity of these matter waves we consult mechanics. 
Since the crystal as a whole, rather than an individual lattice point, 
is rospcoMblo for the diffract ion, the mass M of the crystal as one giant 
molecule figures as a mechanical unit whose kinetic energy in the 
direction of d is E„ = F^/'2M. According to the translation E n , = hN„ 
and P„ = A/A*, lld> corresponds to n wave frequency 



hn* 

3 Md*' 


(5b) 


The phase velocity of the ttth matter wave is u m - A T „A„ = knf'lMd 
and is only of order 10 _lft cm/seo when M 1 gram, d = 10 - * cm, 
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and n is not boo large. The mutter waves conelitilting a periodic 
Crystal move forward &o slowly that it would take a million years to 
travel over the distance d.\ 


5.2- Ownin'* Particle Theory. 9 The incident x-ray now may wn*i*f 
of photons of momentum p = hfh We must find mechttnieal reason* 
for the selective reflection of the photons. 

When eq. (5a) is divided by hi and multiplied by k one arrives at 


*h , ** 

'1 - sin 0 = n -i 

A d 


ffle) 


With I he introduction of A/A = p - momentum of the incident photon 

nnd kfd — P x — flhaewteristic momentum 
peculiar U\ the crystal, the la-ft relation reads 

•pi .sin fi — ?tf J t (Ltaiuie’s equation ). l Ad) 

equivalent to [oft). On tlte left we now have 
the change of the momentum component c.f 
the photon normal to the reflecting lattice 
plane, the right-hand side therefore repre- 
Helds the momentum acquired by the cr>> 
tfd normal to the name plane. This nio 
in cm turn is an Integral multiple of a baste 
momentum F\ — hfd, and we arrive at the remit that front the meeh 
apical point of view a crystal 0 u *yitiem which mu rhoiwp. it* Mounntum 
nnly hy certain quantised- amount*,. nP 1 = /', — M/d, in certain mUeUd 
dinctivn*. The order of interference u in Bragg s wave theory nu» 
appears as a quantum number. Due to the large mass of the crystal 
as a whole, the acim'HjK’nrliiig change* nf the kinetic energy are 
in&igllificant. 

The same result may also Ik* expressed in terms of ihe reciprocal 
fattier, when the latter in drawn net in units of reciprocal length bin 
ill t* times larger uni Is no us t" represent- a tottifr in nwmiuhim *pnrt. 
with «,524 x H'~ i7 gr am/we As unit momentum. In the wHI-kn.iwn 
Ewsikl sphere const ruction (Fig. 1.15} (In- vector MO then represent? 
the momentum of the incident particle, to which is added the vector 
OH from one point of 1 he reoiproeal lattice to another so as to yi-d J the 
final momentum vector of the juirtiukv M H - MO + OH. I he crystal 
appears as a mechanical Hyatem capable of changing it* momentum 



riijnj(rur< i-:m. fJ iillil H Hir> L 
fwiniw Hit tljfi KdpTOoa.1 tut- 
tfaa, .1 tO = MR juv JiiS?r- 
lions -11 niyfi, 


■ W. Diuon. Ptoc, Nail. _4r®J. Sci. E7..V, B. 1&B (UtaSt P. Epvtom (Mid P- Ekrmfert, 
10. I3& |l&24); 13. 4CH3 (IU£T>. 
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by amounts mid in directions indicated by vector* OH from one point 
to ainy cither point of the reciprocal Inti, ico in momentum apace. 

Dunns’a explanation of x-ray diffraction, perfected by Epstein 
and Ehruufest, assumes a new mechanical activity of a crystal which 
may look rather artificial However. if Davisson and Cornier had 
found the diffraction of cathode rays before Lane'a discovery, the 
Duane theory of selective reflection of electrons would hava been the 
logical consequence, We realize that both theories arc equivalent; 
both lead to the same Uragg formula. Other examples in which 
particle ami wave theories yield the game results are Rutherford's 
scattering formula for mutter rays (§33), Thomson's scattering formula 
for light rays (§I{t0)> the normal Zeeman effect the anomalous 

ratio between magnetic moment and spin (§9VI.3), and other results 
which do not contain Planck's h. 

g6, Breakdown ol the Classical Theories 

6.1 r The foregoing considerations have shown that both waves and 
particles can explain deflection, diffraction, Compton scattering. 
Doppler effect, etc., an Jong ua vv 0 are interested in the in tensity distri¬ 
bution averaged over considerable lime and space intervals,. Set Far 
as the deviations or fluctuations from the average intensity are con¬ 
cerned. we have to distinguish between two limiting- eases. 

Low intensity - . When matter or light rays are observed In groat 
dilution, hi a-, ^- 5 or y-rays, the energy dux is zero during most of the 
time except for sudden high peaks observed ns scintillations on a 
screen, or tracks in cloud chambers, etc. Tike statistical distribution 
of these froahllke maxima seems to suggest that the rays consist of 
independent particles distributed at random. Such observations aw 
often taken a* convincing evidence of the corpuscular structure of 
matter and light. 

Kioir intensity. Matter and light in high concentration display a 
different type of intensity fluctuation, much larger than those expected 
from n random distribution of individual particles; they behave lis a 
superposition of waves with random phases. 

We thus iind a systematic deviation from the classical behavior: 
The wavs theory is adequate only at high Mmceri fetation, and the 
particle theory only at great dilution, with a gradual transition between 
the two. Quantum theory yields a general theory of fluctuations and 
other statistical phenomena (Chapter XI) valid at all coE icontrations. 

In spite of the wave like behavior at high concentration it was 
thought that particles are ''real." and thtd waves have a more or 
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less academic value guides of pcutidiHU This one-sided point of 
view in baaed on the fooling that only fucperinjents at great dilution 
should provide os with a reliable picture of the nature of matter aiirl 
light. However, the object of physics, and of physical science 311 
genera], is not that of finding the “true nature of tilings, M whatever 
that means, but the esta hitching of general rules and formulas according 
to wliioh observed phenomena can ha classified rind new phenomena 
may be predicted, 

fhSL The two classical theories fail in still aimtlier respect—numelj 
in very small dimensions,. 

Hailtiolks. If we wish to locate the exact position of a part kle we 
must let it react with rays of very short wave length in optical or 
electron mionjsoopea. Such rays have large corpuscular t! refemti'Xre . 
they modify the stale of the observed particle in an un^n troll* hie 
fashion. The resulting unosrfttt'nty will be dismissed in Chapter HI, 

Waves, It is not possible, either, to observe rxari wave data. If 
we wish to locate the exact phase along a de Broglie wave, the best 
method in to produce interference with a test wave of Hiimlur wave 
length anti known phase distribution, and to observe the pr^iti -n of 
the resulting beat maxima. Their position can be located with 
comparative exactness only when n considerable mmiler of Iwata is 
available. Yet the de Broglie waves inside an atom have only a U w 
periods w hose phase distribution would remain uncertain eve® if wt- 
possessed a test wave pf known phase distribution. 


Summary of Chapter I 

A conliic-t between waves and particles scerna to ■ n>cur in the ded-w 
tkm of rays, the Doppler and Compton effects, and (be production of 
diffraction fringes. These phenomena can be interpreted, however, 
in wave fashion as well as in terms «f mechanical part ides 1 • ref >re 
the Llunch constant can be dispensed with as long ns one stays .strict I 
within the wave or within the particle theory. Planck's h is used only 
for the purpose of transi^ling from one theory to the other. The 
sometimes strange-looking assumptions made For waves n re translations 
of natural particle qualities, and vice versa, so that the two thf-orie-* 
are in close correspondence, Energy corresponds to frequency, 
momentum to wave number, transition to superposition. 

As soon as one enters t he held of fluct uations or deviations from the 
average, both classical theories in general, fail; they hold only in 
limiting cases of email or large condensation of matter and light. 
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17. Jeans Proper Vibrations atid Gas Quantization 

Although t be baeiu conceptions of the ukler quantum theory aro 
untenable, moat form ula* and prediction* of the older theory are ^iiJ] 
valid. In particular, many inuihenmtieLd deductions oan be retained 
without change if the physical meaning of l h e mathematical symbols 
is revised. Refer in this rc*|*etit to the old and ihe near intarprctal ion 
of the formula E = hr id the eml of ^ I. 


7,1. Jmm Sitmfmr, Of grout value in the derivation csf many tpiari 
turn results is the Jut mi uuttiftet of different .standing wave* or proper 
vibrations fnr a given wave-length interval within a given volume 
lb The volume may be ar&nined to be rectangular, V — XYZ. A 
proper vibration within V satisfying the boundary eonriiti- ms is 
tlraerilierl by the amplitude funet ion 

(-*«■ i) f < 7il * 

characterized by three integers* him, TJit- wave numbers, i.p., the 
number iff period* per unit of length, along the edges X. V, Z are 



The veetora r form ji reutanguior Lit live in wave number space. 

The number of different vibration* within the positive wave-number 
intervals dr j,, dv Vl dr. therefore is 

dYF - died! dm = drjlrjlY : .X YZ — d I - I' = deans number 1 (7c) 

when? d I -- ik volume element in j%rj%'Kpjiee, This formula i* valid 
for any shape of the volume* l r and d f. in particular for dt — 

* PtiKjtivH nut! nrpalivi’ trim yield flji’ amno J«uiu nuidticri a* rlo porulivo Hii.t-n™ Mid 
jsinEiivtj tuilf-intogor*. 

1 J, H, JiiM3ii, Phil May, 10. i>l [ lINJJJ), 
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Electromagnetic vlb rations 1 1 live two independent trtmsvepje vibra¬ 
tions for every so that, with v = cv, 

0^4 

— V — — & v ^ nT waves, (7d) 

C 

A standing wave ban eight, wave normals with diroctional cosines 
x — ± V'fr, etc., produced by reduction of progressing waves from 
the walls. 

7.2. We now translate into partiole theory, l-’mm p,. hi-. 1 litre 
follows, owing to eq. [7b), that a particle in V can have only the follow¬ 
ing selected (quantized ) momentum oompments : 

fch lh mA . 

p- = r Pt = r p, = 'z' l ‘° 5 

The selected vectors /) form ti periodic lattice in momentLim space, and 
the integers 1dm appear as quantum itutttb&n of the momentum com¬ 
ponents. Momentum nod energy of a particle in V — XYZ are 
quantized beauts the coiTcaponding waves have selected frequencies 
and wave numbers, The word twcttuw indicates that t hi- is nhmya 
or that- there is a general principle according to which wave qualities 
inav be taken as a sufficient reason for, or - an “explanation’ ■ *1. rum. 1 - 
spending particle qualities, and vice versa. 

Translation of eq. (7o) with v — p/h gives 

V v 

d2t = dp^dpt/dp, = ^ lirpMp t"f) 

for the number of different (distinguishable) states of n particle in t lie 
volume V within a momentum interval. Thc stater- are "quantis'd' 
bo that the six-dimensional phase-volume element dl = rfV - d \\ 
(with di\ — element in momentum apace) contains 

W 

different quantum stales. On? quantum state requires the range 

&V *dV r = h\ or 6x ■ ip, = h r etc.,, (7h) 

in the phaao space of six or two dimensions respectively, The smaller 
the space range, tha larger is the corresponding momentum range 
reserved Fot one quantum state. 

In conclusion; The wave picture leads to waves with selected 
frequencies v t , and the particle picture calls for particles of selected 
energies A T t in the volume l r . It. is inotindiitent, however, to imagine 
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that the waves of frequency n have quantized energies in‘ k . or that the 
pAXliolrM of energy A? ; in Mu* volume oscillate with frequencies r*. 


$&. The Radiation-Energy Spectrum 

The no lint km energy in l& volume I of temperature T in distributed 
among the vatic n* frequency range* lel a thermodynamically cOJitrolleJ 
fashion so that the energy density jier unit frequency interval denoted 
by a,, is a definite function of r and T. Various. efforts to derive the 
function t/J'7 1 ) are closely connected with the birth and growth of 
quantum theory, 


8.1. Tht Rayfrhjh"Jvawt Radiation L«ir, a Even Jeans proper vibra¬ 
tion of given polarization represents n linear oscillator of one degree 
of freedom The probability nf nuoh an oscillator having energy of 
value /f, according to MazsweU-Bultxmann, is 

— const e~ * ttT (8*) 


where k — .< IlH a erg/degree is the HoltZmanh constant, 

s verage energy is defined ns 


K, - 


^t }: e 


The 


m 


Classical statistical mechanics of the oscillator replaces the summation 
by an integration over the two-dimensional ph&ee apace [jj p x ), with 
the result (using E — a pi + 6®*) 


E^ = kT. (ite) 

Every nsci Nation, irreapeotl vo of its frequency„ obtains the same mean 
eneigy share, IT. This ie the classical i-quifiartitim taw for oscillators* 
It is a h pedal oaae of the general result that every mechanical degree 
of freedom of a system has average kinetic energy ik'T ; in cjise of an 
initiator the mean values of the potential and kinetic energies are 
the name, hence i? feV = kT , 

The energy carried by the dT Jeans proper vibrations of the interval 
dv in V then becomes d'T 1 kT \ hence 


d& Srrr a 

u/h — —— kT = kT dv — the Rayleigh-Jeana radiation taw. {8d) 
V c 3 


This radiation formula ia correct only in the approximation of small v 
and large V\ or more npecrifioally, for small Ar/JfcJ 1 , If oq. fSd) were 
correct for all frequencies, (I h* total radiation energy density, fujlv , 


* I*nfil Haylngh, Pfiit, Afa-g. 4®. 539 (UKH)}. .1 It tMA 10, fll I I0O6J. 
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would be Infini te. The equips Hit. ion formula (8fl) and, in general, 
the application of classical statistics to vibrational energies leads to 
the "ultraviolet catastrophe/' 

8*3h The Wien RwlintUm Law} Nest we approach the problem nf 
the temperature equilibrium from the viewpoint that radial ion conaiwts 
of individual photons. A photon may have energy if and moment urn 
p of vtdiLc if/c. The number of photons in V winch belong ui the 
momentum range from p to p -f dp, according to eLu;H&iea-] statistics, b 

dN = C e~ *f bT dpjd-Pmdp* — 0 * ftr {&?) 

with a factor of proportionality C loft open- When we substitute 
p — $jc, and remember that there are two independent phntuu gR-e& 
nf orthogonal polarization, we obtain for the energy carried by the 
2 dN photons of the interval dS 

2 dN 4 m C CPM e- "‘ r - (Sf) 

c a 

Iii order to ha ve a com parisoii bet ween t-lm phi »t <a t -encrgy > J i.-trcbu.- 
lion law and the electro magnetic vibration energy distribution law, 
we replace rff by hv and obtain per unit of volume 

Ujtfw = ( nr-) h* e~ ^ 1 tiv 1 %) 


The factor in parentheses is a dimmfiioriless constant When we 
assume it to he unity, that b r when the factor V in eq. [*e} is cliog&a 
bo that YfC ™ A®, 

then cq. {Hg) represents the Wien nidhtim law. However, Wien's 
law is correct only in the approximation nf large hvfkT. The applica¬ 
tion of elariaical statistics to particles; leads to wrong results. 


8,3. Planck'x Radiation Law . Rayleigh-Jeans' and Wien's laws Lire 
limiting cases of the correct- Planck radiation law 

ujiv = —-— —_ d* = Planck's law, (8hl 

exp [hv/lcJ ) — 1 

valid for all hvjkT- Integration over all frequencies yields the total 
energy density nf radiation 

f" . @7F S i J 

,,= i wA = T lw T=aT - (8,J 

* w. Wien, ITiftf, Ann.. 58, (302 (ISTfl). 
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known ah Stefan Boltzmann* taw, 'Hie T^law can be rtortved,* apart 
from the undetermined factor a. From general principle* of therino- 
and electrodynamics. Fie. £.1 shows the energy density Ei plotted 
against X For various temperatures. according to msasuremuants of 
Luminer and i^ingsheiui [w,di E^dX). 

I 'lanek obtained his radiation formula * 
by applying a j$ort of particle statistics to p, 

oscillation energies. Later I Vise derived / \ 

the aainr formula by subjecting photons j 'iv-Sl 

to a kind of wave statistics. \ 


§ 9 . Derivations of Planck's Radiation 
Law 

9 LL Jeitn.x-Dfhi/e Derivation* Planck's 
radiation law may be derived by ascribing 
jMirtiule qualities to the Jeans standing 
waves. Light waves of frequency v 
“ parry ^ photons of energy € = hv, so 
(hut the energy of a wave j- is that of ail 
integral n limber of phot nun ; 

/?„ — — ■rAjj — U, |, li, * * *). (EJuj 

r l r hc probability of a standing wave (Jeans 
vibration) carrying energy E L, in gr-ne 
rul. - : fy = coned: c. e ^ r T according to 
Maxwell Holtz mam u flic averngp energy 
]Br quantized Jenna vibration at temper- 
atone ■T then is a quotient of two sums 

,, EJ,e‘ O" 


t‘iu. i.L Til.. TEiinrk riuin.- 
F.ion law, Tbe ciiL'i^y density 
£'j. pvr unit fl iivis-bntftb Inter™] 
L- plotted Ibt viiriijuB tempera. 
t Lirta. 


and because of eq. (Da) 


with the abbreviation i' — - rfil , Summation fifOm n — 0 to '30 yields 


V. Dobye, .-Oui, Pi, v .V. 30>, 7S« f IHI2|. 
The dmHnniiUikr ia 2^ . (| _ j- 


n nic tom tar 


y( I — j) - *. The quotient bMMtntg: i(l — r) -1 





i}\' \STVM M&'HAtfWS 


§ 1 + 


for ihe average energy per .Jeans oscillator. Multiplication by 
Jeans number rfdT of vq (?d) give^ for u^r = E tn ti& the I'tanck 
formula (8h) when finally wc replace £ by hr. 

Another derivation given by Bose (p7) uses exactly the hhhw 
tjiathcmafcias* although resting on the opposite viewpoint that photon- 
are subject t o u wave like statistics, 

0J2. EiuMitin# Lkrimtion* (modified J, a The radiation in a volume of 
temperature T ruey be considered in Lite result of atatiaticully biilamvJ 
emissions and absorptions of photons by matter particles located 
within V, Suppose tie-re are it great number of like atoms which 
possess the energy levels Bi anti E f A 1 -. When the utoni ]m*.s»i-- 
from Av, to E f it emits a photon ofenergy 

£=B i -B i , t9c) 

and the reverse transition occur* with absorption of a photon <f, 
There must be statistical equilibrium between fmii&uon and absorp¬ 
tion of photons to and from every individual Jeans proper vibration. 

The number of atoms Lti the energy levels E - and E s are assumed to be 

A 1 1 — const e~ K,ii J and A' r — uomrt. ^ (flf) 

respectively* with the ratio 

^i = e t*, - *#** ^ f ww ( y g } 

iV ( 

Emission and absorption processes are suppos'd to uoour under die 
following probability rules l 

Absorption , The rate of aiwrption of photons from a .learn 
proper wave is proportional to 

(w) the mini tar *V, of atoms on tlie lower level ready to absorb. 

(t) the average number *7 P of photons ready to tie absorbed. 

Emission. The rate of emission is assumed to be proportional to 

(а) the numtar *V f of photons in the higher level ready to emit, 

(б) the number jT, -T L 

Altogether Einsteins condition of eqinlibrimii i^ 

*V/H r = N t [n f + l) fo, E, < E,. (fth) 

The factors % and (?h 4- IJ in this equation mo not quite so im- 
symmetrical an they limit nt first sight. Indeed. *i f on the left is 

“ A, iliixalciiL. itnA, Phytiik S£. ISfi (IOOTb 

9 A. LniwW, .Vrrtrrt- £>tfu*iet/uatf rfrr Qufi»Ieutbsorir t 2-t lOSJOb 
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t-hf average number of photons in the Joans love I before the net of 
Absorption. intiti&itk of the one photon later absorbed; (£, -|- 1} on 
the right is the number of photons in the same level tnclof the 
one photon added Ifilor by the act of emisniom The Factor [« r -f 1} 
may also become plausible by a comparison with the ela-stiical theory 
of the radiation equilibrium. Here we have nn atom which responds 
to the iUiTD'undijig radiation j by alternately absorbing and emitting 
energy due to accidental phase differences between its own vibration 
and those of the radiation. These emission and absorption processes 
(minted by the radiation correspond to the products NUg on both 
sides of cq. (9h). But oven in the absence of any radiation a classical 
vibrator emits radiation aptmtancansiy and thereby Buffers a r&dlation- 
(lamping of its amplitude. The spontaneous emission oomesponds to 
the term N t ■ 1 on the right of eq. (Old- 

Now combine eqs, (0g) and (Oh) into the one equation 


which leads to r 


+ 1 = El = -W 
n, N< ' 


(Hi) 


I 

exp {Efkf)~l 

an the average number of photons in the Jeans level r — if [hi 
average energy of this level then becomes 


(»j) 

The 


— 




(exp SjkT) — 1 


(tikj 


which agrees wlLH eq. (9dJ and yields the Planck radiation Haw, eq r 
(Sg), as before, Exp (Ok) replaces the classical equipartition law; we 
write it in the form 


E for linear oscillators, (91) 

- T exp (Ar/rtT) — 1 w 

It approaches the cl&Hsicebl value kT foi 1 -small hvfkT. 

The reader who has followed the discussion of Chapter I will not 
fail to recognize the contrast between the physical pictures of t he old 
and the new quantum theory. According to the older theory, electro, 
magnetic and matter vibrations of frequency v take place with such 
amplitudes that the energy t? of vibration is a multiple of hv. From 
our present viewpoint the energy $ in question belongs to photons 
ot gas jtarlichs in the volume 1", The wave theory is needed only 
to show why the energy <6‘ of a photon or gita particle in V is confined 
to a discrete quantized sot- of values *? f = hv tt where v k is one of the 
proper frequencies permitted by the geometry of the volume. The 
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idea, however, that electromagnetic vibrations in vacuo, or matter 
waves in rt gas, ’carry" quanta hv is jnsl ns wrong its the opposite 
conception that photons or gas peart idee of energy <f vibrate with 
frequency r=£fh> Both ideas represent eon fusion* of wave and 
particle ooneepls which ought- to foe taken ft? inadequate working 
hypot keaes, 

$lth Energy oS Solid Bodies 


10.1. If the Planck quantization of the oscillator energy in uorrect, 
it ought tn have a direct bearing on the thermal qualities of solid 

foodies, m pointer l out by 
Einstein (1907), Let us 
accept a very idealized pic¬ 
ture of ft solid body a* con- 
stating of individual atoms 
or molecules which can 
vibrate with a certain 
mil ej rat frequency r„ about 
tibft-lr position of rest. The 
classical average of the 
energy of these three- 
dimensional oscillators 
would foe E ay — :U T, or ZRT 



Fill. 2,2 i i- ■ ■ ^int'siU' In .u «i: Thr.i ratio 

c/aK tK- plottwl nu m Junta iftu nl kT{fir t , wlu-r* i-„ - 
tin* frr | i.|ti‘n!jcy of tho u torim in 1 1 n ,n>hii. 


fier tunic, yielding a molar aped lie hear - 'Mi. This value, known 
from the Dttlmy-Fetit ruk. is approximately tnuifixmed for high tern- 
jwratiires. ExpcgsetiGG sbuw.% however, that o at low T deviates from 
the constant value Ml? a* shown in flu- recurve of Fig. 2.2. Thin 
curve fo explained hy the quantum ogrillatur formula 

*«-«c P <w£p. « ,0 ‘» 

which yields the spoeitio heat per gram-molecule 

■*. = ~ (M„) = Mi ( - 1 >*■ 11 >'»>) 


According to this formula of Einstein the specilki heat has vulim ZR 
onlv at high T, nr rather, at small values of the diruerLssunlc'S quantity 
WW. whereas at small hy^fkT the r t -ctirve approaches zero quadra- 
tically ij Iig r 2,2'). Substantial deviations from the const an 1 liff-vahip 
occur at temperature* where hvJlT is larger than unity. 

The proper frequency i r B of the particles of a solid body usually ta 
so ,'iTuail that the quantum deviation 1’roin ZR matters only in u 
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temperature range well below that of ordinary experience, An except ion 
is diamond whose q f is wo large tlml the w pacific heat. is considerably 
below tSir.- classical value Mi? even at room temperature, The behavior 
of bodies at low temperature wiu studied i+yatamatiealiy by Nertist and 
his coll a bor&tors amt has Ji -d to the■ Useovory of the third law of thermo¬ 
dynamics, one consequence of which La the vanishing value of c v at 
t lie absolute zero point. Ncrust's t hoortm disprove* classieal statistics, 
but is oouaistent with quantum statistics. 


10,£. Emstem’s original picture of a solid body aa a system of inde¬ 
pendent oscillators of con ip non frequency q, is tcw> idealized. A more 
realistic theory was developed by Debye as well as by Born and 
Kartnan (I912J. in analogy with Jeans’ derivation of the radiation law. 
A volume V tilled with solid matter carries r/J r \%irHftdff elastic 
waves in tlic interval dP. The two elcctromagnenr: polarizations am 
now replaced by throe elastic-wave polarizations, namely, one longi¬ 
tudinal and two transverse vibrations of frequencies v t a nd *■* respec¬ 
tively ( all belonging to the same P = i(L These elastic waves arc 
quantized in the same way as light waves in Jeans Debye's theory of 
radiation, that is, they carry the average energy of tjq, (9k), The 
vibrational energy in the interval dP then is 


dtf [E hm 1 


- V IrnW 


I hv t 

lexp (h j/l'T} — l 


+■ 


exp IhvJkT) — L 


tm 


wlii'vi* 4. and i' r are certain functions of thr chaotic constants ami of 
the wave length, The total energy density is obtained by integration 
of eq. (10c) over dP* The limits of integration are determined by the 
consideration thal ?, = V/p must, not lie smaller t-lum the lattice constant 
of the body. The specific heat r v is obtained by differentiation of the 
energy with respect tn T. 


§11. Bohr's Theory of Spectral Emission 

UX We continue with our short survey of quantum phenomena and 
their preliminary explanation in the older quantum theory. Direct 
evidence of selected energy levels is offered by the selected frequencies 
emitted by various atoms. Rydberg and kits showed that the many 
observed spectral frequencies v can ho represented as differtunoe* or 
"combinations 11 of a number of spectral Terms in the form 

v r m — v, t — Kydboig-Ritz combination principle, (Ha) 
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Niels Bohr (11JL3) explained this formiHa by multiplying both eirlr* 
with Planck’s h in the form hr - hv tM — hr n , or 

t = B m ^g v (llty 

In words : When an atom drops from 1 he energy level tn E „ it 
emits a conrosponding photon of energy <f. In ware interpretatum 
this yields the frequency 

f = {E m — E m )/h = LMir frequency condition, (ile) 

The simplest spectra are those of the 11-a.fcoiip the He 4 ", Li + “ ions, 
and, in general, spectra produced by one electron in the field of a 
single positive charge Ze, Their frequencies arc described by the 
generalized Babuer formula 


ftRr 


(±_1\ 

n*l 


■■= Balmer's formula 


flbJ) 


with the Rydberg constant R- Comparison with Rohr* formula (lie) 
suggest* that the H-atom haft selected energies |we anticipate their 
negative values) 


E. = - Rd>Z* 

jj- 


flla) 


Since the Rydberg R constant also etmtrul* die spectral frequencies 
of other atoms, it became obvious that R Is n universal constant, 
Ita composition in lor ms, of the basic constants f, y, r, and f\ was found 
by Bohr in his theory of spectra] emission: When t he elec tram describes 
a circular orbit about the proton, it sat isfies the equilibrium condition 
between centrifugal and centripetal force 


Ze“ wt a t „ 
= -— t lienee k 
r* r 


= dm 


Definite values of r find k were obtained b> Bohr from ihc postulate 
that the angular momentum of the orbit is u multiple of hf r Azr 

ttw — = quantum condition, (1 lg) 

2ir 


Thi? last two equations together determine the quantized values of 
r and PJ for circular orbits 

A%“ „ ZtAuZW 


En hW * 

Comparison with eq. (lie) shovri that the Rydberg constant is 


R = ■ 


2itV j 


ch 3 


(llhj 


ni) 
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JSommerfdd (!!>!«]) generalized Bohr’e circular to elliptic orbits, with 
precession due to the relativistic dependence of the mass on the 
velocity; he thereby explained the tins structure of the H-lines (ex¬ 
cept for certain anomalies discovered and explained recently). In 
ilonrebitiviatic approximation the major half-axis a, t and the time of 
revolution r, t of a iSommerfeld elliptic orbit agree with the radius 
j' M and tlifl period v„ of the circular orbit r>i the same principal quantum 

nwnher n. The minor half-axis is b = — a, with f — 1. 2* * * * «• 

n 

known ay the azimutfud quantum number and determining the angular 
momentum of the orbit, Ih j:lit* The elliptic orbit is lima diaraeterizod 
by two quantum numbers r r . und /; n determines the main part, of the 
energy, whereas different l's yield different srnuil relativ isiic correction* 
which become considerable only for large nuclear charges Zr, The 
Bohr-Soinnierfeld theory of the spectra of If, Ke + etc.,, Lb the prototype 
of the theory of atoms with more than one electron, since the spectral 
lines are due to the transition of u single electron from one state in- f\ 
to another. 


11,0. The Bohr theory of the hydrogen spwtrum rests on the niechani 
call condition [eq, (Ilf)] and on the two (quantum conditions [eqs, 
(11c) and (1 lg)j. Although those conditions are acceptable insofar as 
they lead to the correct formula for the spectral frequency, the physical 
pictura underlying Bohr’s- theory is inconsistent with the basic prin¬ 
ciples of mechanics and electrodynamics, Indeed. Bohr’s theory of 
LU13 asks us to accept the thesis: 

(ti) that an electron describes a quantized orbit of radius r n without 
simultaneously emitting radiation. According to elassiua] electro 
dynamics, however, a charged particle in accelerated motion ought 
to emit, radiation continuously. Tlie eieotron ought. therefore, to 
spiral into the nucleus rather than curry out a sudden transition from 
the nth to the rath orbit; 

(ft) that light is emitter] during ii sudden transition from one orbit 
to another. Such an abrupt transition ought to produce a white iiash 
rather than an almost monochromatic spectral frequency r, whose 
observed natural breadth (nncertainty of v) is of the order r)i- - 10 s 
sec -1 . This would indicate that the act of emission busts a time interval 
dt of the order of in H sees; during this time interval the electron 
would carry out alwuit live million uninterrupted revolutions, which 
contradicts the hypothesis that sudden jumps are responsible for the 
spectral Lines; 

(r) No logical connection exists between the t-w'o quantum postulate**, 
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eqs, (ilo) and (11 g). Tlie twn postulate are accepted merely *n 
prescriptions wilieli happen to lend bo the correct, reside in the cas* *>t 
i\ single electron in the field of H nucleus. 


11 . 3 . The most paradoxical feature of Bohr's theory in his thetas that 
the spectral frequency r f which ought to coincide with the frequency 
of revolution of the electronic orbit according to Maxwell's theory , 
actually is the difference of two orbital energies divided by k. The 
paradox is mitigated* huwtjver, by the fact that there h a certain 
similarity or c&rrwpajtdencn between lha orbital frci[Ueticy and the 
observed spectral frequency, at least in the limit of large quantum 
numbers. As an example, take the Bohr-Balmer formula 



I 


(n Hb £) 2 


)■ 


with k = I, 2, 3. - ■ ■ 


(Tlji 


and suppose that n is large and k is a small integer, The expression 
in parentheses can then be approximated by 2 kfn\ and the emitted 


frequencies are 


lZ-Rc 

~ - with k = T 2, 3, ■ ■ 

■Jo 


ilk 


They represent a fundamental frequency with its higher harmonic, 
tin hr noticed that the fundaineni.il! frequency* b ooindtles 

with the frequency of revolution of the elliptic orbit ut f mud [ml 
quantum number », and that the harmonics coincide walk thow 
contained In the elliptic motion if the latter is subjected to a harmonic 
analysis. The elliptic motion would thus emit the same spectrum 
[eq. (llk)l. according to classical electrodynamics, which is actaaily 
emitted, in the limit of small kfn . If kfn is not small we do not have 
a coincidence but a rorr^pondenc.e between the chdAsinai frequencies 
[eij. (Ilk)J and the actually emitted spectrum [eq. (11])] Whercn^ 
the various harmonic? k are emitted simultaneously according to the 
classical theory, the corresponding spectra! lines are attributed, 
according to Bohr, to transitions (?> + I:) —* n one at a time. 

A similar correspondence applies to the emitted inteitmtitt. When 
the motion on the ellipse (n, /) is subjected to a harmonic analysis, 
the various Fourier terms k occur with various amplitude# which 
ought to determine the amplitudes of the emilied spectrum |Vq. 
(Ilk)] according to classical electrodynamics. The actually emitted 
amplitude? produced by transitions (n -j- k) — n coincide with ihe 
clftj&ical amplitudes for kfn I ; when kfn i? not small there it ill b 
a correspondence between ehi^icHl and observed amplitudes. ^iufilar 
correspondence rules hold for the polarisation of the emitted light . 
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Various efforts to replace the qualitative prediotiolifi of the corre¬ 
spondence principle by esaet quantitative la were crowned by the 
establishment of the new quantum theory in ] 026. Modem quantum 
theory rests cm two fou Tufa lions: first, the equivalence of waves 
and particles leading to Sehrudingers wave mechanics; seoond. the 
correspondence between classical nnd observed frequencies and infon- 
eitioe lending to the qwwfttvt mechanics of Heisenberg, Born, and 
Jordan, a(w known m matrix mechanics. The two branches of 
quantum theory proved to be equivalent 7 ; they are different assets 
of the same fundamental principles. 


Summary of Chapter II 

The equivalence of waves and jiartieles breaks down in the statistical 
domain, arid Planck's constant is indispensable for the explanation 
of tdie spectral energy distribution in temjterat utv radiation (Planck 
radiation formula), The equilibrium between atoms and radiation is 
derivable from the Einstein probability rules. Planck’s formula for 
the average energy of an oscillator also controls the energy content of 
Holld bodies, according to Einstein, Debye, Horn, and Kunnam The 
link between the older quantum theory and classical mechanics is the 
oorrespondenee principle of Bohr, 

1 C. Eokart r fV flrr. 28, 'll (IUSA), 
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S12, Group Velocity 


12.1, QwmfimUon of Orbits. A free particle in a rectangular volume 
is restricted to quantised momentum components beoau^ ><f the 
selectivity of the corresponding standing wave-, in V ijj"). similarly, 
when a particle runs along a circular path the angular momentum is 
quantized because I he ooFreafiotitling waves are select ive Indeed, if 
the first round of the wave train were out of pb i-.n u ith the *w>md 
round r and so forth, the resulting amplitude along the eireu nforenrc 
would be zero by destructive interference, Only when ~l-r contain* 
an integral number of waves, i.e., when 


v = 




' 12a I 


can there be a finite wave amplitude (fie Broglie 1 ! The translation 
p — hf leads to the quantized linear momentum along the circular path 

nh 


and more generally to the angular momentum 


nh 



<»2b> 


B| (] 2b) is the quantization rule underlying Bohrs thorny of idem rode 
orbits. Whereas the older quantum theory introduced thU rule a?, u 
separate postulate, we now have a physical explanation of the integral 
number « as a first step towards i*ww mrchanitis* 

The velocity, v. of the particles and the phase velocity, of the 
corresponding wave* do wit agree. Rather 

v S i/iv* — U 
“ ~ P ~ _ ~~ 


(IfcJ 


P t** 

and rr |r for free particle®, The phase velocity « — i-A m a tie 

1 L. 4t< SAjglw. Th±*r r Pikfi* ^ 1024), 

9ft 



111 


HE BROGUE WAVES: I Xt EHTAIXTY 


37 


Broglie wave is a purely academic concept and can never be observed 
as u velocity. Indeed, to observe a certain phase traveling forward 
one would have to identify that, phase somehow; the most sensitive 
method for this purpose would be to let It' interfere with a tost wave, 
preferably one of similar frequency ft rid wave Length, m order to locate 
the resulting lu afe as phase indicators. However, tins would load only 
to an observation of thq beat or group velocity. We shall see m the 
next paragraph that it, is the ‘jroup velocity of the matter waves 
j = velocity of the beats of two waves v and v f rb in the limit dv -- 0) 
which coincide* with the velocity r of the corresponding particles. 


12,2. Group Vflont.tj, Consider two waves with adjacent frequencies 
and wave mini tier* in superposition ; 

sin [2jr(ftc— r/)J — sin [^(F — ifpju? — 2ff(r -f dP}i]. 

The sit in may aka be written an a product 


t COfl 



Jj -ain [a, (»+f)*- 



The sine factor represent* u wave of practically the same v and r as 
the two original waves. The cosine fautor provide this wave with 
an amplitude of stmdl frequency drjl and small wave number dP/2 
whose maximum travels forward with velocity 




^tfa 1 dp 
.1 di' d$ 


— group velocity, 


(12d) 


In order to compare ij with the corresponding jJEkrticle velocity r wo 
translate v — E(h und i> — ])jh and obtain tj — dEfdp r in particular 


,/= iM + a{xvt) ] = 

i , . 

ff =_(p<)= eDl , 



(hound particles) 
(photons in vacuo). 


im 

(l So') 


For chared relativistic particles in a field of potential A , $ one has 


hi — iir 1 -|- ty „ p — pv + e^/c, 

dE — rHu, dp — odp + pd'iy 


and 



c* 

j' -h pdvfdp 


lrelativistic particles in fields), 


(ir) 


filntse drjdp = (r a t'*)fp*\ and since the terms with A and yj drop out. 
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In all cases 

dp dK p 

^ dv tip u 

lii cuiiulusion, utm t/foap n'torily find jxirficJf rducitif coincidt, 


11211 


12.3- Wiivf group maxima move through n medium of given index 
refraction with the same velocity iw particles more in i In? comes pr Hiding 
force field Tbits. one might come to the conclusion that hut 

Wv call a |utrtido bi hut a high group maximum in a he hi nf matter 
waves. Thin idea is untenable, however, since heat maxima thmen 
in the cumse of time, whereas a particle holds together at ail times. 
Bom t a therefore^ proposed the fallowing statistical interpretation of 
the matter waves. Thf- uhiv i nlznaitp nmr r7 point l 1 rnfamms rh< 
probability of n parfick near P, For example, d iff m e firm ma.vimtt 
calculated according to the wave theory of luterfire nee are pljoes of 
maximum probability for particles, and observed as scm!illation.- in 
case of great dilution. It would Ik-" wrung, however, to think that 
“particles are guided by wave rule.'. " or that “light h really a stream 
of particles i the waVea are mathematical ex pressiutui of lie: way the 
part teles move/' or that lt the photons of a beam of light do noi . 
Newtons laws of motion hut. the laws of wave motion j tatum* 
from textbooks). Actually, the in tend ly maxima are vx filaitmbi* m 
ternts <ff wave intederenco andor in terms of part k\ It •* nbeying 
XewUHi’ti laws 


£13. The Uncertainty Principle 

13.1. Harman it? bl*.<(*;•■ l ng Pmt->r. Sup pose i wav e uj freijUvncy 
coming from a immuchronmlm source is cut short to the duration M 
by tneanB of a time ah utter, If the amplitude function fit) is analyzed 
mathematically nuoftrriJng u\ Fourier. or if the wave hash i> analyy^ii 
physically by moans of a spectroscope, it shows the original frequency 
surrounded hy a frequency range tft>. The width of the resulting 
spectral line is 

& — ( ia 4 

where ^ indicates the order of magnitude. For example, light 
emitted by unperturbed atoms \ma a »]iectrul width of dr ^ in - vih sea; 
thin indicates that the emission takes place in u time interval 

1 K, Horn, A Phynk fa HIM flDE«J 




ouac, in 1>E BROGLIE WA VXfl; V2WEHTA1NTY no 

2 ^: J0~ 8 nee, according to the wave theory. The spectral width dv 
Kiguilics that the exact frequency of the wave ijfi.sli iy. riflUterttin, With 
margin ck. 

Eq. (13tt) irt iiffto known hh the relation <■ 1 f t.hc harmonic rmniving 
fjoitw.r. When we wish to deter mine the frequency difference Av 
between two vibrations received irt Aiiperpraution, the most sensitive 
method is to count the number of befits per second, since this nimifeor 
it# identical with the frequency ditferen.ee Av, For this purpose we 
need,, however. a time allowance crf at least one beat, he., the time 

At ^ f I 3b) 

m 

This is the inversion of oq. (13a). 

Relations similar to eqs, (Ilk, h) hold between the wave number i? r 
and the sr-range permitted for the observation of f,, namely 

<&*,= ”. (13o) 

or, in words: The ray amplitude along the jn-uxis may be u function 
m vanishing unt-aide of the interval Ax* When f(x) is analysed 
uncording to Fourier. it proves to bo a Siuperp6sitiun of sinusoidal 
Waves belonging to a wave-number interval (13o). Any wave number 
attributed to the matter aggregation uf width dx will always be un¬ 
certain with margin (l$c). Vice versa, two wave numbers having 
a difference tk r can be resolved only when one is allowed to scan the 
r-fix is along an interval 



The Name relation a hold, of course, for this jf/- and a dimet-imm, 

13.S. Multiply both sides of cqs. ( Iltsi) and (13c) by h and apply the 
translation rules of rLinok and dc Hrnglie, The resulting 

(13d) 

ure the uiftizrtainty relation:t of Heisenberg. 1 * When a time allowance 
A( for determining the energy of a particle is given, the* energy 
E re main a unct i rtain with margin (Pd). When a particle ia confined 
to the range &r, then p a remains uncertain with margin (13d), It 
would he quite futile to look for any dynamical explanation of the 

* Vi . Heiafnb«rg t X. Ph^ 43, 172 (1A2TK 


* , g It 

Ah and dp, etc. 

At Ax 
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uncertainties of E , p It etc. Quantum theory considers the uncertainty 
relations justified because they are translations of the two wave 
relations (13a) and (lSe)U 

Eq, {13d) tells us that we never can iiumitaneously identify both 
jr- position and ^-momentum of a particle wish exactness. When 
observing a particle through n slit of width 
' dx, thereby narrowing down the uncertainty 

of the incoordinate to $*, then bp r is of a 
magnitude to yield an unartainly product fcb/h- 
—-i of order A. To illustrate this situation graph- 

j icatly, one may use an x, jv diagram (Fig. 3.1). 

" ™ A point m the se, jtvplane sign ilies the -F-poftitioo 

and x-momentum of it particle in the classical 
^ sense, in short, a classical state x r p*. Quan 

^ turn theory considers two states as indUtm- 
^ guishable when they full into the same rest - 

"W* 1 " "®» * of the ** The Jew* 


Fiu. 3,2. DtffrMtLoo unto a doth: of «r>luz iuig2z? cu« with 


have a. large cross section covering many periods of t he crystal lattice. 
This implies that the position of an individual photon within the large 
cross section remains uncertain, 


[ 13 , 3 , Heisenberg's original derivation of the uncertainty relation ran 
as follows: To observe the exact position of a particle located 
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sumewhcrc on the jr-axis we view it through u mmroscope from the 
y-direvl itm after illuminating it with light of wave length a in the 
^-direction (Fig. 3,2a), 'I he 1 imurosoope collects the light scattered 
through the angle of apcHme tu. Tho rule of the optical resolving 

kit 

power, viz., the wave relation sin ( 00 /2) ^ (Fig. 3d2b) t or 


&JC — 


2 ain {aif'2} 


im 


locates the particle with untiertainty margin *Vr. The uncertainty 
can be reduced by taking a smaller wave length of the light; thin, 
however* will increase the Compton effect of impulse tranetmission 
from the incident photons F (corpuscular theory of light!). When the 
particle is originally at rest it receives an ^-momentum of magnitude 

S <T 

»*=——— era s 
c c 


when 3 is the angle of scattering of the re hounding photon £' (refer 
to Fig. 1*3, page 15}. Since S and ' are practically the same energies, 
and #/r — hrfc = the liwb equation becomes (wave theory again) 

h ,1 , 

Pm — j (1 — «« a). 

The angle of scattering is between x, r|sn - 0O C - ^ and a llllLi = (Kf* 4- - : 
lienee, p r is 

between ^ jS — sin anil ^ ^ 1 + sin 

amounting to an uncertainty margin 

. h . , ta 
m — J 2 BUJ - . 


'the product of the two margins of matter location is 

fac&p t — h. 

The Heisenberg derivation freely uses the translation f/i = hfk for 
the light my. However, if a translation is adopted as a sufficient proof 
it might os well be applied directly—-namely, to the matter warn relation 
iV r <5jj 2 s; 1, Heisenberg's proof was of value to those who wore familiar 
with the equivalence of waves and particles for light but did not know 
that tfio same equivalence holds also for matter,] 
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13A The classical idea of particles breaks down under the impact of 
Lite uncertainty relations. U in sin physical to accept the idea that 
there im particle# possessing positions and momenta at any 

giv-eu time, and then to concede that these data can never be confirmed 
ejtperiineittally, as though by n malicious whim of nature, This 
inconsiiitedcy es avoided by the following formulation of the uncertainty 
principle given by Bohr 1 : 

ft Whep an experimental arrangement or state can be interpreted in 
terms of particles whose positions are defined with margin &r„ then 
the same arrangement or state cannot be interpreted in terms of 
particle# with momenta defined more exactly tlum Ap t zz hfdx, and 
vice versa. 1 ' Tlw eniphaaj# is on the word interpretation, in contrast 
to any insistence that there are particles. 


§ 14. Causality 

1 4-1- According to classical nicchtinics the present petition and 
momentum of a particle determine the past, and future position and 
momentum. In quantum mechanics, since the present position a ml 
momentum are not exactly defined, the future position and momentum 
cannot bo predicted either, all hough oenum probability predictions 
are still possible. 

There is an analogy between an a-particle within a R&-nuelen> ami 
a classical gas particle in a vessel with a given opening. Ill both 
cases one calculates the probability iff an escape for the next second 
or the next hour. etc. The difference, however, is that the class real 
theory takes it for granted that we may determine the initial position 
and momentum of the gun particle if we should lake the trouble to do 
so, and thus we might predict the exact time of escape. According to 
the uncertainty principle the initial position and momentum of an 
particle within the nucleus can never be determined with sufficient, 
accuracy to predict the time of escape. 

Is it true that this reliance on probability prediction- represents a 
breakdown of the strict law- of causality? Before answering this 
question we have to specify what we moan by this taw. for which at. 
least two different interpretations exist. One of them reads: 1 When 
a state A is once followed by a. state R, then A is always followed by 
the same state B.” Vice versa, it we should once find A followed 
by a stale B‘ yfc B t we then would have to conclude that this time the 
initial stale was A* 4 A. However, causality in this form is not n 
statement, whose truth nr falsehood can he decided by experience. 
4 N. itohr, JVfliUr 1 * 121. nHC 



CHAP. Ill 


t>t: Humu k \va t' es ; i \\c 'ertai xr y 


4 :: 


Indeed, any tot of whether A and A‘ are really different would eonutst 
In having both A and *4‘ apt out tm instrument; it' the Lnnt.rument 
yielded different readings, C C\ this would be the empirical teat 
that A =£ A T t However, we thereby use* the very principle, r ^ ('* 
hence A =£ A \ which we wanted to pros r e experimentally. The 
statement “different effects are due to differeiit causes JL jh not the 
result of Long experience but rather a matter of terminology; .1 and 
A are dtjiw'tf &s different when followed by different states B •/ B\ 
□r by different rending*) C ( l \ 

14.2. If the law of causality is to have it physical meaning open to 
empirical continuation it h necessary to define initial states A and A r 
as equal or different not from their future effect but m the light of 
previous experimental condiriongu Wo define two like object" 0 and 
O' aa being m like states .4 * .4' when they have undergone the 
same experimental treatment during very long times. In clasdcfi] 
physics there iis a gradual transition between like and unlike states 
and like and unlike treatments, whereas in quantum theory there in a 
Unite difference between like and unlike. Tims, two II-atoms arc alike 
when they have the same quantum numbers, f lids definition applies 
also to the hyperbolic orbital states with ti quasi-continuous energy 
spectrum ; two such states stilt belong to different elements h ]l in pjia.se 
space.) Similarly, a ah&r|t distinction exists between like and unlike 
treatments. A Ra-atom bombarded with neutron rays has undergone 
a treatment different from one not bombarded; on the other hand, 
slight differences in heating are 3ike treatments since they do not' 
produce transition probabilities to other nuclear quantum states*, 

The question then presents itself: Is it true that like treatments of 
Like objects (which assure like present states A - .-1‘ by definition) 
knid to like future states or tike readings on analyzing instruments i 
The answer s.s negative. Two R&-atoms treated alike may emit an 
■i par tide at different times. Two photons emerging from the same 
slit, may turn ip different directions. Two atoms in the sam» field 
may choose different sprae-quantizations. In general, two Like objects 
treated alike end thus being til the name state by definition may react 
differently to “analysers, M In this sense like, cutwe# may bt fallowed by 
different rffarB i. The effects are ruled by probability laws only. Line 
also may express this situation by the statement that the act of analyse 
ing may produce a variety of different final states from the same 
original state. 

Hence, we are not confronted with an 'objective " state .4 supposedly 
existing irrespective of Us observation, but with the data which an 
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observing instrument (analyzer) records. These data, however, depend 
on the previously observed state of the system a* well an cm the 
kind of analyzer, and are of a Htutistmal character, insofar an. the 
analyser might record < tus well n# C\ C w , etc., with a probability 
distribution. 


£15, The Range Expansion of Blatter 


15J. The principle of uncertainty nr indeterminacy umnitest- itself in 
simple objective facts which we shall study now. 

Suppose we have an aggregation iff matter, e.g.. a very diluted gas, 

whose jmrtti are [to l exerting 
any forces on one another. 
Suppose, further, that at i — 0 
the gss- sample is confined to 
a hui all range &r; at t = 0 it 
may be passing through a 
narrow slh of width A.r. Dur¬ 
ing a lime interval f the 
sample spread* out to the 
larger width Ax\ irte^sective 
of whether or not. the par¬ 
ticles have a -component of 
motion (Figs, 3,'k and b). 
hr has order of magnitude 

*-5'? (15a > 



M 




[■’111, 3 . 3 -, Tim iJinjrn nX^jOUdiau OS mAltOf. 
Thr ortginwl mug* >?j ti> iVj-" cluriji^ J\ 

On ttw ImJt thw mj.' tnLVflfl Hi* dipEamw rg in 
the ^-direct ion: cii tin.’ \? r — u. 


where f is ft constant factor depending only upon the kind of matter. 
Actually, ft in the mass of the matter particles divided by Kanaka h, 
anticipating ft corpuscular explanation of the range expansion. For 
the times living let us trike eq. (15a) as a description of an empirical 
fact., leaving dynamical explanations to the following discussion. 


15.2. H r cra> Thwtf* In tJcase of Fig. 3.3a the range expansion van 
las explained by the wave theory of diffraction. Along the |jerpen~ 
riiculsr distance e„£ the width of the central maximum expands to 
far', determined by the proportion (Flu 3.4ft) 




or 6x f 



Comparison with the empirical] result, eq. (i.Ha) compels ns to put 
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If A, whiab ngreeK with de Broglies pn\ — hfA when we identify 


The case of Fig, 3.3b is also represented by Fig. 3.4h. showing the 
widening of rt maximum from fa to (Ijr' - during L because the harmonic. 1 
GOmponents of the maximum travel with different velocities, namely,, 
different group velocities, The range * 

of the group velocities % r— 


producer a final Ax* — tty from the 
initial &x — 1 fhv. The observed 
range-evjtaueithit law, i■ 11. (55a}, ttaufi 
leads to r.he euneltisinn 


or integrated, with omission of An 
additional constant: 


— = - — dispersion law for (loc) 

v ^ matter waves. 

This law not only explains the 
spreading-out of the wave aggrega¬ 
tion from rir to 6x* but is of general 
.signitivii nee for wave mechanics. Eq. (14c) gives a special value to 
the dispersion quotient drfdP. 


I 1 in. 3.4. 1 ha ranftp expansion 

lu'ctirdinjc to rhi- wiiv»» theory. PjiI U 
i ii fft; ranee is, on t hr I fr. JirotidiiniD^ 
of i.h© ntegw from nic to fa' ott the right. 


15,3, Mechanical Theory, In order to explain the empirical result* 
eq. (15a), in terms of free particles confined within 4s at i -. IJ, we 
have to assume that these jn&rticlcfi have velocities pproad m-m the 
range dv m as fa'/f. hence over a momentum range A/j, — CVun 

parisun with eq. (15a) then shows that this momentum range is 


w hen, again, we use the iransktion ju = bfL Thus, the range expan¬ 
sion is direct evidence of the uncertainty relation for particles. 
Altogether, the discussion of the empirical result of eq. (Ica) can 
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Iw used for deriving. first. that matter waves obey the dispersion 
law of t'ij. (IBfl), in which (fie constant fi is refuted to the particle 
mcujw by eq. (13b); and secondly. that matter particles obey the 
Lineertaiiity relation, eq. (led). The dispersion law ■« .11 direct trans¬ 
lation of the modi Arnold reMion dNftlp - pffj when the tmndntion 
laws of Planck and de Broglie aw supplement* -•] hv pq. (15b). 


§10. Uncertainly of the Electromagnetic Field 

lthl. L'uwrirititi-jf of MtwuTfatu *ri with ■ ? Text Chartj*, Tie determine 
at a given instant the components E,. and H- of (hi- Held within a 


I'm. S.fi. j I"Iib 1 uncertainty of 1-tto I’tN^TMtinglu-tlt (kid. Et-ruti him iuv ^elI iei I he 
4 . 3 : ai id - r dirt'--tkuifi through alitfl tf. ' FI n >y ju ■ 11 Ltie . u l h ngi j Lu r iiifferww * n f direr! ion 
PiJong Ax. 


small vnlunie A V t an electric teat charge i or a beam of particle* e 
may he sen! m the jr direction, The observed deflection toward the 
y-dirvetion nun bo due to both E. and H Only when two beams 
of opposite direeLkuia, 4- x And — x r are sent through the Held, the 
angular different; of their ik i tectum will show the magnitude. H : 
alone, If the beams liftvo 4 ir-direction at £ = 0 and travel during 
Ai - tU'/r through (he distance to. the Held H will produce a force 

F g 

F ± ■ r.R tr tin apoeluraLinn tr — ; • c H mid a J/deviation 


which belongs Lu a >1 i Iferentse of direction (Fig. '15) of the- two beams 
n . « % ■% '-kHAr 


The same difference of direction will develop irrespective of the 
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presence of an electric liE-ltl E„. Tin.' UBoeertalnty of the H,-detenu ina- 
tifjn 3in therefore related L< ■ t.hc on certainty of the angle a,, namely. 


■'H, = l 1 '' ■ '>*■ 


(ttial 


If i) b the width uf the fell to through which the heaine are admitted 
to the volume dV. the uncertainty of their direction due to diffraction 
through the slit* is of the order 


<tx 


f. -77 it 

"it? - — 

n W* 


Substitution in ei| ( (1 Ha] yields the uncertainty ofH,: 


trkc 

fSH- . 

fitjiiw 




(16c) 


tI fl the other bund. thetv is an uncertainty of E H due to tluj Coulomb 
field between the two beam* whose distance is uncertain by ftr = m 2q. 
Since the Coulomb field is efr r the field uncertainly is 





The product, of the two unoi itainties becomes 


_ llrhC 

'■ H '' AE « — Mi r 


(J tie) 


tfence, the more exactly one tries to determine H- by widening the 
slits, j;, {] ie mure uncertnin Ikmjoiucs E„, arid vice versa. The a mailer 
the volume >)V, (he more uncertain become i.be field components. 


Uttevrlttinlff I hi* (a Eittd Momentum. The electromagnetic field 
w ithin the volume A V carries momentum whose ^MMiniponenL b the 
vector product 

P. = ~ [E. H|, 

4nr 

Its uncertainty is 

SP. = 6V — f[E + as, H + ®|, - [B, H|,} 

4 Ttr f ^ 1 

= iv -t EliE H|. + IE. m. ■■ i<®. aH| r .j. 

477(7 

Therefore tyl\ is of ka-i{ as large as 

r itti km .*17 
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4 * 


or of the order 


&P.2£* F — 


non 


On the other hand, the .same uncertainty A/V fo aki rtf order Ay A. t m 
that we obtain again 


, r>E 


4mfA 

v ~teidV' 


(1%I 


Summary of Chapter HI 

The quantization postulates of the older theory are: 1 reduced to 
natural wave mttictiuna, namely, boundary conditions or coudi? i^ji> 
of single -valued nfeas- Quantum dynamics may be developed from 
the fundamental experience of range expansion of an aggregate of 
frets matter from the width Ax to tffi&J? during t with the trails 

tat inn ft = Ap,, corresponding to p = hv and E — fo\ The wave group 
velocity ooinoidcs with the particle velocity. and ihi wave intensity 
with the particle probability. The dispersion law of waves is n irans- 
lation of the relation between mechanical energy and to omentum. 
The mechanical equivalent of the wave rules of the harmonic resolving 
power is the- uncertainty relation of Heisenberg, Hie uncertainty 
relation limits the predictability of future corpuscular events (such as 
soi nt illations, etc,) since not even the present state of no- it mu and 
momentum of a particle is determined ; the classical idea of a particle 
must be amended. Physical o&uefdity in the form that Kkc present 
fttatcpi are followed by like fut ure states breaks down in favor of statis 
tical laws. The uncertainty principle applied to the elcctromaiinetio 
field ibow.q that, a simultaneous determination of E v and H ; i* not 
possible. 
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ELEMENTARY WAVE MECHANICS 


g 17. The Schrodinger Equation 

17*1. Thu f'cji i ivalence between [wvrtielea along a path of least action 
and wave rays of leant, wave number (§2) in valid only within the limits 
of geometrical optics, namely, when the variation of the index of 
refraction along one A b small. ft; was Schrfidinger (192ft) who devel¬ 
oped the de Broglie theory of linear rays into a general theory of 
matter waves in spnce-timo, by introducing a wave amplitude function 
y'(zyzl) subjected to the genera] wave equal inn 

5V gy i yy 

di/* ' i>z 3 it 1 

in which a is the phase vcloritw \ or in the usual notation. 

(Hft) 

Of particular interest Lire those solutions y< which are periodic in time 
with frequency v„ so ns to represent either a progressive wave 
p = sill 

or a standing ware 

y = sin {2irvt) ■ yfri/s). ) 

Tile Bine may be replaced by a cosine or by a complex exponential 

function, esp [i(3m r / ■ ■ ■)}„ Whenever y is periodic, y becomes 

- 4-7rH l y, and eq. (J7aj, with w — rA, reduces to 

A is considered as a function uf jtijz,. eorrsfipomliug lo a refraction 
index dependent on xyz. Usually, however, X(xys) is nut given 
directly, but the matter By stem is described in mechanical fashion 
with a given potential-energy function U(.ryz), and the frequency is 
replaced bv the energy according to I he translation rules: 

h d A a )r h' * 1 
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Substitution iu eq. i t7b} leiidw bo the equation 

vV + **£- I fi - <1»® 

This is ibe famous wave equation of Sehrodingtr, 1 If the system 
cousin of iV partiolee of nuLsgaft /i L u a * * ' ftp, with BN co-oidinati^ 
(*aWt*i: ') and potential energy Ufa ♦ * ■ s v ), then r, 1 a* 

tt function of the 3 N co-ordinateshas to satisfy the generalized aquation 

(IT*) 

with the understanding that the wave is periodic with frequency 
r = El(h t The translation (l7o) entered in the pure wave equation 
(17b) tia& transformed the resulting SchriVt linger equation into an odd 
mixture of wave and particle ele i milts, A classical state if* < letermined 
bv the position and velocity of ha parts at one t and hence at all I A 
quantum state is defined by the amplitude function y. 

17.0. j Fartide. Let us apply eq, (17dj to a single free particle 
Li l f ree spa,its nfg. With V = u the Sehrodinger aquation reduces to 

V*v + -^r == : 0* (!"f) 

The si in pleat solution is a plane wave with directional cosines %. p. y, 

namely 

V = .-Uir, [.>,(w-“+^±^) + T ] (17*, 

where « a + 0* + y a — L Substitution in eq. (17fj shews that the 
wave length A has to satisfy the condition If/A - luEfh-= \pfh\-. 
The general solution of eq. (I7f) for given JF-vulue is a superposition «.f 
pi. i Etc waves of common frequency and different 9 p;b. Whereat a free 
classical particle of energy E travels only in one direction at a time, 
the wave function y may be a superposition of wines in different 
direc l ioiis simultaneously. 

g 18. Simple Eigenvalue Problems 

18.1. A Particle in si Box. Less trivial results arc obtained when the 
particle is confined within a jbiitt volume which for the sake of sim 
plieily we assume to be rectangular, V = XYZ. One then has to 

i E. Rchrfidirigitw, Fhjfrik 79. 3filj -iS-tf 
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impose oil the y-function the natural boundary txjnditkm, y = 0 along 
the wale, yielding a standing wavo (omitting the periodic time factor): 

= sin {kk^) Esin (tefiy) sill {l 8a) 

with if = 2?r/I find 


ktr lit mit 

kx — K P = xy — -z-> 
X } z 


(la!,) 


-vhoii' /■, l. w w *,. 1 throe integers nr 1 i,Hiir,ti‘ii .umbers". Snhsti- 

u 

tut ion of eij. (18a) in eq. (I7f) yield* k- = - E; licuce, with 

ft 3 

■x 1 + {P — y* — 1, 

E = 


kW 


A E 


;(($)+(?)■+(?)■)• <■» 


HttV Hrryi 

The boundary condition thug leads to quantized values uf the energy, 
characterized hy the three mimhiTB L\ /. .rtf, Eq. (I 8c) repreKents the 
f iy<ytt r'-r jV itfs of the particle energy within the volume X YZ. and 

r(^t) = sin [hr ~ j flan yj ( mff ( l 8 d) 

are the corresponding eigenfuneliotts in the same volume. 

1B.3, The Rotator in a Plum, The daaaioa) model of a rotator is ft 
pnilicle of mass /i revolving with ramble azimuth *p on a circular 
path in a fixed piano. The potential energy is zero. Since y is the 

[ (/ S y 

only co-ordinate, y is a function of y only, and v a ¥' ivduoos to u 

r~ 4W> 

After multiplication with r a the Sdirddinger equation becomes 


Zn'IE 

w + —*5- *' = °- 


(H*>) 


where / = ur*. The equation is solved by functions periodic in tp, 
such as 

y k — sin (hye), cos (^V'Jp 6^, e -aT (Ihf) 

for*/# 

provided that the parameter it k chosen bo that A ,a = ———. that ia t 


h* 


when 


E = E* = 


lc*h* 


(leg) 


On the other hand,, the functions ufoq. (1 8f) art' required to be ttinyfc- 
mtu&d t Le., they have to satisfy the condition y($?) = -f 2ir ); this 
condition. which replaces the former boundary condition in cose of 
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angular coordinates, la satisfied only when k is an integer* Eq, (ISg) 
then represents quantized eigen values of the rotator energy. 

The four functions of eq. (Uif) are not the only eigenfunctions 
lielonging to A t . Any linear combination of the four eigenfunctions 
with arbitrary constant factors is also Jill eigenfunction belonging to 
the same A 1 *. However, various eigenfunctions p t of the rotator can 
be expc&saad as linear combinations of only two linear independent 
eigenfunctions, and E t then is said to have a twofold dcgtihraty 


£10,, Orthogonality and Normalization 


19.1. Kigcidimctions of t he Schnldinger equation belonging to diffis 
eigenvalues A',,, * E n are mutually ttrltojrmal. be.. they satisfy the 
cumiittori 

J ® fur E m ^ E„, ! to a ) 

where f is the complex conjugate of ami d I in « volume elenif-nt in 
3A T -dimen8ionaI space ■ - - iyb Eq. (Ida) may be proven) as 
fellows: Multiply the SohrBdinger equation 

vSbs + W.-&)*■ 

and the complex conjugate equation 

v% + - tty*, — o b y ; 

subtract, and integrate over space: 

J(#*v a 1p™ - — a <8* - E m \§f mVm d r. ii»bj 

The integrand on the left cun be written as the du-erg< ncr of the 
SiY-dimcnsional vector (f»Y W—V’mYVnh The space integral over 
die transforms into a suriaoe integral over the bound 1 ry of the normal 
component of the same vector. The surface integral rtmUhea since 
the eigenfunctions either vanish along the boundary, nr, in case of 
angular coordinates, have the same value at the boundary > — lf ■■■ 
at the boundary y — 2tt of the integration range, From the vanishing 
left, hand side of eq. (Iftbj it follows that the right-hand side also 
vanishes so that eq. (19a) is proved, provided that tJ„ ^ E m . 

The integral of — ]yj* has a finite positive value. By in¬ 
cluding in p„ a constant “normalizing factor." quo always can obtain 
anil value for the integral of ]yp bo that 


.iVV.V^ 1 ' 


— I for » = in 

— 0 for rf y tfi. 


um 


When the function \p„ is normalized io unity, then jy\*|^dJ may be 
considered as the probability of the co-ordinate* of the *ystvin being 
found within the volume element d l\ 
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Different eigenfunctions belonging to this name eigenvalue (in c&ae 
of degeneracy) may be, but are not necessarily* mutually orthogonal. 
For example, the eigenfunctions E l and e - ^ of the rotator are 
mutually orthogonal, and so are the two eigenfimctkms sin (fcjp) and 
oca {A^) j however, the function Is not orthogonal to am (A^), The 
two Functions f jin and r. rJ 1 can be normalized by Factors l/\ ’Sir, 
and the functions sin {AtjiO and cos (A r p) by factors IfXir. 

19,2. Lot ft ■ - ■ be k linearly in dependent eigenfunctions belonging 
to the same E tr taut neither normalized to unity nor mutually ortho¬ 
gonal. An orthogonal M.t of normalized f:igenfmiclum& ^ ■ V. -can 

lie constructed bv linear com hi nation in the following fashion, known 
as the Schmidt orthnnorniabzfitum method. Put 

Y r i = *h7i ] 

ft — + b sZt* ( < 1&d ) 

% = Q&t + hx* + 

etc.j and determine the coefficients by the condition* 

Jltt|W = ». I 

jlyvJVF = A, |^ a ^|dF = 0, | (10e) 

JMW = K jvaV idV = d, = nj 

etc. This is one equation for n j5 two equations for tt t and f» a , three 
equations for a A . b LV c 3 , etc. A more genera) method for constructing 
orthonormal sets y from eigenfunction* y_ is discussed eel §31), 


19.3, It will t)e noted that there is a close formal relation between the 
classical energy equation of a system 

— “ v— Pi + [E — U) = 0 
2 t*u 

and the SchxGdinger equation (I7e). The latter is obtained when 


p k is replaced by the operator — ill ™ * (IOf) 


aaalimidg p k rind q k to ije cunoninilly conjugate variables ; that is. the 
O&aaical energy equation IJ{q, p} - E is replaced by the wave equation 



(l»g) 
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£20, Hie Harmonic Oscillator 

20,1, A linear harmonic oscillator Is classically i.leJine<i us a particle 
of mass jr vibrating with, natural frequency r 4 — £%^jr, Us potential 
energy is f r [>l kfit&fp?- "the .Sehrodinger equation becomes 

“ + “ {& ^ 4/*a*S**>V = (* u ») 

The boundary condition y> = 0 at x = ± GQ for the eigenfunctions is 
necessary in order to obtain integral^-functions. UV first simplify 
cq. (2tiir) by introducing the diirn'mionlass quantities 

* - i m ' - Y = (x)* im 

so that y{x) iHwomes a function ^fA”) subjected to the equation 

<£* + Vl£— X*# = ih { 20 c) 

where 4> v is the second derivative with respect t«* A". I'o -cemv 
solutions ^ vanishing At X *x ± qq wo consider the last equation 
at large |A T | where it reduces to - X*<j> — 11 and lias the -Milutmn 
tft *= exp (± £X a ), Only the minus sign agrees with the boundary 
condition. We therefore introduce the exact * dirt-inn (<f eq. ^ue; in 
the tentative form 

= exp (- iX 1 ) ■ u(Xl (-UdJ 

whose substitution in eq. {iibc} leaves for u[X) the differential equation 

u M - 2AV q- (2<f - l)u = 0, (Sflel 

We try to solve it by finite power aeries in X ehice infinite series might 
jeopardize the boundary condition. 

The simplest power series is 

/. tf(A') r± L 

J^ubstitution in orp (20cJ leaves (‘Aj? 1) -= n, hence * = 4 and IS 

= Wo have thus found the first eigenvalue amt eigenfunction 

ra (j) = 4{A') = exp {— IX*) for E 0 = liof i 

As the next powder series we try 

n{XJ = 1 + fcX. 

Substitution, in eq. (20e) leaves X{— - 1 f i i!« 1 — I ) - u 

There is on possible ahoiofl for X and n so ei* to make both brackets 
vanish tor all X's, unless n — (S. which in the former cam.* m(X i = I 
31 will be shown below that only a aeries with oven [ of X or a 
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series with odd powers rjf X is ajjl to be an eigenfunction. ho that 1 / in 
either even, ,.^j _= ^(—if), or odd. == — y>{— x). 

We next try the odd pnw nr aeries 

II. tt(X} — X 

iSllbbtitution in eq. (20e) leases Jf(2^— 3) ■= (J, which is satisfied by 
*F — ?r/2. We thus find 

faiX) = e*p [- jl*) ■ if for iv 1 , = f*v 0 . (20g) 

The even power series 

III. u(X) = 1 + nX* 
leatis to 

X*{-2£a - r«) + (2 a + 2if — 1). = 0. 

In order to hold for all A' r cither blanket must vanish, The last 


FdQi >1.1. y funotiiMiB of tin* linoer ImniWIlk' ii»-ills tor. Tim fWs f'ltfcnJimo- 

laoufl hnvc f>, 1. 2, S, A UekIbk, iHiHfK'otLvrily, 


bracket vanishes h i 1(1 -'J). Substitution in lha first bracket 

yields ri = — 2, hence £ — ft fl. We t-liu* find 

MX) = esp ^*J£1 - 2X a ) for E. £ -= fjfcc%. (20h) 

Altogether the eigenvalues are 

J5 % — (si + Dfit^ for h = 0 t 1, 2 t * * * (20i) 

in contrast to Planck's assumption J$ B - ufn-> 0 . The eigenfunctions 
6(X) belonging to the five lowest eigenvalues are pictured in Fig. 4,1. 
The wave functions range from X to + 00, whereas a classical 
particle oscillating with energy E„ would remain within a certain 
Jiuitii range of the /-axis, 

80 far we have found eigenfunctions and eigenvalues by trial and 
error. We now turn to a systematic solution of the differential 
equation (20o)* 
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2(h2 + Let iifl put 

«. — £4* X*, hence id — A' i_ (20j) 

“' = XA,j 0- = Ed, + ,y 4- 2jy + 1)-V. (20k) 

Substitution in eq. (20e) yields the condition 

XMA, + s (j 4- m + ')- MV + i - a*H = 0. (Sot) 


To hold for nIE value* of A the factor of each A' must vanish separately,, 
yielding 


^j±t _ + t — 2# 

4 “ y+s)o+ fr 


(20m) 


Tilts is a recursion formula for the eoeitietouts, .I 0 determines 
and A a , etc., arid A, determines A s mid _-| n . etc, The fiat tiro co¬ 
efficients, and A t . may bo chosen at- will. This is connected witlj 
the fact that eq, (20e) is n differential equation of the second order. 
The choice A^ = 0 yields an odd power series, and j, = 11 yields an 
even power series. When wt- want J ft A’ n to be the Jum uun vanishing 
term we have to provide for A„ . 9 to be zero which is the ease, 
according to eq. (20m), when 2n -f I — M = 0 r or 


(,-? — n -\- i; henoQf E = &%(n + ^) = E n . (20n) 

We thus have found a general formula for the dg<nvaluti of the 
oscillator. 


SQJ3* Xext we turn to the eigenfunction*. iSuppn^e n in eq (2unJ is 
even. The even power* in rr(A’) then break off with A, X ‘ but the 
odd power terms will go on indefinitely imle*> we choose _t L — 0, 
Vici" versEt, when a is odd, wo have to choose \ a — u in order to obtain 
a finite power series. I’hu.fi, w(X) must be either an even it an odd 
finite power series, callcrl v ri , 

The coefficients in the power series it, may Ik- denoted a* A\* 
The nth eigenfunction then readii 


km - t- ixyMpx* i20o) 


whose coefficients ismi.sfy the recursion formula, u-mg i!rf„ = 2r\ 

_ W+ U-(2» + 1) 

4? '«+««■+■ 1) ’ 


+■ h 

(2«p) 


When chowatlg ,I„ I nr A , I, respectively, one obtain- tin- w-rie- 








UHaP 1% 


ELJUnaNTjUir If.-lFA 1 MR' IUNWS 


bl 


Apart from cpnatant factor* tlu^r j*ericfl arc identical with thti Bermite 
pciyw>miaU fur n = 0, I „ 2> ■ - ■ 


HJX) - i 



m 

SX* - liX 

ItlX* 4SX*+l2 


etc. 


generally defined by the formula 

= (—!)" e* ~ t-*. (iOq) 


After supplying cmmtaiH numiidiaing factors the normalized eigen- 
functions are 


fa{X) = exp {- 4XV ^ 2" **(n E)~ (20r) 


um 


It. may lie left to the reader to derive the even and odd power series 
r£ H (A') simply from the condition that ^ is 
orthogonal to and is orthogonal to 
and $- 9 , etc.; urtd that is orthogonal to 
and <f,- is orthogonal to and etc., using 
tfio formula 

f r -l4 .r*if.r = vir 1 - —— (20a) 

J T. 

Every even is automatically orthogonal to 
every odd 4+- 

The probability density | yj* is finite at all 
jr' {excepting the mxtal points) in uunfradra¬ 
tion t.o classical mechanics, which allows ii 
particle of energy A- r to oscillate only along 

<nr 

\/iWf:/ 



M 


(Silt) 


Fru. 1.2, Tin? cmppRy 
Levels of thu? ostiilLuor. Ttw 
IwmsrjiKfLl linos within the 
panto In: pt aonl i n I -onerEj 
rurv® iadifiatfl Iko i-mnpo 
<a1 u cluadnol partiekv Tho 
i^mngB Bifrprulfl from *■ — 
- * kn + 50 . 


uo as to secure s positive kinetic energy ft — E — If, The classical 
range is indicated in Fig. 1.2 by the solid lines drawn at altitude A' n 
between the (/-curve. There is evidence, however, that particles can 
11 tunnel through" a classically forbidden range (§27), 


§21. The Rotator in Space 

21,1. The eJa^icftl model of a rotator with a free axis in space is a 
particle bound In a sphere of radius r. Wave mechanics requires: the 
rotation energy E to be an eigenvalue of the iSclirddinger equation. Wc 
lira! rewrite V’V ") polar on ordinates,, by virtue of the tranufonnat ion 
x = r sill fl cos <jfj, tf = t nin 0 sin tf. z = f ooi 0, 
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and conversely 

^ — arc- tun (yfz), 0 — nsrt cos (z/r), r = (jp s 4- y^f \ 
from which follows. 

c 1 ^.' dtp dtp dr 

5r fte ‘ 30 cM: dr &* e C " 

and finally 

^- 7 >I( H *) + £la*s i (■*" 8 s) + 5)- (2,a) 

[Starting from the oinaaioal kinetic -energy expression 

+ i{p; + -^)_ 

the simple replacement of p by ihdfdq would load '■■< eq, [21&) otih 
when the otassioal pi ia hrnt written in the form — p P -r*/j. find the 

F* 3 

1 

druwicul pi in the form 7 - p i} ain 0p.,.J Ii] the present case. where r 15 

sin 0 

constant and ^ is ft function of ti and ^ only, the Sohroiiinper equation 
reduces to 

-Li U 0 i?] + L ^E + C y = 0. {SI b) 

■in &d&\ diU sin 1 Q *> a y 
with the abbreviation# 

$ut*E Ch 2 

U = —x hence JB = —, with / =* /ir*. [21c) 

M B. Stj, (21b) caji be solved by the method of separation, considering 
) an a product: 

Afl a further s^cmlization we assume •}■ to be a s ingle-valuci! fu net ion 
exp (imtji ) , whero m i 0 a post tl to or negatlve in tegor incl 1. 1 ■ I ing /on 1 . With 

= (2 Id) 

eq. (21c) reduce* to an equation 


si5 , * , *b 8 " 1 + 


{*-&) 


0(0) - if 


for the unknown function 0(0). It is convenient Lo introduce the 
variable 

9 = cos 0, dz =f — alri Orffl, F(*) = 0(0) \ 

™ e S =ri,h ■ % = - ^ & r : — y ^' p J tMJ 
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Eq. (£le) then reads 

d / At 1 \ 

J x [(I - *) ■ F] + [a- - - a j . P - 0. (21g) 

A closer investigation of the aingtilarity at z = 1 and z = — 1 shows 
that Pfsji nmst he of the form 

P iz] - (J - 

Substitution in rq, (2-lg) leave* for P(z) the equation 

(l - z 2 )P* - ‘2{\m\ + t}zP r + (r - | m | - m*}F -- t>. 

To solve for JP(s) we HilhHtitute power serii^ 

P = EApt* F = ZAtjd-K 

P- = ZAijtj 1J*T 1 - Sa* + ,<j + 1)<; 4- 2)s’ 

ill eq, (21 i) and arrive at 

Mlf + ‘Mi + n*i +, + [e- 0 + MW + M + = «• 

The factor of for every j tuusl. vanish separately, hence 

-jj e a. _ (J + [»*|Kj -h ;m| H~ 3 i 

(j+iKj+S) T J 

This is a recursion formula for the ,1,, la particular, and A i may he 
chosen at will. With l) one obtain* a a even power series for 

/ J ^.3], and with A a = o, an odd power series. 

To seen re ^ do net tons without singularities the power series are 
required to break off. with AjtS 11 ns the last non vanishing term, and 
with .-i t . g, Aj. . f . etc., vanishing. + ! = 0 is satisfied when the 
numerator in eq. (21k) vanishes, Le. f when 

C - (A- + \m\ftk + \m\ - I), or f' = l [I + 1), 
where we have introduced 

/ = k 4- ]m \; hence, m — h i — 1„ * - % — L (211) 

The energy, eq. (2 If), of the rotator now becomes 

E, - ^ l{l + 1). (Sim) 

Lt is typical that the eigenvalues are obtained without explicit knowl¬ 
edge of the eigenfunctions. 


(21h) 

m) 

(Sljj 


SI.3. VVV now Uirti to the dvternumil.iuri of the eigenfunctions of k\. 
.Substitution of eq. (211) id eq. (21k) yields the following recur*]on 
formula for the coefficients at given I and m: 


/ifI, _ (j+ M)(j+ |«[ + :>—f(/ + t) 
(j + i)(i+2) 


(Sin) 
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with - an the htali nun vanish ing coefficient. This recursion formula 
leads to the following power series Pfi) for various t = h ■+ jwj and 
!?«!, Indicated by the symbols / J [ Tnl to bo used in eq. (21h): 

PJ _ 1 . = z, FI = - 1), FI = ~ &)] 

P\ = I. ^ - 3?. Pi = *{(te*-3) I J iln) 

P| = 3, P | = 15s J 

and so Tort h. The coefificicnts d 9 and .4, are chosen so that t he Ff are 
the Ugi tuirc poh/riotniah. The “associate polynomials” fb™ are 
obtainable from Pj 1 by the differentiation 

Jl«t ! — 1)* 

Pr <zl rfT^T r?(2|t Kh ' Tf: ” W <b‘ ' ! ' ll>) 


The complete eigenfunction is characterized by the two quantum 
numbers / and m ami reiuIs (with 5 — oos 6): 


- tF"Pit) - *“*(1 - z*f mm ^ p\ m 'fih 

= s’" 1 ' siii iT,r| 0 ■ Pj’-'fw* (J) 
to be supplied with the normalizing factor 


[- 


2f+J(f |jh[)1' 
!i X i«aht 




I2i 4 f 


For one value of l there are 111 +- I different eigenfunctions VW 
Whereas tlw quantum number l determines the energy and the jnumkr 
momentum .4 — \ 21E, the spatial quantum uunoher m determines 
the i-comjxmcnt of *4, namely. % — m-ft with U j- 3 values of in. 

The general eigenfunction belonging to E t is a linear combination 

Y,(0. 7 1 ) = f). 

The theory of the rotator can also he applied to any system without 
torque, a rotating disk nr n molecule. The energy, eq i_TiiU, in 
f^i nfir med by the band sjjeetra of diatomie molecules. 


$22. Central Field: the Hydrogen Atom 

22.1. A Cfntml Pure? Field. When the | to ten tin I energy F’ depend.- on 
the distance r of the particle from the wm point only, the ftidirodiiigur 
equation may la 1 : solved by tin* method of separation, assuming 

y(r T 0, <p} = (33a) 

Substitution into eq, (17d) with vV ^placed by «q. (21a) in pnUr 
co ordinates causes the equation to split into two separate equations. 
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Indeed, k-t-ling the product be a solution of 

I I ? . cl I 1 

_ _ sin p _ j. _ t ])0 = _ 

lam & S0 win 3 0 Sy 3 ) 

requires i(f + I) and 

<b (p) = e' fll ' r and 0(6) = sjn l *'0 ■ fl^pos 0} (22b; 

of eq. (21 q). Fur fl(r) unft is left, with the equation 
1 d f dR\ (2a „ C\ 

?,lr V Tr) + U lE ~ " W] “4 S “ (22C) 

[When one introduces 

llXfl 

R{r) = —. (22d) 

F 

eq r (22c) simplifies to t!ir> following equation for >*\r\ ; 

«' + [* - V{r )] - ± 1 ’) • = 0. <Me> 

In earn 1 of a Coulomb potential. eq. (£2o) is more con vent Sent,] 


22.2. ('cmhjml* Poi*rtthi{ In the special case ol’ ff(v) Ze^jr, i.c.» 
for on electron in the field of a nucleus Zi\ eq. (22c) lias the form 

PR 'Idlt / . , W C\ » 

ff + -rTr+[ A+ V ' 4 " = <**> 

with the abbreviations 


2aE Zue* 

A ■ it -= =£=-, r ^ m 4- i). 


ft* 


A 3 


(22g) 


E > 0. For positive valuer of t he energy E , that la, For positive 
.4j the equal nmi at large t has the solution exp (i>\ . I) which in. [H?ri<>dic 
at' infinity rather than vanishing. hi si live energies arc not restricted 
by boundary conditions and they represent a continuity of values, 
similar to the in ml inurms energy sjwetriiiti of the Koiirmerlblld hyperbolic 
orbits. 

E < if. Whm E < o r one may introduce i he dinienakmlcss real 
and positive quantities 


Eq. (22f) then reod,- 
H*R 
tU* 


= 2 TV-A*ndD= 7=5 - « l 22h > 

4s 
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Tho solution for LuTge m vanishing at infinity is exp (— It). We there- 
fore su institute the trial solution 

tf(if) = t: ^22j> 

into* eq. (,221) and obtain for the equation 

+ (i - 0 ■ pr* - <“ 3kl 

Introduction of the power scries ih(as) — Xdjif rJ.n 

S/Kt/J — I — j)x *~ 1 + fitUU ~ *H- 2j — l{t + I )j*> 3 } — 0, 

(•hanging the sti munition index In the second part we may write 
instc-ad, 

V J ' WJE>- ' -j) + a J + 1 {(j + 1)0+ 2) V + !))! = <>. 

tea-ding to e Ii=l l lectiraion formula 

= - °~U + U 

", m f D-o+i)o+ s}’ |j ” ’ 

«j determines rq , ,, and so forth. However, eq (22l) vield- 

D — l 


hence, if, t muBt vanish [unless D = l, in which ease the relation 
n ; /a,_ , — U/0 wtmJd indicate el breakdown of the method of solving 
eq + (22k) by h definite power series]. »Siniila-rlv. from 

0 D-{l-l) 

a i-t ^ *i-t “ W+ 

it fnJIowH that a { £ must also vanish, and, in general, a t . u for j < I, 
We thus arrive nt the result that f?(x) is tt aeries beginning with .»■*: 


r +1 

i'(^) — X u t .c. 
#-i 


(22m) 


if the aeries is to break off with aA ' i na the highest mm vanishing power, 
we Timet require a T + t = i>; nr t according to cq. (201), 

J>*-/ + fe+l, (22n) 

w* that the jaenrsioni formula reduce* to 

<i ■ _ i+± -_i _ , 

of l{! + !)-(/■+ l)(i +3/ 

with j running from l to l + A\ When one in Itch luces the integer 

J* = l + 4 + ij (22p) 
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Llie condition f'iiu), namely D — >j. hecomra, lnmuHeofeq. {i2h). 

P1 r , Sir VZ a di 1 

* = E - = - *^-5? < 32,1 > 

The selected eigenvalue* depend on r !id= priori pal tptantttm number n 
and are in agreement with Bohr's value. According to eq. (22p), l runs 
from ii to n - 1 when k run* from n 3 bci (i t 
Turning now to the- fiigs-rifitnetions, the recursi on formula (22o| U 

tj + *i 

W w+D-y+tHj + 8) 11 

and leadti to a power series (with k — ft — l l ): 

vfr} = - J,c t \ (*)> (22a) 

i 

the last, factor being t lie (2/ + I )st derivative of the {it | /)1 h iMfpKtre 

poltfMwiai 4 il j [ntj = L„{x), where 

p 0 1 2 3 




ami in general, ^ 

£,(*) = e*—{**«--)* (22t) 

The quantity x from eq, (22h) is 

- 2Z 

jt = t ’ 2 V — ,4 = r ■ —, (22a) 

m 0 

where ci 0 is the first Bohr rmltus. 

The eigenfunction^ bdonging to the discrete negative eigenvalue 
K„ are (omitting nonnaLmng factors) 

¥«rJ*i 9- v) = K, iCrJ J 0) ■ 

= l;, * r t , B( (ir) * sin™ J5/ > } m, '(oofl S)6 tmr , 

where e r , ti" »» /i given principal quantum number a 

there are r f I value* of the azimuthal quantum number l, and for 
every f. one has Hi + 1 values of the spatial quantum number m. 
Altogether there are n 1 mutually orthogonal eigenfunctions y> nirtl 
belonging to the one eigenvalue £?„. 


0 

1 

2 

3 

a 

1 — a? 

2 -hr + x* 

6- lto + — 3f* 


22.3. The Tuxi-partitk Sofa tor, A mechanical system consisting of 
two p&rtirfe# of masses ji t and /u, respectively, with a mutual potential 
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energy t/(r) depending on their distance r nmv lie treated similarly to 
the one-particle rotator. The energy is 

A - W*f + - ‘ ') + W<$ +-■•)+ PW (22w> 

in ttmjfl of the velocity oomponents* We introduce the rtktfiiH 
co-ordinates .ryz and the co-ordinates of the canter {jravittf zrjl, 
defined lu T 


With 


at ^ Xj - etc., and £ = ^ eta. 

th + Ih 

M — ftj + ft t and ~ — — 4- — 


(3*U 


t. li o on orgy may he written in the form 

is - imp + e + f*> + if.)# 1 + p +*■) + u\r) 

ami finally in the form 


E 




ir) 


= M tI + A- 


ipi’ 


with P — iLLoineiiluin of tramdalion of the total m n*n d/. am! — in 
temai momentum of the system relat ive to the center of gravity The 
rorrewpon ding Schrodiitger equation i.s 

+ ■ ■ A - U{r) + jfc’] 


12,1/ Var “ ' ' ') + % la 


. -Tic \ — U. 


(32y) 


dj- 1 

The product solution 

T - ■ xifytl Bnd E — E tr -r E m 

ia gubstitated in the last equation; it reads 

V' V a z + E ir * 7. X 1 [^ f VV + f^h» f ■ M )v] = *> 

This equation itt satisfied when each bracket is zero separately. The 
first bracket becomes zero for any plane wave 

X{h}l) = exp[ff^= f l\jj ■ k^)l 

The ocwreflponding eigenvalues of the translational energy anti moreen 
turn are 

K - », P = M 

with A 2 — {J-f + + / t). The ir'a may have any tuonintegraI vuhiea 

They are restricted to integers only in case of a linite volume. 

The second bracket equated to zero is identical with the eigenvalue 
problem of a particle in a field uf potential energy /'(rj, except that 
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the constant rf now stand* for I Ik- according to eq, (22x). 

This is important for the cximpFirbim of [he spectra of atomic H, 9e '. 
and Li + 1 , ilh pointed mu by N . Bohr in 1913 on 1 he basis of the older 
quantum theory. 


£23, H-Atam in Parabolic Co-ordinates 


23,1, We now solve the Coulomb Held problem in parabolic co- 
nrdin&teH tfoffofp, defined in terms of the rectangular co-tirdmates 


SF = y <Mi <** Vi V = Vflift wn V- 1 - 2 = Uft — fth (23a) 


tf. lk the azinHith about the stasis as before. The inversion of eq. 
(215u) is 

ft — r + *, ft = t - i, r = 4(ff, + ft), (23b) 

when j’ in. the distance from the zero point. The suiTuetus -= const 
or (r 4 z) = const are paraboloids with — z its principal axis; ft 
= const defines paraboloids with -f : to axis. The volume element 
transforms to 

dV = tixdydz = [(ft + ft)dft7ftiip, (23c) 


Laplace's operator in parabolic co-ordinates irf 

tjB a. A A 1 + J_A 

= ft+ % La/i qi + ® J ftft l V 


(23d) 


Substitution in SebrMinger'B equation yield*, after inuItiplication by 


v fi r + -i ft ; + 

m 4 a?i 


dA + iy^ 

■ \'h J >v 


, + 


p ti(ft ■ i 1 ■ v - °- 


f23n) 


✓ 


We apply the method of separation and split into three factors; 


V - Gdft)' Gi(ft)' d(<f h whh ^ 

.Substitution in eq, (23©) and division by Q%Q$ leads to an equation 
consisting of two parts, the first depending on ft only and the second 
on ft only. Their sum is zero, hence each part, is a constant, + h 
and — h respectively. We thus arrive at the equation 


d d }*E w a {Z£p 
dq, fh dq, + 4^, H h* 


*')j = tf 
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The two 


and a similar equation fur r/n. with — 6 instead of 4* f - 1 - 
equations may he condensed into one: 


where 


fPQ 

dq* 


+ ;f + ('‘ + 7"?) s_0 - 


(Mf) 


(«*> 


with plus sign fur q x and min os align for g a . Eq. (23f) in similar !*■» 
eq* (22f) and may so]veil in an analogous fashion. The condiliun for 
finite power series now reads 




M -+ i 


x -A 


+ rt it 


IL 


\m\ + 1 


V - A 


•4 «a, 


>3h) 


when? and n a are positive integers including zero, 
the last two expressions gives 


,Sinn math m of 


{ft j H- fti)f V — A ™- | m | + «| + »fc + I • K- 
Eq. (!>3b) with 4- ft* = Z(n-'f T ih z yields the eigenvalue* 


K» = 


Z*\u l 


2ti- 


(234) 


deftending on n only, whereon the eigenfunctions depend on the three 
quantum numbeig in the form 

= QM ■ WtM ■ tinw ’ 

in which |»i| ^ n 1. 


23,2, As an example, take a — 3 where m has values 0, Az 1 — 2. 

In the two eases in — -±2 there is (me pceadbiiit.v for (% r^J, namely 
(0 + 0), For m = + I there sue two possibilities, (0 + 1) and 1.1 4- 0), 
For in ~ 0 there are three. possibilities, (0 H 2), (I + 1), and (2 ■ 0). 
Altogether there are 2 >■ 1 + 2 * 2 A- 3 = different stated ttj r- 3 i« for 
n = 3. In general, every edgufimluo E n belong* to n z mutually 
orthogonal eigenfunctions This is the same n a -fold degeneracy 

which wc al.su found in case of polar co-ordinates with quantum 
numbers nlm. Tn contrast to the states v nlm? which are? closely related 
to the elliptic orbits of the older theory, the states have ng 

direct rotation to the? orbital picture. The solution in parabolic 
co-ordinates, with z as axis of symmetry, is of importance when the 
H-atoni is perturbed by an electric Held parallel to the ? direction 
(Stark effect, §32), 
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§24, The Normal Zeeman Effect 

24-L The momentum of a charged particle in t he pretfanoe of a magnoLiu 
field con&icta uf a kinetic and a pj tentifti part, 

p = ur-piA f (24a) 

c 

where A i& the vector potential from which the magnetic field H is 
obtained as 

H = curl A — V X A (24b) 

The potential energy i'j i‘ the same particle is f\ when I' is the scalar 
electric potential, The energy of the particle in the electromagnetic 
Held consists of a potential and a kinetic pirt, omitting the rest energy ; 

'-^+50 .*-^+5 (•-;*)* 

^ fl ^i pl -^ (A p)+ ^G A ) a < 34c) 

in mmrelfttmstic approximation. Let us consider a constant magnetic 
Held of ^-direction with components 

H.. = 0 = H„ and — B. 

It can be derived by virtue of oq, (24b) from 

A z = — {yH, A u = \zff r A, = il, (24d) 

When the quadratic term is omitted, the only magnetic energy contri¬ 
bution in eq* (24c?) becomes 

- — «A,P, + A K p, h A,p ( j - — typ,- xpj = - — JV 

where p v is the z-oompoiiem of the angular momentum. The energy 
of a system of electrons i. a lorn) then becomes 

+ (24«, 

where V is the potential energy- of the electrons in the atom, p K is 
the momentum of the A"th electron, and /j ff is the z -component of tho 
resulting angular momentum of the atom, 

24,2. Wave mechanics replaces 

a 



flH 
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Witt omission of the quadratic term, uq. (24o) then leads t>o the wave 
equation 


h- 

> 


^ ** 



i.: 11 l 


When the trial hi net ion 


to *■*$$■**■ fm 1 - ■) 

= xih r i * 4 * Ml ■ ■ “) exp [tSwsqpfft < 24 g) 


is introduced, the last sum in eq. (241) become* f"(Sw? A )p — iws^'. find 
eq. (341) truces to 

S$£? + p - U) -r «»■] V = <?. 

In order to leave y unaffected by a simultaneous addition of to 
eaeh f r (rotation of the atom as a whole) tn must bt- mi integer. 
With the abbreviation 

(24h) 

2ttc 

the last aquation alumna the simple form 

+ %(<**-Pi* - o. m) 


The y-fnnetiem of eq, (2+f) thus is identical with thin yt living eq, f24ib 
bnt belongs to the energy 

£fl 

uf = <f 9 -— mA, (2+j) 

2hc 

Apart from different lime factors r exp (- i&tfk) for es:p (— i 
tht ^function* with field are the mmr. as those without fiehf. 

The magnetic energy of a magnetic lIs]njLcs of momeiii M in .l tir-ld H 
is the scalar product — iM ■ H) or, in case nT a z-lieJd, — M- ■ H 
iitj, (2-Jj] thou indicates that the atom in the Held of s-dinjetinn 
displays magnetic momentum components 

M c = * m f2+k) 


wliioh are multiples of the magneton : 

one magneton = sfif-f = 0.1)273 x lO -M ejg/gaujss. (2+1) 

Cilice m bns the values /, / — 1, - < - — l, whew l is tin* quantum number 
of the angular momentum of the atom, £** splits into "2! 4 I magnetic 
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levels spaced at intervals A<f = //, p r is t1it? £Gomponent of the 

angular mechanical momentum and has the eigenvalues* 

Pw = ntl. 

The ratio between w, and p lieeomes 


M* _ _e_ 
P, ‘ 2 , IiC 


(24m) 


The same ratio follows abo from the classical theory of the orbital 
motion of a particle (or system of pact idea) of in ms p a] id charge e 
in a field of central symmetry where both ;> f , and M ; have constant 
values according to the principles of mechanics, Actually, the ratio 
*Jv, in tj times as large m in eq. (24 m), whore g in a factor whose 
various values nre seoribahle to rhe fuel. that ihe electron lias, a spin, 
Whereas ttie magnetic energies of oq, (!24j) lead to the norma] Zeeman 
effect, the spin produces ttie various patterns of the anomalous 
Zeeman effect (refer to $&]jk The discussion of the normal effect is 
continued in $ 63. 


§2B. Transition Density 

25,1, The normalized wave intensity [?/(r)j a of a particle hi the state 
of energy E may be considered aa a (reduced) matter density so that 
the mass density at the point r is y | ^(r)|* and the charge density is 
*|vW- Those who prefer a corpuscular interpretation may consider 
|yir) Tf/l' us the probability of the particle in the volume element dV { 
and a.q the probtotnUtij density * This is Born's statistical inter¬ 

pretation of yu The total probability obtained by integration over 
ail volume elements is unity. When the system consists of A r particles, 
the wave intensity at the place jy s * * ■ in configuration space is 

M^t* - * Ol WidFj - * ■ (25a) 

and this intensity may again be thought of as a reduced matter 
density or tts a probability density in configuration space so that 
| y| lyd T tt * - j in the probability of the first particle in rfl', and 
simultaiLOQUh-ly the aeoand particle in tJT,, etc. Tlie totai probability 
of all possible configii rations in unity when y* in normalized, 

Consider now & physical quantity defined as a function ■ ■ ■} 

of the co-ordinate of X porticks. 

■ In th ei mufmrit-ir ik'Ld, "two p La iho aum (24 ji), liu- kint’ti* paj-t pf iiu-rtMtw&si 
tn.UH'h mi tin. prjtfFnlinl pjirt eA/c ctpeirtvn*r>d H m that. p v mf, itS1.1l 4ir ■n-ii}uiyi 8pn|r| r 
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Iti various (iontigiirslions ^r a - - ’ the quantity F hn* various values. 
When the special vnlutw F\ F". - * ’ occur with prntahifitiro f / J '. 
■ * - the mean or expectation value of F is 

py> |y . 

f + f * + * ‘ ■ 
ami in tlie present da®, with erp (2rla) as probabilities, 

(F> = J/F(r,r 3 ■ ■ •)|^(r t r t ■ - ■)| 1 dF' 1 d7 1 * - ", (2$b) 

since the denominator integral is unity, We write the irtat formula 
in the abbreviated form 

{F) = / ft r )F(r) ffrjrf l’, (25cJ 

where r stands for ■ * ■. d V for d I ,</ J y • - ■. ami y is the complex 
conjugate of y. It lh irrelevant whether 

y(r) or T(r. 0 = y(r)t' (J ™ iiM) 

is entered it.t the integrand since the time factor cancels ill fy. 
The mean value of / in the at.[Lie E is constant in time* 

An atom is found either in ti state of energy A without emitting 
radiation, or in a state of transition from F to E when emitting or 
absorbing a photon of energy hi* = E' — E" From the wave point 
of view, an extern nmy be in the slate of amplitude function ’IV 1 . 0 
nr in a state’ of superposition of two wave functions so aa to produce 
thfi intensity 

IV, + H'VI* - I'M* + |V,|* + ¥,*»> - V,V E . isael 

The first two ten ns are constant in [hue; the third and fourth terms 
have periodic time factors 

Jpr_ 

e)** and t~ w . where m = - ^(25f) 

situ! are known ij* the superposition deudtias or transition dtnriiits 
from E r to E" and frrjm E* to E\ reopectively: 

*1 y7;*cxji [h'J A ^;.0 transition density from E to E -eg) 

The former probability density is a apodal case for a " transit ice i 

from E‘ to itself." 

The mean value of the quantity F{r) in the state of transit ion 
from E f to F p , shortly pronounced the transition iithie "f F =.- defined 
hh a generalisation of oq, p^fic): 

e- “ .f Vr ( r ) Fir)V r ( r )d V * exp {I ■ l-^h) 

it is complex conjugate to F frf: U lie often defines f L fr iiy the space 
integral unly. taking the time factor for gran tod. 
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25.3* Menu and transition values of physical quantities of afo-mA in the 
state of transition from A to E* (or to E f ) can he ulscrved. Take 
the quantity P - er, -|- j r 3 -j- ■ * ■. which is the electric moment of 
i he Atom, It.-, transition value is 

IVjt - ffVtr,r a - - - - - * (3Si) 

Ar cording to dasalOal elec trudyn arnica, the electric and magnetic Held 
vectors produced at the distance r in the direction of the unit vector 
r B by u dipole moment P ore 

H =4r ip x r a ] and E = — [F x r„] x r 0 . !2Gji 

C“T C a T 


Integration of t lie 1'tn, tLt.Lnu: vector over all directions yields the energy 
Inst W the dipole per unit of time 


df 

di 


if ■!+ 

-- P|* = — IP'I 
Sc 3 ac 1 1 


(25k) 


P“' also is proportional to the rate of energy absorption by the dipole 
in a Held of frequency ca. 

Quantum theory tv place* t hr quantify P mi the fight by its transition 
with P f r ami on lid left hy tfu total mu tyy fas* of A particles divided 
hy A' due to [t'jHMfrm&m*) fiuwiiimi* fnm E’ to E". A justification of 
1 1ns procedure is given ill the general theory of radiation (Chapter X LQ). 
11 i lie energy loss is ascribed to the emission nf photons fioj eq. (26k) 
divided hy cLeaoritatf the 

i^ji 

transition probability parsec — -- - (251) 

GnC 


due to spontaneous emission of photons. If ill sjiecial casea the transf 
lion value P^jp. should vanish, the probability of such a transition by 
means of light emission or absorption would vanish; ihc transition 
13 " forbidden." For applications of ibis general selection rule refer 
to §2t!k 


35.3, When the physical quantity F is a function of t he co-ordinate* g 
rind momenta p of the Hy.stetn + the transition value# of F are defined as 

f\.- - SM) /{?. - a A) w!«) {S5») 

where ve have replaced the momentum p K by the differential operator 

i% ' The operator F acts only on the function ^,■(<■/)■ 

^Va 
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A* an example, take the j-componenfc of the magnetic moment, 

£ 3 

classically defined as M, = — p r Replacing p v by — ih - one 

2/ic * vtp 

obtains for a particle in li centra] field wilh y y^r. by* ,y 

(M ,W>w = Sx»'r(r> t % lkT (r, V)v im ‘*dV 

= m ^5fmTrn r ' fjiTw'df 


— mh for m* = m* = m, V = n = n w 

= j 2/JC 

' 0 for (nTm') =£ (n'Tm*). f25n) 

In contract In (hi - electric moment. F*lisciiHscrl in The next paragraph, 
H, magnetic moment M is displayed ordy in stationary quantum .st-jites, 
in jt in states of t r>n isi) i l m. The snme ho It 3s ff ir t l ie a n u. \ i hi r momenl uu l , 
and in general For tho.^e c|Uantitles which have conservative mines in 
states of constant energy. 


§26. Polarization and Intensity Rules 

201. IV Harumvk O-fCiUuior. The transition values of the electric 
moment P, - ex of the harmonic oscillator are formed with thi real 
eigenfunctions derived in §20. omitting, a* usual* the periodic time 
factor: 

t^.W — f I d* = «W- 

J—^i 

All transition valuer of the eleofcrio moment vanish except those 
belonging to transitions with 

n’ = n" ± 1. {20a) 

The normalized ^-functions yield the following integration results 


at- * j.. = 


L il.H Hr | — 'Si +- 1,1 

mid, vi hen n e* I'ephiced by w I : 


j (h + TjS 

v 2*Bf 1 


(20b) 


/ 


2fi<» 

Radiative transitions ihn> take place nnh between adjacent energy 
levels of the oscillator Their transition frequency is v — i | A‘„ — A-\_,| 
— I'jj, that is, the harmonic quantum oscillator, similar to w.-. chi.sHical 
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prototype, emits (inti absurhs radiation uf frequency »’ Q only? the 
higher harmonica rjf y D which would belong to transitions it' — n w \ > \ 
have vanishing transition values of P. arid thus have vanishing inten¬ 
sity. The probability of a spontaneous emission of ti photon Ai'q 
through a transition from E a to |r according to eq, (251), becomes 

transition probability per sec = a n. (2t>cJ 

Mil [tip] Lection by cut gives ihe energy Iosh per second. The latter 
aUTecrt, for linage tt when- E approHc-hew , with the i-lasaie&l result. 


£b.2. Tin E<ft a far A rotator oriented hy a w-r-.uk magnetic held of 
’-direction may be viewed from the transverse //-direction through 
a Xii■! I which pasM‘s only the i-component of the electric vector E. 
E. originates from the s-cninponent of the electric moment., P t e& 
— tr cos 0„ more aperi tolly from the transition valuta of the moment 
from the state m'l k. m T. The transition values of ez. because of 
VW - 0(ff)fl <w , ure 

(^Lt.biT = * r iH f «r i:o * 

=- I "&*[&) - oos H - 0 # (tj)d(coc *}) ■ | e*"'“(26d) 
.'j Ja 

I'iie second integral factor vanishes unless tn' =■ m". Only those 
transition}* will send Lip;lit in the transverse direction through the Nieo) 
nf E-orientation which satisfy the selection rule 

fei) # » requires m* — m* t (2fle) 


When the Niciil is turned from the z- to the J?-dIrecrtion p light waves 
originating from the nnmpunenl are observed, where 

}\ — £F — nr ni ii ti cos f — ein f p * v '). 

Its transition vahitvi are similar to tlmaa of eq, [2Sd) p except that the 
iiral integral factor contains -in ti in the integrand, and tin* second 
integral far lor roads 


'2p 

- ut - + Ik- 

0 

The Latter is finite under the selection rule 


_|_ #? - - i 


Ir.n) -fz o for 


m' == m' -f 

t/r — nt v — 


E, or 

1 


im 


Neat, let as consider light emitted in the longitudinal z-direction 
and viewed 1 hrough [A illicit plates plus !Nieol no as to reveal 
the clockwise and c-ounte re lock wise polarized vibration components, 
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c*' ami C”, The linear z-component of vibration can be considered 
as a superposition of ac 1 - and a r: “-component [two vectors eirculating 
in a complex (z t ir/b plane], according to the formula x — c f -\- c " 
(Fig-. 4.3), The same vectors c 4 and t~ then yield an ry-component, 
iy = c + — Vice versa, 

c* — ± iy) = Jr sin GKcos ? ± i sin f) — £r sin 

Multiplication by £ yields the circular components of P. For the 
transition values we obtain 


r ■ sin B - fr( 0 )d{eafl 0 ) 


The second integral factor vanishes unlaw* the exponent is Kero, yielding 
the selection rule of the circular components: 

,j*j jf- («: + ) ^ 0 fbf m* ■= m" + I 

{efi”) =5^ 0 for ttT — m* — 1. (-@h) 

The eneTgy flux of radiation in the direction of 

— <T - x f), according to classical electrodynamics. is the 

Pnynting value of the vector 
=* const {(|c-'-| t + jri B J 


■in* 0). (:Mi) 

Since the mean value over the spliere of sin 2 0 is j 
and that of coa 2 # is J, tii-e mean value of the ela^i 
crIIv emitted energy in all directions iy 

Smtm = ll\e+\* + ^|e-J a + §|ij*J 

= const §||xj* + |p|*~S- |i)*K (3dj) 

Quantum radiation obtained by substituting the transition values 
of c + , x, etc., in the classical formula. 

In addition to the selection rules for m there are rules for the quantum 
number l ; t hey arise from the values of the integrals over B[0). 
These integrals vanish except in the two cases 

r=r +1 and r = r-i* (zekj 

where they' lead to the following resnlts; 

, t "*) | 

t t, m: i — i, mI 7 m 7 i dor n 


Fig, 4 . 3 . An *- 
oonqxtnmt nf Tibrn- 
! fan j« dnrotnpCB'.'d 
into rwocirfultirimnL- 
ponnntfl, c* nnd c J . 
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fo r l -*■ l — 1 


Corresponding expressions hold for the transition / *• l + l f with / 
replaced by l -h L 

IF t hero are tunny like atoms in the slum.- statu 1, but with random 
distribution of m between - l and 4- (. one observes only the sum of 
the transition probability which is proportional to 

t- t, r-ii 1 2 ~ 

(- i,nt ± i| a = ¥ 

The correuponding a u rns for the transition 1 
4 1), respectively. 

Since |jr| a f b;| s = 2|t ,+ | s t 1 one further obtains by summa¬ 

tion over u|J iiinations of oae illation 

2 S,(|*|*--f |y|*+ \t\*) = t fott + t- i 

= l A- 1 for l 1 + l 


(26m) 
i + I are \ [l 4 1) and 


(2ftn) 


The lost two eases together yield 1 -f {l -f- l) = 21 -i- I us the total 
(relative) probability of all tranRitiona starting from the one state of 
quantum number f. The intermit ic# of ■ywuUimwM emission arc con 
(rnlieti bff integral quanlntn it amber# ; their ratios anti rational fractions. 
The intensity formulas (2Uf) were originally deiiml from the principle 
of correspoudeuce of the older quantum theory by Fowler, and the 
sum mien (2flm. n) by Burger and Dorgulo, 

tinder ordinary' oLrdintuiijinces of emission, the various frequencies 
belonging to different transitions, m -► m and ni - hi 4 1 coincide. 
Application of a magnetic field of direction separates them, however, 
into the magnetic components 
of the anomAlottS Zeeman e fleet 
whose intensities agree with the 
t heoreticul predict ion. 


$ 27. The Tunnel Effect 



+ + 

■*" 




U'O 


u*o _ 
-^ 


Ftu -1.4. \ jwi1i"ii[ihI Immar ittmfi the 

raisin praductHl hy twr> c^jftdirHserM 


£7X The following one-dimen¬ 
sional example is the prototype 
of radioactive disintegration and capture of particles. Suppose a posi¬ 
tively charged particle is moving along it ho /-axis through holes in two 
con dense re placed ft l ,x = « and .r = — a and charged as shown in Fig. 4.4. 
An electric field exists only in the narrow spaces between the condenser 
plates. When the space* are narrowed down to stent. tine! has a 
potential barrier of vx i■ 111< 2 t and altitude U in the central region 

flanked to the right and left by infinite ranges with V - o. A classioal 
particle of energy E coming from the left would overcome the barrier 
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witEi certainty when A' > f &> and it would be stopped with certainty 
when E < E7 n , Truncated into wave theory this would moan that 
mi incident wave of amplitude L : on the left would be accompanied 
by u. transmitted wave on the right of amplitude Ii[ = E i and by a 
n.-ilected WAVO on the left of amplitude: L 2 = U wbon A > t ,,, whereas 
L 2 would be equal to L |t and R t would vanish wbon E < t' n . Wave 
mechanics gives u different result, namely, a gradual change between 
the two classical cases when E In gradually decreased from larger t-n 
smaller than Dk, oh shown in the following calculation of the wave 
amplitude \ix) am the left, on the right, and in the central region, 
V|t W V F r- 

The ftselirtidi tigerequation in the three region# is 

f a xEy = u to the right and left,l win) 

_j_ k {E r a ) v . ^ 0 in the central part, | 

with k = "If-iffi*, l^ct us consider the case of E < E lt . General 
Hohitions of eq. (27a) are 

Vf =R^+M^^ r— \ 

with y = V r*« 

= (27b) 

V, = C\^ + <7gfi-* with p = VIUq E)K t 

to which inflj l.» attached rlto factor f~ where m EJh In order 
to have only one wave traveling toward -b i in the region to tin.' right 
we pul the amplitude h\. — (h Although y" iw discontinuous at r -- a 
and a* — - n, we must require continuity ul y and y ai both .r = ± u - 
The oaniiuuity conditions at jt -f a read 

- a *«!- '■ 

hence 

r\ = RH ' + t;VM 

; l{ (2?dj 

f.',= i V 1 " (l - 

The two continuity conditions at x — — n read 

'tyr ** + C#+ m = L v e~ *■ + £&+** | 

/?(6\e ^ - C a r 1 f* = iy(L,r » ^)J 

They yield L x and L t in ternin of ( \ and C T Expressing the latter in 
terms of tfj with the help of eq. (27d) me obtains the intensify ratio 
1| a /1 Ail* which represents the probability of nf the 

particle of energy E through the forbidden range l r „ > E, as though 


W”( 
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the particle could hitmr.l through t!to potential harrier (tunnel effect), 
with probability 

R±* _ I 

lJ _ " 73 »apsr 

eo^h 1 (2/fo) + ^ - J ■ dak* (2^) 


vm 


with fi and y defined in eqs. (27 b and d). 

A corresponding expression for the ratio of the t.wi * intensities can 
be derived fur E > U 0 . Altogether, the ratio ]/^ i |-/lL,| :i i teerensan 
from the value unify for E^> f 7 0 1” zero fur E-^U V : it depends on 
the width n of the barrier; the larger n La, the inure abrupt ia the 
change of the intensity ratio 
from unity to koto when E 
passes the value U a . 


27.2, A more realistic ex- R, R* O R„ R, 

ample i M that Of Kit H-pariitlc FttJ, ^ f A ilLre^.iiLnwnskHuil puteotuil well. 

in a Ihree-dimetugonal field 

with a e rater-shaped potential energy (Fig, 4,5) whose outer walk 
are sloping down according to Coulomb'* law. b r (r) — conat/r. 
Gumey-Condon and Gamow* weei- able to derive from wave mediazuca 
the Gciger-NuttoU wlstion between the radioantive disintegration 
constant A ~ reciprocal half-life of" the xjwtiele within the nucleus, 
sin I the range r measuring the energy of the escaping particle : 

Jog r — a log A -+- b (Geiger-NuttalJ), (27g) 

where a is a common and b is a diff erent constant for the three radio¬ 
active families of uranium, thorium, and actinium. An a-partide of 
mass M and energy E will escape with a probability proportional to 

exp L| ( Rl V2M[V{r)- ttjdr 



A small increase of E produces an enormous decrease of tbo lifetime. 
Each famth lias a atgh( iy different diameter ^(between &-4 and b.a x 
Itr^cm) of the crater determining the constant b, whereas a depends 
on the constant in the Coulomb law. namely, — S)£, which is 
fairly constant between Z = wn arid Z — 92. 


§ 28. General Formulation of the Eigenvalue Problem 

2S.1, Hermit inn Let ns assume that the quantity 

F(q. p ) luis real menu vuiupn in all states deRCrdied by any function 

» R. W, «l, I wry >.vmi K. IT. t fcndoii, Netofr- 122. 43V (ID2H). G. G wno«. Z Phytik 61. 
20*41028). 




QFANTrM MECHAXK'S 


7h 


y -M 


if {y) normalized to unity and satisfying the usual boundary Conditions, 
that is, let us assume 

Fyr -= or jipFydY = fipFfdV, (28a) 

wbttCO F ■= F — ift ~^jl and F ~ F ^ + ih in the integrand. 

F (hen i* denoted as a real or Hermit tan operator. 

Without going into details we remark that L'la^ioflJiy identical 
GXpreasioi^ such as F(q, p) ... p A q =t p*qp _. q-^pq^p* etc, represent 
diff* frnt operators . stimc of them are Hormitinn, some are tint. The 
operator y 3 w always Hi-rmitijim, Indeed, since yv ~7 - div — 

and -Mitit-e the apace integral of div vanishes, 

fv 3 U = ffvV rfr = - Iv^vv < iV 

is equal to its own complex conjugate, i.e., is rmt. 

Next we prove that the transition nilueit Itetwceq two different suites 
y and Fji- of it real Hera] it hi ri operator F always HiuislV the LeiatioZI 

F vv = F rt (Hermitian quality). (2Kb) 

Ut x — V f' IT Att that F ft = F Xf . as in eq. (2Nfc). This reduces to 
the equation 

jfFfdV + jfFrpdV = fofyt I i- fyFqii \‘ 
which lirSH the form F wV -\ h\, r = F hlt -f F V¥ . or 

(« + ifc) H- {c -+- id) ~ (a — ih) + (c - id), 

nr h - — d, showing that (lie imaginary partn of and F^ are 
opposite. Similarly letting to n ■ ty and starting from F = 

<mn finds that the real parts of F end F^ are equal. Thus F jr is the 
ln implex conjugate of F proving tiq. (2Kb), 

28.2. Fiffcnfunction# ami Ei-yt.-nmlut:x< When the equation F<p — /jf 
IS with boundary conditions for ■ j. is nolved by u function ^for 
/. 1 then and /„ are known ux an eigenfunction and eigenvalue 

of the Hermit ion operator F, We then have the identity 

*V. - = <>. (2M 

The function, y„ may lie Jiftftumed to be normalized to unity. Multiply¬ 
ing eq, ( 28 c) from the left by f„ and integrating yields 

jtf n F^dV = kj$ n iPrtfV, or F ntl = ?. m , (2M) 

proving that the eigen values of a Hermit ian operator are rv«? ( namely, 
equal In the 'diagonal mat s ix Dlementa" of F between g „ and g , t . 
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Xnxt consider the comply conjugate of tlw equation for 7 w : 

Ffm — KWm - 

Midtijly this from the left i y yttncl multiply eq, ('38c) by f, v , integrate, 
und with tract; the rc-sult is 

Fm* - F nm = (h- *mifv*fPm d V ' 

The left-hand side vanishes IjonkUHC of ei|. ( iSsU ). heiujc 

= <J when X m ^ k N , 

Thus, idgcnfanctiona of u Hermitiari operator kilo tiding to different 
eigcnvFihieri tm-i- mutually orthogonal, When X m Urn a *'-fnkl degeneracy, 
that in. when there are r linearly independent eigenfunctions 7 Pkl . 
7 ■ ■ ■ ';„i belonging in the sunw A„, one always may construct, by 

their linear combination r mufmlltf orf/totjoamf eigenfunctions nf k Hw 
Jin shown m & 1 9.2. 
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The eigenvalue problem may thirdly he reduced to the problem of 
(hiding enioh functions q which satisfy the variation problem 

$fFtp d V = uxtramttm, with d V — t. (SHF) 

The proof is given in § ?&- 


Summary of Chapter tV 

The Kuhrodinger equation for matter waves is obtained bv a partial 
translation h if the gone nil wave equation into particle tunas, formally 
replacing t> K by itidf* | r/ K -- Higenfunetiona and \ „ belonging t• i- 
different eigenval ues K„ ^ /i' m ait 1 mutually orthogonal. When y ) 
is normulizctil to unity in the volume I , then jr r -,/ 2 di in the probability 
iif the jiarticle in dV* Hie Schriidinger equation can be generalized 
for systems of A particles. The eigenvalue E k is rc-fold degenerate 
when there 1 are k linearly independent eigenfunetinrift ^ 1 j - yy, 
to the same E k ; these eigenfunotioriH are not necessarily orthogonal. 
K samples of mechanical systems with «.mu particle include a particle 
ill a box r the rotator in a plane, the free rotator, the harmonic oscillator, 
the 11 atom, a particle in the held of a potential energy well or harrier, 
and so forth. The probability of transition from tlio state & H to E m 
is controlled by the transition density function ^ K y mT which leads to 
transition values of the electric moment, in various directions respon 
Bible for the intensity (probability) of radiation processes, in particular 
for selection rules of radiative transition. Hermit-inn operators are 
defined, and three formulations of the eigenvalue problem are given. 



Chapter \ 

APPROXIMATION METHODS 


$ £ 9 . Nontiegener&cy 

29.1. tiitcct f -mive Approzimaticm* There are two typing I pcrturbntion 
problems- li!it.Iic^r n system ^jS I'liergv function H'* is exposed to art 
additional external energy // ; i>r the tmorgy H uonsiHfcH of a mathe¬ 
matically simple expre.sHiiai fl h augmented by a more complicated 
but- small term if , Both cams are treated by the same mat-lie matieftE 
method of successive approximation. Let ub consider the more 
general case of a Hamiltonian // consisting of several terms of 


tleCrenaing order of magnitude 

H = H» f H’ -f H w + > -■ % (2Ha) 

The Jr t h eigen value and ei gnu function of the equation 

Ll r = Ef ( 2 bb) 

may also be expanded into &erioa 

K^K+ K + K + - ■ ■ (sb°) 

V. = + TV + + • " • t 2 i»d) 

By Bubfltituting in oq. and equating term* of like order of magni¬ 
tude, one obtains the follow ing set. of equations : 

JBM = 9 (29e) 

w-jR&i — iH'-Kwi (m 

(* # - K )?:rjyj - iar - Kwi 


and so forth. Lot us aasumo that all unperturbed eigenvalues and 
all normalized mutually orthogonal eigenfliuotiona of eq. (2tto) are 
known. They may be suhstitutnd in eq. (25If); the latter then is an 
equation for E' H and (Vmtimiing in I lie same way. the perturbation 
problem can be solved by sucaea-dve approximation, 

20.2. Th* Expansion Metfittd-. VVr nspresw thr unknown functions 
etc., in terms of the known ;vi! "*> srriob 

V*b = V£r VW — ete (20b) 

Hi 
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whose* coefficients A nro yet to be determined, Substitution in eq, (20f) 
gives 

i>i' = K<A- H’vl 

Using L'-tj. we tiro left wit h the first onJor approximation problem 

iUti*!- *5>rf - <v£- rfjft («*) 

L When one multiplies from the left by a ltd integrates over 
g-space, the summands k n on the left vanish bftd&Ure of the 
orthogonality of and those with k = n vanish because of the 
factor {II{. i?))), leaving 

o 

winch reduces to the n^ult 

K = Wi'tWv. <* K = h:„. (2flj) 

Result; The first-order perturbation is the diagonal matrix element 
of the perturbing energy function II between the unperturbed y? 

if, To find the function f/ n we must determine its expansion 
uoeftj■ -i1.111. - . l 0i . Multiply @q* ( 201 ) by y£J, n where m ^ % t and Integrate. 
This leaves on the left the one term A^E 1 ^ — £^) and on the right 
the matrix element — Il mH \ hence, when w is finally replaced by k : 

4. = j^m****"- < 2Bk > 

Only ,4^ re mama nn deter min ed, wo choose .l„„ = o r for the following 
reason of normalization 3 

If the expansion of y), [eq, [20h)j contained n term with factor *4 pjl = *) 
one could write in first approximation 

V?—Vn' l + A f m ) + Efr -^tnVb‘ 

where 1.' indicates a summation omitting k = n. The absolute square of 
y ni when all terms of second order are dropped, is 

llflnl* = [v£|*U + A’ h „ + A^) + { v ; + complex conjugate). 

Integrating over ^.spuce and usatmiing that p|; is normalized to unity, 
obtain 1 = 1(1 + A J ntt + A' m ) + 0 . or 



Hence, /I'j, must be a purely Imaginary quantity, small of firnt order, 
which may he denoted by iV. Thus, [1 -\- ,4 riJl ) - 1— is' = C* in first 
approximation, and 

w, = ft * w + 

Whether wo choose .4^ _ !<*', or = 0, the difference would unoimt 
only to a Blight 3y different phase factor givim to which ia without physical 
significance. 
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29,3. Proceeding U\ the hwui ! approximation, one .submitutea the 
expansion of y/ in oq, (2tlg) and proceeds us before?, The Hgcond-ordar 
eigenvalues become 

\H r |» 

K - -I- - <* + K ^L-fL (291) 

Thi$ formula shows that, even m the absence of a second order per¬ 
turbation £?”, there stilJ would by n second order addition to the 
eigenvalue. 

The seound-order expansion coefficients become 


A w — _ 

** m-Ei 


rf . r Ct/C it m iC \ 
fc * "1JPM jffl—jffi 


{ 2 Gm} 


Again, one may chnso ,l* w — a It ia significant (hut E' n vras found 
in eq, even before the corresponding function y' was known. 

Similarly, cq, (2fiji yields E* n without lining y*. 

The approximation method converge under the condition that the 
A],, Lire small of first, order, that is, H must have transition values //*„ 
small compared with the intervals between the unperturbed levels, 

iZS - Jfr 

29.4. The Anharmmic (teafflntnr. The energy function of a linear 
enharmonic oscillator may bo 

H = ^ H r , (2ftnJ 

In which K is a small parameter The eigenvalues and real eigen¬ 
functions of the harmonic oscillator IP are known from The 

additional energy E u , according to cq. (She), becomes; 

( 20 «) 


E* — 0 since jr a is an odd function and JyJ|| B is an even function of x. 
The first-order perturbation of the energy vanishes, Nevertheless, 
there is an additional function y' — with coefficMiitfl 

•' i; »' 1) L*** *■ (2flp) 

A' lri can bo finite only w hen (tj - is odd because t hen the integrand 
is an even function of js. 

Radiation depends on the matrix elements of the electric moment r.x. 
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Whereas the harmonic os cilia Ho r given jtJ m =£ u only fur r?* — n i I, 
the nrihai-m-'ijtif oscillator has rnatri \ elements 


where 


j - ! ^ = JM+ nCWfS + viil **“ 

= + St, + * * '* 

= j>fiv*- e dx + fa*¥^ dj 

- + ^1A) 

— i* . (d B .1 t I. b "1“ ± 1, ic^di - I. -■')■ 


--lim can be Unite only when A“ — or i.s odd, Hemet;. jl'^ earn be linite 
only when fi m is e.utn. The amplitude of the light emitted in 
these transitions is pro portion a] to / Hm and small oftirfit order, compared 
with the amplitude belonging to the transitions a to n ± !■ Duo to 
the perturbation kc 2 the quantum oscillator emits > 0 and ibe even 
harmonica 2v Ql 4^, etc., ill first-order approximation for smell parameter 
L Only the second order approximation brings forth the odd har 
monies, with amplitudes tJrafrtTtional to /A 


§30, Degeneracy 

30,1* The unperturbed eigenvalue £]* is said Lo (■■fold degenerate 
when there ate v linearly independent eigenftanctionr z"?' ‘ L ' X*> 
to the same id®. Starting from the set ?_ une can construct ■ norma bred 
and mutually orthogonal eigenfunctions y®, - 1 1 yvL, in jlt 1 .- 
More generally* one pula 


V-i = «n^i + %**« + ■ * " 

V& = J hah + 4- ‘ ■ ■ 


i mu, 


and determines the t* rocftiicienta wt:i that the a satisfy the r condi¬ 
tions of normalization: and the Ai'(r — 1 ) conditions of unit uni ortho¬ 
gonality. Altogether these are j** — Ai-f)' — 1 1 conditions* SO os to allow 
b'(j'— l) additional conditions to be imposed on She yCr *- This 
freedom will be helpful in solving perturbation problems in rase of 
a infold degeneraey. Wu use r to indicate any m* of t}j+- r eigen 
fimotauns of common u. 


30.2, We begin with the Hamiltonian 

H = H° -f H* + S 9 + ■ - v 
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To solve the eigen value problem }f y — Ey :in ease of a v-fold dcgenemoy 
of A^, Wf let 


Vmr = ft + ¥W + * * i f , 

E wr = £l - * 4 1 


t 2 , < ’ ■ v). 


(30b) 


The unperturbed is written! without a second subscript. Tine v 
unperturbed 'a are supposed to form a ciormfUb^fl and orthogonal 
set. 


When ocj. (Sub) is substituted in Hf ]l4 - E nr .ip nr — 0 and terms of 
common order are equated one arrives at. the sequtinee 


{>!"- j55)y£, = 0 (3Uc) 

(S“ - K)V^ = - <«' (!><*) 

t/j“ - £>;, --{ii'- 4M, - {ti" - <■>*£,, csob) 

and so forth, iu* a genera!i/ation of t-qs. t^l)e s i, g). 


30,3, We try to solve etj. (30rl) by t he exclusion (with **=1.2,' ■ ■ ■>. I 

*= (M) 

and euhstitute in eq, (3odJ, with the result 

- (<, - (3<»g3 

in analogy to oq. fMJ. 

/, First multiply vq. (30g) from the left by whore r w ^ v\ 
«u that i/'l- is orlhngomiE lo y\[, Integration over j-apice leaves 
ztvo on the Tffl. Tliv factor of E[, f - on the right- alma vaniahra ; hence, 

0 = dq for v" r, ( 30 h) 

or in tile abbreviated form of matrix elementy: 

U — ^ or ,f T ^ v '* ( 30 i) 

Eqs + (30h T i) are in, i- () new conditions imposed on the un 
perturbed eigenfunctions, They are conditions of adoration of t-he 
Unperturbed ^ •] , to the perturbing energy' IJ\ Together with the 
former conditions of normalization and orthogonality we now have 
r 2 conditions for the v a eoefti dents in ecp (3ika) so as to determine the 
(adapted) unperturbed functions y) uniquely, apart from unessential 
phase factors. 

II Mull iplication of eq. {} from the left by and integration 
yields 

K, = K,.~ (SOj) 
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That is. the p/'l, > atT' to be choRen poos to diffgamiUu I hc. 1 matrix iff 
//'; the diagonal elements then nut the energy perturbations E^. 

Ill, Fin filly, we haw to determine the coofl intents ^ in the 

expansion (Miff), Multiply uq. (30g) by ylh "here I at n, and integrate. 
The result is 

a^m'- «» *. 

ao that we obtain (reminding the notation lX m by k <|i 

<C„.- = ** 6 * * < 3uk ) 

in analogy to oq, (20k). The eoeffieients A' with indices k = n remain 
undetermined; we equate them to aero aa befora 
The second -order energy ptirlurb&Lion become* 

rr* 1 _ ir" . V r l^ "* r . fc*' 1 

jB «r V 1 ~I *4* J_ ft*}* 

in generalization of eq. (2»1). 

30.4. The reason For adaptation i.r.. iliHgoiaalixaLion of t lie H matrix, 
may also be ex prewKXl as- fallows: Tin inhumognirtHus oftation (3ini) 
ran A* solved f/nhj when the iifhomoyrnvity fi.e.. the right-hand mdc 
of eq. (3t'd}| rV oiikatjttiial to rr If solututiis of the eorrt^.*n*iinij h&imr- 
ge.ii rtm# equation (3b<i). Every y'L “* to be or tie jgonal to (if — E nr \ r/'. 
that iff, 

.^ = *. (Ml) 

which 1& the same as eqs. and fftOj) for r == w and for v" -- r\ 
respectively. 

§31. Secular Equation 

31.1. The perturbed values in cn*w ofdegem-rucy are the diagonal 
matrix elements of // between the adapted unperturbed It i- 

poaaibje, however, to find the front any linearly independent set 
of eigenfunetions ami without previous construction ui 

the adapted net, Eq. (itUa) may l>e written in the condensed form 

■ ■ *h < 31a > 

Wp assume the y s to be normalized to unity as well m mutually 
orthogonal hut not neoesearily adapted t<i H. Substitution of eq. 
(3ia) on the right- of eq. (30g) yields 

= <*G - 
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Multipli cation by y", kind integration gives zero on the left-hand side, 
since every Xl in orthogonal to every Fur b -t- n, and leaves 

0 = K*rr ~ rK*' (/ « 1, S* - * ' *), (Mb) 
in which //,. now La a zn&trix element, of II’ between nnadloted 
functions in contrast to eqs. {30h„ i). The last result represents 
11 ts? Fallowing set of linear homogeneous equations for the a pV : 

o = a r | (|/; | - XLr) + + T ' ■ 

o — — E^} -f -h * ’ ■ 

U — a^H \j + *Vi til',* + — ■ n^C ~ O- 

The set can he solved for the unknown « s only when the following 
determinant vanishes: 



A - 


{H' n - &) 



Kt 

fAfad — ^ ) 


HU 


,.. 


Wl - f?) 


(3 Id) 


where we have written. E* for J L d r 

[If we had uaed eiyen functions jfJ,. which an? neither normalized 
nor mutually orthogonal, the determinant would be 

£'/;,) i h'u-e'j',,) ■•■ 

A — (£Fgj £ r/jg) ' * 1 (31®) 

■ - * - - - ■ ■ * 

where 

A = ti yields v values for A T “ n uiH-ly, the perturbation energies 

J&, *U * <r ( 3lf ) 

When one of these values i* gul let it uted for A 1 ^. in eq. (31 oj, one obtains 
a corresponding set of coefficients a lV - In particular, 

A',, yields the set %n 4 " * **(# , 

JF' L L II HI ^ (31^) 


u «a 


*%>■ ri £ir 


cl.. 


and sii forth; the ids finally determine the adapted ^i“,* ^ 3 , etc,, by 
virtue of eq, (31a), 

The o\ autoumticaUv satisfy the nondi turns 

Vf — * or v * # v *> (31h) 

7 
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tn which one may add the normalization condition that-1 he same sum lie- 
uttitif fur v* — v\ The then represent an orthonoriual fret. 

It is sign ili cant that i he perturbed K' ni are obtained from the 11 secular 
equation A — eleven taforetheugrrespontdingadaptedeigenfunctions 
V r 4 an? known. The adapted eigen functioua are needed, however* 
for the transition values of the electric moment which determine the 
transition pro baht Jitjes between the perturbed energy level*, 


31.2. The Irarmforniation from an orfchonormal sot to I he on honurmal 
set adapted to H r by ^ irtut- of the trattafornmtiou eq. fsiaj is 
analoginis to the transformation from a get of vertical unit vectors 
*V, in ^-diincnsioruil space to a new set IV ’adapted 51 to n certain 
dlipatrid so that the y t point In the direction of the principal axes of 
the ellipsoid; the hitter is represented by the two quadratic equations 


Q — — i = 2v y?' (jiii) 

The coefficients //, v are the reoipmiiaJ aqitaren of the 1 ml Taxes, 


and the coefficient o fV in the transfurmatioii i/. is the 

directional cosine between the A‘„. and 11n- Y,- axes. The // rV are 
the roots fiy of a secular determinant similar to eq. {3ld), 

If the ellipsoid ia roiati^nal A i,o +t when several of the E v = H„ com 
cute, A‘i — Kt say. the direct ion a of the Y 1 and of the axis remain 
indefinite, and one cannot determine definite! caninea a w and rt^. 
'J his corresponds in the frequent occurrence in perturbation theory 
that roots of the determinant (Hid) coincide, E ?„ a = say. The 
coefficien ts a u . and then remain umbtermined ad that and y£j 
are not uniquely determinable. One now I wo frmetionH iyd, and 

^■'4 as well aa their linear c^rnbinritimis lU lap ted to //“' fur tho value 
that i.s. the degeneracy (leralsta in first order, h will 
even in second approximation urdra* then.- m a ^eeond-oriW term IV 
corresponding to an ellipsoid that hi no longer rotation ah 


$ 32. The Stork Effect of Hydrogen 

The hydrogen atom is a system with degenerate energy IovtbIk E'* 
which are split into several levels, under tho iiiiluenee of an external 
field, l-jfrt us consider a constant electric field of £■ direction. E-, 
The potential energy of a charge e in the position Jeyz then is 

H f “ — iE s 5, (32a) 

32.1. We firet solve the perturbation problem with the eigenfunctions 
V'*i J'fy J in I'otar co-ordinates, described in §22. Thew functions niv 
not adapted to // since nune ■ >f the nun diagonal matrix elements 

‘•'Cnu” " ^ l (32L) 
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do not vanish, Indeed, with ; r rn* ft and 'with y'i«taf r %'3 = 
y./r, the integral lititibmes 

.(fy’ijrW r ®e» 0 ' d(dm ft) ■ |V l(jnr m >* dtp 

1 1rid hiss finite* valuta tin- 

r = t* ± l. m* ^ t»\ (32o) 

in* known from the selection mica iTa rotator, On the other hand, all 
diagonal elements with t' P and m' =■ w* '■.aniylt. 

Ocmsider the example a = 2 where {l. w) (0, b)(l, OX*, I)(I,— I). 
The matrix of //' between various states {Pvt') and (/'m') is given by 
the following scheme: 


f* Vrw d , Cm* 

|-i?r 

0. 0 

i. (t 

l, 1 

h- i 


ty o 

tt 

w 

a 

u 

J^m' 

J, 0 

H 

u 

a 

u 


i, i 

u 

0 

a 

0 


i, - i 

a 

0 

a 

it 


according to oq, (Wti:.). Tin* miTenj inn ding sccnlnr determinant for 
ft m 2 reduces to the product 


A 


A = 


U (^00.10 ^ ) 
{Hum- 0 


(- £'‘)(- i"). 


o h?i* the fruit' .-.nluliruid (remember that H* is rienniliunji; 

IT = ± i 1 J r j r o, ii I0 [ for ?ft r - tii" it j 

W = 0 for wT = in* - 1 (3Sd) 

B' — 0 for in' — fn" = — 1 , I 


liiuoe two of the solution* K coincide, B° splits into a triplet. The 
fUM quartet multiplicity in brought out only m the second order, 
E a for a . :i has a nine-fold i legeneruuy at id yields a quintet in first, 
approximation (see below). 


32.2. The same result* cun be obtained with the help of the adapted 
unperturbed functions in parabolic co-ordinates (§23). The 

unperturbed A'| 1 depend* only on the quantum number w : 

» = w t + 1 % + \m\ + L [32e) 
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|raj t n lt and n t may riimnnlf the values 0, I, - * * {n — 1). The per¬ 
turbation energy f ?„ iniNN is the diagonal matrix element of H* between 
the H' hini|ra and baa the value 1 

Kw = e f&l ( n i“ < 32f ) 

with nuclear charge. The various combinations und the 

correspondiJig (jf t — rt a ) which determine E* are given for n = 2 and 
n = 3 in the Follow ing two schemes: 



Degeneracy in first approximation is indicated by braces joining several 
states of common w, u s yielding common E‘ In this approximation 
one obtains a triplet instead of a quarts 1 for 2, and u quintet 
instead of a nonet for n — 3. 


£33, Scattering o! Charged Particles 

33.1. A stream of charged particles, of momentum and kinetic 
energy p%f2p represented by a wave y" t nay travel in rhe r-di ruction 
on a broad front. A fixed charge center located cl the O-point adds 
the potential energy i r . rr {r) considered ns a pert urbatimi. The resulting 
ip' is the amplitude function of a scattered wave, f/'(r) may be 

assumed to be integrable ao that | f-’VJrfi as finite. This condition 

ia not satisfied when U 1 is ft I'oulnmh potential. Wo therefore assume 
that for large r the potential energy decrease* more rapidly than I jr. 
The unperturbed wave equation 

VV + iW = With foj* - p&P, (33a) 

has the solution ^ ,u — e 1 *^. which represents an incident wave in the 
indirection representing particle* of momentum p a = kjt. 

Since ^' n is not normalized to unity, we have to divide b} r a normal¬ 
izing factor before applying the genera I formula (26j), and obtain 


& 


\ ^i a r dr 

m i <tv ' 


(33b) 


1 E. fUnhniwlinpnr, Goiitctrd Pttjwfs eti |i r i+Tir JfiHhmirj ITT. BltttJtie \ Uj££t. P, i*. 
Epstein. i’hyni SO, 4M (IflUJf. 
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E' t un in old to be zcrv. since the denominator increases indefinitely 
whereas the numerator stays finite with increasing volume. 

3fl Spite of A’ 1 0 , the perturbed function y' does not vanish. 

Rather, it is a soJutiim of the general equation (2Hf) which, in the 
present case, reads 

vV + (W - P'M**"*- <33») 

To solve this equation we first introduce the abbreviation 

fl(rjfz) = — (33dj 

h- 

so that. eq. ($3o) assumes the standard form 

VV' 4- {*^)V = — 4™-r(3$*) ( (33e) 

known as the Poisx&ti ip ant equation* The solution at a point X YZ is 

Jt.R 

y\XYZ) = — dV, (330 

where ft is the distance of the volume element dl r = t£v dy dt from 
the point of observation X YZ With s of eq. (33d) this becomes: 

V'( A- YZ) = /f.r ( ,y«* + »’ ££. (S3g) 

Kq. (3%) is the quantitative formulation of the Huygens principle 
applied to matter waves: The incident wave gives rise to secondary 
soimseu in the various volume elements dV they vibrate with complex 
amplitude #{xyz ); the secondary waves acquire an additional phase 
factor e* tmfi si distance ft finiii the secondary source. The result is 
the phase factor ~ m in which (jr P ft) is the total path from the 
plane x = 0 via d I to the jioint A YZ. 

When the observation point is very far from the perturbing force 
center , the denominator ft under the integral eq, (33g), may he replaced 
by a denominator W fl , in front of the integral indicating the distance 
from the O-point to X YZ: 

rtXYZ) = A ■ —, with 

A = - /p'lryw* + *- * dV. 

The perturbed matter wave y is represented here or a wave from 
a secondary source at the O -point which vibrates with the complex 
amplitude A of «q, (33h). A is composed mainly of contributions of 
the volume element* near O where t is large, 
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33.2. We imu thi> integral A [r - ii) in the exponent is 

1 h- |tin li from the plane it 0 vin if tu XYZ ; from this path is snhe 
tracted the path M n from (I to A' YZ. Tht? path diflerenee {* + H — 0$) 
ih indicated in E’ig. n.3 jis a wave line I'rpiiHiating of the two parts, jr and 
/i 1 — The wave line in '"reflected " from a phi tie through d I drawn 



Km. ." 5 . 1 - Tho HflultlHAimg Ilf Itliarund £MH.t*lk'JeUI- Tljr tlilL'idi-Tii nnti' uf j-jlim.'l Lun iri 
“rdt&rted" thraogfo m >0^9 S into the # (liff£Utin. Tin* vihliiiiu? «*U»niont (ff lillWH 4» 
it Kuygjunjs iwntdr of settontlftiy rnniN^inct. 

As ft broken line, Hie wav* line, however hfin the some length as the 
strong Holiiil line which consists of two equal part* and is reflected from 
the same plane. Tile reflecting plane bisects the angle of deflection, H. 
The distance of the refloating plane from the O-jjoint is fr' Coail}, 
where iV is the angle between the radius vector to dV and the perpen 
dtcular on tho reflecting plane. We thus And 

r — H — /? B = wave fine — strong solid line — r ods *S 2 sin (1H), 

Using the distance from 0 to the reflecting plane as polar axis, the 
volume dement dY beoomes 

dr — jt*fo sin d d& dtp. 
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For waves y r scattered In the direction of 0 the integral A ^: 

.4 — — j'/jT'tr) exp [ikjr oo« ti 2 sin (£0)J x r 1 sin ti drd^dtp ( (33i) 

The integral ion can be carried mil for a modified 3 Coulomb 
potential, 

V'lr) = ^e-^; 

r 0 in a parameter which limits the range of the Coulomb force. lute 
gmtion over <f gives 

A — —j iT **'■ r dr I tan ti exp [ity cos ti - sin (£0 )]{/<?. 

/* Ju Jo 

With the abhreviatloilK 

q — 2&0 sin tj — tsoa dy =- — sin £ di J, 

111© integral over 6 becomes 

r ■+ * i a 

e i*nt p [y — -— — e ~ = — aid (^f), 

J-, ' up • 

so that 

A = y * I gin (<yr)e - r ^* dr. with q — a^eim (JH), 

Integration yields 


!«„ ( 4 r) e -".* - lim 


Introducing the incident particle velocity r 0 = kjif/i one finally 
arrives at, 

V(X }'/} = A ■ *£*", where ] 


A =- 


It/ r| {him- ||H) 4- 


For r 0 - od e.|, (33jJ agrees with the HcutUurittff forma In of Rutkr.rfoni. 
derived from the classical model of a nucleus acting cm incident elec 
tronfi. The infinity of^4 at H - 0 can. Iw removed by letting r 0 remain 
Unite, Such a modified potential exists for charged particles 
pftrtick 1 *. protons. etc.) scattered by m ttiral atoms ; the main scattering 
effect is produced near t he nucleus., whereas farther awav the Coulomb 
held is screened off by the surrounding atomic electrons Tlie minus 

* -G- Wentiel, Z. FAynfc 40. WO (1B20). 
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sign iif A -dgnilic.s ft phase sliift df i x *' .known from the theory of 
optical diffr action. 

The ratio 


da = l^i^Q — 


& (m f 

;|^ B [* \ Hin 1 (\w i 


mk) 


describes t he n umber of part icle# deflected into the so I id angle dfl 
in the direction of in proportion to the number of particles incident 
per unit of area. <(* r has the dimension of" nn area and is known 
a* the differential crtm-$exifon area of the Coulomb center for the 
scattering into the solid angle rfti. 

The foregoing theory muy be applied to the scattering of* particle a 
or protons by heavy nuclei. but not to the scattering of protons by 
protons or x's by a’s since in the latter ease h certain * 4 exchange ©Beet" 
between like [lartioles produces a modi I teat ion of the elementary theory, 


1 34. Inelastic Scattering, Bom Method 

Rutherford’s formula applies to elastic collisions between tv fixed 
writer find an incident particle which is deflected without change of 
energj {JT — Oj. A more general problem wri^-a when an incident 
particle collides with an atom, and the hitter passes to another energy 
level hi the expense of ihe kinetic: energy' of the incident particle. 
This problem of inelastic collision has been treated by Rom® as a 
perturb;!tin ji problem of quantum mechanics. 

&4.L. Consider incident particles traveling iri the X -directinn with 
momentum p t ~~ hl D and kinetic energy K 0 — A' £ l^f2p ; the cone 
©ponding wav© function ia = e®**. The atom, of Hamiltonian 
IF(y.p). may origkutUy I he in Li state of energy 11"^ with wave function 
solving the equation jl (r/. p)4> n ~ 15 The nmtunl potential 
energy between particle and atom \s 17'[r. j), where r denotes the 
position of ike particle and q the position of the atomic electron© near 
the 0-point. The .Sthrbdiuger equation for the system " atom pin© 
particle ” roods 

j- ^ V 1 + IV ( 9 , - <* + D'(r, 9 ] - *:} H'(r, 9 ) - 0 . (34a) 

with y" opera ting on the oo-ordimtes r id the particle. The unper¬ 
turbed problem, with (■' = 0. is solved by the product function 

Y*l*. ?) - «**" Af(-J) ^ — K* + I<34b) 

1 M Bon. Z Phxnlt «& BQA [EUJO.L 
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^o(T), as well the other eigenftUKil inriK $ n [q) of the ft torn, Eire supposed 

U> be known. 

The first-order perturbation H'dx, r/} has io satisfy 

(-|V+ ir(?. a t’=- utt. q m, (34o) 

since E* — W foe the same reason a& in eq. (33b), Substituting the 
ej.paiou™; 'fir, ,<) = S.vllT^J.;) (3(d) 

with >i.l unknown foctoru y[ in eq. (flic) mid remembering l-hal 
Wfa one obtains 

S 4 [— ” v* + W* — ■+ = - £T{r, 

When this equation is multiplied by one of the anti integrated 
over r^space, one is left with the following equation for rftH r 

V’vi + ;p ■ II , + ~ <f)M> rfjjb 

34,0, The integral im 1 he rigid, In-iiig the matrix element of !' >;r, </) 
tat-ween the atates u and o >.1 the utuin, may lie cal Jed P^r). The lftat 
equation hiLs the hum uf Poiw>H m -, equation 

T (4.JV* = — {34e) 

with 

2p 

w 


K ~ " f l fb a b'„ 4- AJ, nr introducing K n — 
An T It n ~ T H 


**{*&) = - 




Similar to eq. (SShJ the .solution ns ids 


A* YZ) - 


R* 


A* 




The exponent may alsoi he written as a acalar product .<p„ p.,. tj/ff. 

The Bratterc d intensity .ibacrved at X } Z resulting from the incident 

wave &'*•* is „ i * , . 

i„|v'stA l Zj\ J — scattered mtunaity. (34h]i 

A depends on the im/mtiou vnlur [p Ht of the |Kir1urbalioii potential 
f ' The path x, from the plane jr o to the volume element tff, 
carries* waves 1,, . ‘hr/k^, w hereas the path R from d V to XYZ, ua w ell 
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us lily path from 0 to S VZ t carries waves ?, H = 2ir/A\, signifying 
(hat the tusattered particles undergo it change of momentum, and 
energy from K Q to A'„, 

The effective taroes wctitm da of the atom ibr aoatt-ering partielea of 
energy K m — K Q h il d It , In the direction of the solid angle rfii 
is | j lr | B fili, simitar to eq. (33k), When K„ < K c the defection is 
due to itn hmkutt (V roMitiinn, When A',, > K B one speaks of a rotii^hn 
of the sacotnf Lind in which (.tie atom passes to ;i lower energy level 
and transmits a enr respond mg additional kinetic energy to the particle. 
The theory may also be applied to atomic c tic rgy T levels belonging 
to the continuous range of ionized states, ^ il li ont 1 of the atomic 
electrons S)M>edlng off with any kinetic energy whatsoever. 

The first Born approximation discussed here git e* satisfactory resnli.' 
only when the mutual potential energy l"[ r. 7) is small compared 
with K it and If,,, That ia r succcHsue approximations converge beet 
for fast incident, particles. 


£35. Elastic Scatterings Rayleigh Method 


35JL. A stream of partteles traveling in the js-dif^ction is represented 
by an unperturbed plane wave, i/,' 0 = t i ' kM , na a solution of the unper¬ 
turbed wave equation (we now write b for the former l:„j: 

= ( 1 . with k = p/h, (55r) 


(0 is an angle of scattering and r — r cos H. The incident wave 
function ettn be expanded a series with respect to Legendre 
polynomial* /^‘(eos M) in the form 

^ QMr)- W 

SulpHtitotion in eq. (3 ."m} leaves lor tf", the equation fcompare with 


eq- (-2a)] 





- U, 


(3l5i:) 


to be solved by a function R(r) which is finite at r " and vanishes 
Hi r ^ 00 , namely, when > indicates the asymptotic case of large r: 


^ = ( Sr) J(+ "f r “ n tkr ~ t**}. ( 3Stl ) 

Using the orthogonality of /-f flj and for / /- I the factors t in 

the espanaiou (35b) are found to be /'(ttf -J- 1), m that for r - oc 1 he 
following expansion of y fl holds: 

^ — r ik; — 11 r l).P?(de» d>) ■ sin (ir— (3fe) 

kr 
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35-2* I ai the presence of 11 potential energy i (r) one lifl^ to solve the 
differtmi l^lI <*qimt ion 

VV 4 l^ 2 - f r (r)j^ - U where V{r) - i’{r). (35f) 

For reasons of convergence !/{/} is suppled to decrease more than 
l ft for j > oo, The soliittim y is required to have the asymptotic 
form 

j 

y — y fl + f * ikf \- * e a ' * 4(0) t (!55g) 


ftfl ii suppqxutitinn of the incident; tind the scattered wave. |J(0)| a rfli 
then represents tike differential scattering man section. A trial 
solution of eq. (3Sf) is 

f = Eff7|P?{uos QyRf[r), (35hj 


uh Contrasted to eq. (35li}. Substitution in iq r for H, 

the differentia] equation 




***] 


lit = «. 


(m) 


Since l(r) - o, this equation is solved for large r by function^ jR, 
whose form is similar to the asymptotic form of the functions A 1 ] 1 Ln 
eq. (Sfid). except. for a different phase namely, 

J*iW -► " sin (fir — Mn + (9,)- (35j) 


Tim phase shift. & t iw determined by the condition that the exact 
Holutinu #[(0 of etp (3J>i) in to remain finite at r o. The phase fh 
thus depend* on the Hpeuutl choice of the function 1>) in particular 
i in it.*, depth ,11■ l rai-.L'-- F t'P oonat:mt- t \ in eq (SSK) are detenHim I 
F >y the asymptotic condition (55g) in the following way. First expand 
the funetiim A(B) on the right, of eq. f3og) in the tentative form 

4 j'^*JM? { 0 » W) ( 3 ok) 

and substitute for the aiimmntiori (35e). On the loft of eq. (35g) 
substitute eq. (35h), with A, from eq. This yields, after multi- 

plication by kr, the asymptotic equation 

PfCi «" fa~ fa + «V SfcJPftftf 4 «) *in [kr kh\ - 

This must hold for t he factors of every f 7 (ensi H i separately. Replacing 
sin f by (e** — <“ *^2fi the factors of and those of #“ ,iT on both aides 
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must cancel separately. For the factors of e fAr one thus obtains 
the equation fwith t J = t 11 " 1 *): 

- 1 Ot*' 1 * - « = «<•»(« + 1) (_ M «*■". 

from whiek follows 

C t = &**+ + **'■ {21 + 1). {351) 

Using this when equating the factors of d 17 one obtains linatlv 

H, = -f (2i + l)(c !iJ ‘ - I). (35m) 

Substitution sit eq. (35k) yields the function 1(0} and the differential 
Scattering crmn section 

da - = ~ |H,Pf(coe ©){2I + 1)(«»'- 1)|*. (3Sn) 

a rt i Hull widely used m atomic amt nuolear physios. 

The scattering, ftiwding tu Rayleigh. is dime to the phase til Lifts <h 
under the iuflaenoe of the perturbing renter. The brackets (r;-"* L —- 1) 
-w :1b}. for di -t : I signify the difference between perturbed and unper¬ 
turbed ^function II nil rVs were zero, then? would be no scattering. 
It ran be shown that only those ii ( 'a have considerable value which 
belong to an angular momentum lit smaller than the angular momentum 
pt, where f is 1 lie rang*', of the function I (r). Tims, in case of incident 
particles of small momentum only u smalt number of summands, with 
/ < l — pjjh rjont i ilfiita essjentiiilly to the scattering process. This 
corresponds to the classical result that- only those incident particles 
are desleotf(l which pass the ft>roe ceitter witliiii the iunge :. L’Im ■ refore. 
in contrast to Bonds treatment, the Rayleigh method converges for 
email incident velocities. 

The result can also be applied to the scattering of incident 

particles of him j.q b y free partidt& of mass p t under a mutual potential 
energy F(r 1B ). B then is the angle ol" deflection with respect to the 
center of mass co-ordinates, n is the reduced mass = a l p 1 j[p x + Pal 
and lh represents an angular momentum about the center of mass. 


§36. Variation Methods of Approximation 

30,1. When a system is in a slate with h probability amplitude My) 
narmaiired to unity, the mean value of the energy H{y, p) in tin- 
state is 

= smu (?. - a ~) m<tr- 
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The mean value in any state cannot he less then the lowest. eigenvalue, 
E x , and coinddeti with #, only when ^(§) happens to he the eigen¬ 
function ^(g). The lowest LMgenvaiue min thus he characterized an 
the absolute minimum of which the integral j'^W/iT \h capable when 
such normalized functions 1 m 1 admitted which natisfy the H&rne 
boundary conditions as the fugenfrinctkjmi; such functions may he 
denoted as compctiHrti funrlioH*, J5?, anti ^ may thus be found hy 
yoking the variation problem 

J" absolute minimum (™ JFjj 

/*&rfr=h I (36ft| 

We now show that the eigenvalues E n in general, together with their 
eigen fun ft loti a y K , are obtainable from the name variation problem 
when the condition "‘absolute minimum " U replaced by ‘extremum." 
Variation oft lie integrals of eqs. (HfSa) and subtraction afler multiplying 
the second equation hy a {real) constant factor A, yield* the condition 

Z$${H - XjffAV - U t (3tsb] 

A’ n|irill i K oaf. thus ffiHifadV Hence, varying ip us well lls tjt 

in etp (Urtb), one obtain a 

S*$[H ~ WV + - ?.)fd V = 0 

For u|| competitive variations and When the fcwu special oases of 
<M — reftl = $$ and — ixnaginaiy - — <5^ are considered separately, 
one arrives at the two result 

$ty{{H - %)$ ± {H - a)|MI - a 

The factor of t)tj> must vailish in both cases + and — ; hence, 


[II — A)<fi — 0 and [H - A)tS — U ; (36c) 


the second equation is the complex conjugate of the first, Both 
equations state that the variation problem is solved when A is an 
eigenvalue and ^ is the corresponding eigenfunction of the Sohrodinger 
equation for //, qXMil. Viet' versa, the eigenfunctions and eigenvalues 
of H tan bo obtained by the method of yoking the extremum problem, 
eq, (36ay In psrtkutkr, when 


H = 


K* 


-V 


v a + u t 


eq, (36bf can he written [because of =- diy ($ 7 ^)— y^y^l in 

the form 



(3lki) 


To approximate the correct cigonfunct-iona and eigenvalues one 
may arbitrarily construct competitive fonctions $ until one finds 
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such funefeioits 4 which approximate eq, (3 fid) a* nearly as possible. 
A systematic procedure to this end lias been given by Rita. 

36*2* Th e Riti Mttfind.* (1 muse nt rai 1 d \m N fimot 11 mn - - ■ /. v ( [q\ 
which satisfy the same boundary conditions as the desired eigen 
functions. Let In,' d linear combination of the /’s : 

m - W/(?) (a*> 

anil determine the coefficient cj ■ ■ * f iV so (but etp (30d| is approxb 
mated, thus: 

| j — X'fi ' rji- + 't'/j/t ^-/jA| dl — '-b 

When one intftjduocs the abbreviatiana 



the Inst equation assumes the form 

— aF = il, (3%j 

Variation of the y, and r 3 leads to 

4- *,&*)£*/„ W p ) = ih 

for which one also may write because of the Hermitiim quality of 
fi j]r and b Jft , 

- aF ft) + it — AFh) ™ 0- 

Cosaidmng the two eases of — dc, and ftpj = — dc t , it follows that 
the equation 

EtTt(H,k — JLF)k) ** b for j -= 1, 2, * * * N, (3tih) 

fts well hm its complex conjugate insist hold for every j, Kq (Utihj 
represents N linear homogeneous equations for the N constants r t . 
They can be solved only when the determinant A vanishes: 

(/f]i Ab b.F ia) 

A - AfJ < - f f3«i) 

* ♦ v * a* w + + -r 

A o yields A T values of the parameter A, denoted its A u , with 
A/ = I, 2, 1 ■ * N. The linear net (36h), with A — A J/: is satisfied by 
a srt of murttenlH ry lfl which determine the jV functions 

*<» k = 4 w (»«i) 


1 W RLt«. c i-rHe"* J 136. 1 ;linny. 
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They sutvr- the variation problem iu+ well as possible with the functions 
/, ' ■ ■ /.v ns borne functions. If the bnsie functions are chosen aa an 
ort-liunumial met. the integrals F ti are unity for j = fe arid 2em for j ^ it, 
and the determinant haa the usual form of h secular determinant; 


A - 


B n ~ A 


H 

It. 


\‘i 


i :lC.kj 


The Ritz method eon verges rapidly when the N baaic functions f t 
are chosen 80 that they nro not- too different from N correct eigen- 
funotioiiH. 


36.3. Ez&mplf of thf Ritz Method. Determine the eigenvalues ?, and 
the refill eigenfunctions y of the one-dimensional differential equation 

between x = 0 ami x — ]. The correct solution of tills problem it- 
= x 2 sin («raar) for A„ — w*tr a . 

I’he equivalent. variation problem (36d) is 

| | ~ ] dx = extremum. = L 

Approximate solutions can he oh taintsI from th>- Ritz method as 
follows: An urthoiuirinn! set of competitive trial fundjuris f i may be 
choserl as power series, namely 

L — -t %e a p fa ~ + M'c 

with i) fi 0 — r.' 0 . etc., in order to satisfy the boundary condition 

at x = o.. The/'s yield the matrix elements [compart? with eq. {3flf)] 



The Imyndary condition at, x - ] lrquime Ikt, — O t 25* — 0, otc. 
The first function thus reads 


/, = vTtQ[je— .T a J (3bnj) 

w ith normalizing factor \ 3" for the range n x < 1. If no other 
basic function is itserl, the deiermimmt, (3Uk) reduces to its upper 
left comer, H u —A = 0* and since IJ U i- 10, the first approximate 
eigenvalue is = lit. The trial function J\ together w i t! l n re dose 
approximations to the correct — \ i! sin (ro 1 ] and A, ir 3 . 

To obtain mane jmd better eigenvalues and eigenfunctions, one 


|f>2 QUANTUM MECHANIC* §37 

r a n y 11 so f t in ad d ition to /,. The three conditio us — n, f x ortljogtmal 

h> _fj, find/ 3 normalized to Unity lead to 

/* = vSlOlx- &r* + 2**). (3fln) 

Furtheriuorn, aiuee /jf lt 111, ff ia — // 31 — |f „ (ind - 12, l,ho twp- 
rww determinant reduce* to (Id—A)(42 — /„) with the solutions 
Aj = 10 and X, - 42, again close to the first, twq pomeat sotutionw 
fr 3 and 4ir. hi this approximation, / A iltkI f., are the two fforiutioiiB 
and 4i thpnwdvpft ainae the emmlunte happen (n he unity and 
zero, respectively. 

The Rit/, method Jui.s tieen applied to the helium atom hy Hyilecas. 3 
Pouk,* -Slater, T and others. 

§37, The Wentzel-Krain^rs-Btiliouiii Method 

37.1. The Wentzal - Era r i ions - E r 13 loui n method* tries to solve the 
Sohr&dinger equation hy a wave function of the form 

y{q) -= with S = R + i j, ( 37 a) 

iZ(^r) determines the phane and J[tf) the amplitude of y. With 
— u&v y — und i— f^t a v 2 v — v 1 !W iS T J *7 a «J, 
the ttebroi linger equation reduces- i n the following equation for -S': 

i - ihv*$\ + t ' ~ & = 0. (37b) 

2/i 

The W-K-B method wnwdew B us? an expansion in powers of tfji, 

u = «, + *«! + (*)s» + * ■ ■ (*W) 

and rngumea A’ an a given constant, Substituting in pq, (37b) and 
arranging in lowers of ft. one obtains* the Following Hicvwiuon of 
equations: 

ftSJ r 'MU ~ K) = 11 (37d) 

3V^,V^-hV% = Oo (S7e) 

and wj fortli. Eq, [37d) is the classic id Hamiltonian equation in which 
the momentum component p* i* nplaced by ?Sj&f k . ,% thus is the 
“action Functiuti" of classical mechanics, Proceeding from thr fnno- 
1 iwi 7 ',, — to the correct function (37a) in replacing the dr Hvoglir 

1 E. A. IIvll™. 2. Phyrik M M (IMB). 

■ V. Ftek, iMtl 6L tad HMD), 

■ .1. C. Slater, I*h V f. flrv, 36, ^ 10 11030), 

■ G. Wentari* Z, Phytik 3S. SIS ilOSfli. M. A, KxuAnre. itol. 39. MBSe). 

U Biilkrain, f 'i-fripi. &.™/. 183. 24 (IMS). 
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wave-ray theory t*y the itahrodiniger wave theory* in analogy t-o the 
trmisiiion fniiu geometrical optic* to wave optica. The VY-K-ii method 
can Im i adapted to the SdirOdingor time equation (Chapter VII) by 
assuming N to lie- n function of tlm co-ordhiates q well ns of L 


37,3. The W K II method pan easily Em applied to find the eigenvalues 
and pigenfitnetiiiiriis- of a pwthile travel Log along a onp-dinteiminnal 
line, or to tnuftidiimmaioimi] oases separable into cme-diraenatonal 
problems. Let x be the one coordinate and ifir) — exp [/S{x)fk] the 
amplitude function. The two epilations (37(1, e) then read 

'L’ = ± virffi- U{x» 

d*SJdx 2 l dU 

dx ^ * d$Jdx 



and are solved by 

±x a {*)= I Vs^-rjd* 

Jj, l 


(37g) 



l dU 
4{E t j ~dx 


(3?h) 


with any lower limit .c L . Snppose f [x] is a "potential'' well which 
ittoroftaes uniformly tin both aides of < E to values P{#) > B t 
crossing V = E ntj .r, and j\ A oL&j&dca] particle w r ou|d he confined 
only 1 11 the range I ad, ween .cy arid -r 2 . where ia real according to 
eq. f37g), is real everywhere by virtue of eq. {37b} and attains 
increasingly largo negative values away inun the cJassitHit itngo, With 
I wo signs nf tiie root in ecj. (37f) the geneml solution ^ becomes 

pf*) = t?* 0 * [ a+f tsj* + n - f - (37i) 

In order to obtain an eigenfunction determine the ratio « + /a_ bo that 
y approaches zero at r -*■ — oid. The ratio depends on the parameter 
E occurring in .S„ and E v Next determine E so that y also approaches 
zero at .r -- m. Thin condition can be sat isfird by a set of eigenvalues 
E — E and corresponding cig«i hi in aliens y„. Finally, the latter may 
be normalize!I to unity. Thr case of a harmonic nr imhcrtuonie linear 
OBcillator is an hist motive example, 


§38. The ttartree and Thomas-Fermi Methods 

38.1. TE Matin * Mrthvd^ An fttutn may contain A electrons; the 
ATI i electron is mniddered in first approximation to move in the Held 

¥ D. Ft. tlsmu-P* frr^r. f.'n rrifl N'dfffi Phtf, A r oe. JH, 89 and 11 1 [ifeJSj. 
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produced by the nudeufe Zy and by the charge clouds of density ep 0 (g ( ) 
belonging to ft certain unperturbed y^fd id' the other electrons ho that 
the potential energy of the fcth election is 

&*<"<?,) = - — + I — p°MdV„ (M*) 

“* J r ki 

where the prime on the ffumtuatiuti feign indicates summation over all 
/ a except t — k- With potential energy the Hli electron will 

Jiavn an eigenfunction producing a charge cloud of density 

/ p (3l (f/jt); -imihir improved ohargeHsloud densityns can he obtained for 
the other electrons, In second approximation one considers the hth 
electron subject to a potential enorgv which is formed in the 

same way as eq, (38a) except that p (l % F J replaces the former pSflib 
Tiie eigenfunction oi the fcth electron in f is y f2J (^ lt b The 

prooodure may be repealed as often ns desirable. (Also mfor to §73. L) 


38.2, T /<if Thomtts-Fertni Method. 10 This methwl ti inis at deriving the 
potential energy i r (xyi) acting on im individual electron from the 
assumption that the N electrons of the atom are distributed near the 
nucleus in the densest possible probability aloud permitted by the 
principle of Pauli two electrons of opposite spin are allowed in a 
pbase-space element of magnitude h A ; a volume in phase-space, in 
general, in the product 1,-1^, where 1 , is the volume in co-ordinate 
space and the volume in momentum space. El' 1, is the total 
volumo allowance in p -space for an electron, then ftt ! u electrons are 
occupying a volume i"_ I \flP. and the probability density in 
igr-Brpftce becomes 


P = W = 


2 f\ 
V< h*' 


(38b) 


If U[rt/z) is the potential poulticed by tlu- nucleus and the negative 
charge cloud at xyz, and U M is its value on the surface of the charge 
cloud, the kinetic energy of an electron located at. Ttjz__ in order to 
remain within the charge oloin I , must not be larger than t[ (' f (}{-ryz)\ 
and its momentum p must satisfy the condition ■pfryi) < P(a$£b 
where P{#pz) is the maximum of p permitted at ,r.yz t namely, 


P[xyz} = {2^e[fb r r (xy;)]}'\ 

The whole momentum range allowed act electron near xyl thus 1.n?co rues 


r,s.~P' = y{jp4t7, E7(qi*)]}*\ 


L. H. Thomas, iMt £3. 842 (19*8). E. Fermi. X. Ph^k 49. 7» (11BB). L. 
Rrillouiu, " L’bEohiu iIi- 1 hnTTum-Formi." AetimUir* *ti, <t imi. 160. Put i*-- l IllS-l.i. 
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Subrititmn>n in iq f'-tsshi yields Ibr the tfhiirge-t'luud density near jcyi 
p 4 = tp =* * - nt"'. (38c) 

tusthfir Mat fori Inst ween the potentia l /. and the density p t id Indicated 
hv e hr equation 

V 1 ^ - - **?, 

tv hifh. in tin- cfl?,e? of mrlicd s \Tarnotry of /reduces to 

^ + yjv ~ 4Trft ^ r Ml % ( 3Sd } 

v hen one introduce* the alrbreviatiaft 
k = 

Only those solutions are admitted i.s hirh satisfy the boundary eondi - 
Hem t '(r) - Zttjr for r ► 0. Another condition is that the total 

charge of the cloud noting on one electron, namely, the integral 
(ifj.rATTT^iV should have the value [N — I)f, The two condirioiM Staid 
to definite potential lime Lions f/{r} as juduLiurLH of <sq. (liSd). The 
resulting potential energv mat then bo used. In, the Sd i rod ingot' 

equation for the individual electro its, The Thomas-Farmi method 
does not. account for the ftnrr details of the atomic energy levels but 
k wry eonveulent for obtaining jl tough estimate of the effect of 
.V— J eWtroits mi the .Yth electron In the ground state of the atom. 

Summary of Chapter V 

When I,ho Hamiltonian function is given as a series II — II** + //' + 
11* 4- * ■ one may consider the eigen values and eigenfunctions 
,-h ^crii'h nii rim.- i ■ I 111 ■ ■ i.■ iLiiini'i.kT of illn gilit ude. A'„ A 1 !' - 

K. i K* + ' ' ' md Vm = rf- + (fir +?»+**■■ ^ hidex v 

fH'oi'h tip a degeneracy of E]\. Without degeneracy the perturbed 
piu-raj 1 ■ ■ c i A is simply the diagonal matrix, element uf .// between 
> f : „. in ease of a r fold dogenerauy of one obtains the j- perturbations 
E[^, with r 1, 2, * - - v aa the diagonal matrix elements of //' 
between such unperturbed which are adapted to //’ so as to yield 
vanishing nondiagonal elements 11 ril . v - for v* v r . It is not necessary 
to go through the process of ad&ptatioii of the y^,. The values E^. 
ean be found directly from n secular equation, A b; the elements 
of the determinant are the matrix elements of II between any set of 
non adapted eigenfutict iui i* x!L- d E\[- The pnqperly adapted can 
be found afterwards by linear combination of the Xm 1 perturba¬ 

tions; are series in terms rtf the namely, y'. - r A[. H 11T ^ 
with expansion coefficients A*. — E^). 
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When the perturbation is fin external electric field (Stark effect), 
the adapted unperturbed eigenfunctions are those in parabolic co¬ 
ordinates. In case of charged particles scattered by a fixed nucleus, 
the perturbed wave function y>' is n spherical matter wave emit fed 
by the perturbed atom ns a secondary source, and the result agrees 
with the Rutherford scattering formula. The generalized theory of 
collision developed by Horn includes inelastic collisions and collisions 
of the second kind. .Horn's method converges for fast incident pur- 
ticks, whereas Kayleigh’s method of the phase shift is suited for 
slow particles. Various approximation methods ft>T eigenvalue prob¬ 
lems are the Rita variation method, the method of Rurtree, the 
statistical method of Thomas-Ter mi, and the W cm izel- Kramers 
lirillouin method ; the latter uses an expansion in powers of b so that 
the zero approximation agrees with the de Broglie theory of linear 
wave rays. 
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£3JJ. Interference oI Probabilities 

3fl.l. The Ndirodinger wave equation* tinil quantum theory in general* 
rest on n I• rr.iarfter foundation than the mere equivalence of waves arid 
particles in f hive-dimension** I aptm*. We begin constructing a general¬ 
ized quantum theory of which the Schrixlmger equation is only a 
special caw., hy introducing Qtrmjtlex probability nmpi.itudm 4' whose 
signiticanoe may be illus¬ 
trated by a simple example 
of wave optics,. 

A tii onoo hroui at i c light 

train of considerable crow 
(toot ion (nut a pencil) nm + v 
issue with [runs verse jiolari 
sation of ^ direction from a 
polarizer which absorbs the 
fl’-polarization (Fig*.. 6.3 a 

and b.) A Crystal [date b 
put in the path of the ra'-rny 
splits the latter in two trans¬ 
versal component* b f and h" 
which suffer different phase 
shift* fi' and /T before emerg¬ 
ing from b< An analyzer c 
may pas* light linear of 
r'-polari Katinn only* We 
want to calculate the resulting intensity J„ on a (screen behind r; 
it is a fraction ijf the original o'-intensity, which may he osHunacd to 
he mi ity. 

If rJie particle theory nf tight were correct., [«jl&rizution effects might 
be e\plumed by photons depicted as traneYPfse two-way arrows. l T u 
IwiEynzcd light would then contain arrowy of random transversal 
orientation, whereas the photons issuing from the polarizer have their 


Fill. e.l. Tin- [leconijwiiiiljoii of n kUiO- ,-f' 

tnt j i ''irthripfoiiiJ coinjHinnqt* h f niul h r r Lei nuA 
of ttplJc&l pulnfL/Mtllili 


1«7 
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double amm h in the + rv'^dii^etian When entering the erystaI it, the 
fraction i.hjw* (a' 6') of the rr'-phoLorijH turns to the f-orientn 

tion, and a correapatniuig fra it ton to the ft' 1 -orientation. Next, the 
fraction — oo« 2 (6V) of the ft'-phutona t urns ki the ^orientation, 
ele., sj(i I lint the lino I infelicity | Kissed by 1 lie analyzer tr' would he 

Aw = Aw Av + J (.v/ Av ‘ 11 :■ 

as a mm of product. the lirut- product indicating tlie probability of 

a pliuton (.timing from .lientation «' l.o <•' \ in b\ the neeond via b\, 

However, (in- result (3Ua) is wrong It dtxy not a cron at fur the pha^e 
shifts in h, XIiv correct result i» obtained by the following method, 
known to every student of optics 

Ecplacc oq, (39 a) by the sum of product?* of rumph'S ttwplihuh ■, 

-I- Y.,.tv„ (9M») 

where — eoa [a\ ft 1 ) exp ,,.), etc,, and put. 

J.v = jv»r'P --- |s*r,viv.|‘ ( 30 ") 

The contribution ’I',,.,'!is. a product of two ordinary component 
factors, cos (iT, ft’ 1 ) eoa (/>', *■') multiplied by u producl. of two phase 
factors, representing the whole phase shift (jvn 1 f ^ v | on the path 
from ft r to r' via h\ Eq. (Sfle) the expression of the principle 
of Jtttjterposiiim: The remitting intensity, instead of being the sum 
of two in (on unity pro duets [n* in otp (3tU)]. is. (he ahqohite square nf 
the superposition of complex amplitudes, The method of the complex 
amplitudes is quite natural from t he viewpoint of wave theory. Those 
who insist on a earpuaetdnr interpretation may prefer the terns rampter 
probability itmpi-ityd* for the faotoi’ T tfV , si nee the absolute square J it h . 
represents it probability in the photon interpretation, observed hh 
{ntlativ e) iutenai ty, 


30.2. We reiterate the superposition formula {r5J+la> with a nli^jfil change 
of notation: 

(S) == (superposition). (3fld) 

The summation over b refers In ■% flUJiunatiotl over both mutually 
orthogonal directions b' and b". We also mention that 


- h ft* = ^ 

= 0 . *** = 0 . m4 


(Wv) 


that is, the amplitude component of ^bpolurization in the direction 
of a' is unity, whereas the component of o' in the direct ton of «' i.s 
zero: similar relations hold for h‘ and k“ ate. A further rule h 

(H) = 'Yg r (Hermit i a ti quality), 
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that is. exchanging the order of the two indices of T produces the 
ogmpk'x cun jugate. The rule is physically justified by the renmrk 
that the phase shift from a' to h‘ is opposite to that from f/ to n \ 
W hen eq. (3IKI) id applied to ibe sjieciaj mtse* off being identical 
with ft' and (t H i respectively,, ami oqs* (lltie and f) arc used. onrj arrives 
fit the two forinida^ 

(XI SjTj* = - 1 (Iiurniiilimtinn) I 3 !lg) 

(0) - M "• - u <«tt*wwa«ly). (3»h| 

Consider the scheme of the probability ampIitudoK (generalized to 
several suites a*, a*, a'", etc,); 


The normalization rule thou stipulates that the sum of the absolute 
squares of every row (or column) is unity, and the.' orthogonality rule 
that the Hum csf the products of the elements of one row (or column) 
with the complex conjugates of mint her is znrt, The rules of super¬ 
position, Hermitian qualify, normalization, ami orthogonality of T 
tire Inter referred to an (Sj •, H i (X) (0), 


* a-'Hi “ 
J ri-fi- 


(m) 


t?40. The Complement Character oS States 

40.1. If rmo insists on a corpuscular interpretation of the decomposition 
of slater into rnmpci fieri I A. such an Enter pretut ion must necossari !y 
be inadequate and ambiguous. Nevertheless, two apparently contra¬ 
dictory interpretations of the amplitude TV,,. are extensively used in 
the literature: the render ia asked to realise I heir experimental equiva¬ 
lence in .spite of two different wordings. 

(1) - is the probability of a particle fuming from the state « r to 

b\ ns realized by a polarizer a" and ail analyzer b\ (Pie also may 
say t hat |M' iJ . jrj .| 1£ in the prohabilily r of a particle, previously in the state 
ft with certainty, to be found afterwards in the state 6‘. The tran¬ 
sition may be considered as produced by the analyzer. 

(-) |*K rt .| 1 is the relative abundance of the state h being i'unhiiwri 
in l fie state r/. The analyzer b is con^idersfi as merely revaifing this 
abundance. Also: |T n . fi . - is the probability of the two states u and 
b’ existing simultaneously, just as a vector eT and its component b* 
exist simultaneously. X-te, however, that the so-eedlod simultaneous 
existence emi be determined only by a Miicce.vdvo application of two 
analyzers a' and b\ 
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Arguments bet wren the two interpretations are as pointless as the 
twodiun dred-ycar-old discussion whether white light amtuinx the 
various coter* si imiltiinemwly. or whi.-t ln-i* the colors ran? pro&ucrd only 
by the analysing prism ot grating, indeed, lwnn.tr contained ha^ but 
one physical meaning, that of being producible by an analyser. The 
formula 0 indicates that the state t.i r is not contained as a 

component in the state Mutually orthogonal states are known 
altif ns muf Stilly states, From the particle [mint of view 

there is a m mshiwj probability of (munition from t lie state a 1 to a , 
Transitions between mutually exclusive states can take place only 

under the influence of a perturbation; 
/ the perturbation tinst changes the state a r 

tbr —into a. modified state «’ which now eon- 
tains the state ti" as a component, so 


40.2, The fundamental rules (.S) (H) {(>) 
(X j may lie exemplified by another quite 
different optical phenomenon, that of 
diffraction. Light Item a monochromatic 
source n' may pu^s through a screen h 
with several narrow holes b\ b*> r ■ - 
anti from there to various holes c\ 
f", ■ ■ ■ in a second screen (>’ig r tkS) h The intensity received iu r*, 
according to the photon 1 hoary, would be- given by the expression 
(39 a b except, 1-hat J a .^ now would have- the form (/■„.* ) -a . according to 
the inverse square law of the intensity. Tin- correct result is ob- 

tained by the formula (39c) with and phase shift 

Vr 

ViL-tt = fL The state <t r now is the state of a photon being on a 
ray emitted by it', and the state b' iri the state of u photon being on a 
ray lending through the hole ft', H \ t then is the probability amplitude 
of belonging to both states siniullancously, nr of turning from <t f to h‘. 

If ihe rays 1 hrmigh c' r c' p ■ ■ * tire passing on to points d\ etc., on a 
(screen, the relative intensity at d’ is the absolute square of 

*W = (m 

The same Formula applies also to light from a polarizer « paused 
through two crystals h and c and through an analyzer d\ Whereas 
in oitae of |joiarizatiun Idle expression ''orthogonal ” applies to the states 
ft' and ft* In a literal sense, the states of a particle passing through ho[c> 
h\ b N , ■ - - are orthogonal (mutually exclusive-) in a generalized way. 


Flu. (i.Jt l"li- itejfSIupfrflitLtHL 
fif (hr Mian- ■» icitij mutuiUly ox- 
cfrlBnvr, tlnlwi ti\ h‘, rrte. T ill, 1-U*S 

of diffciwfcfofti 
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When there ant five holew in l> anil raven holes in n. the elementis 
'^Vi? >deld a nrhfriK‘ with (lie rows and raven columns; it is a 
n-ctamjulfjr matrix, M whieb Apply the rides of nrthdgonaltty and 
DP rm&liyji timi {(>) (N) of §3(1. A special case Lb the rpc-fa-nyttbit 
matrix between nuiti sully r j>r t.begum 1 states r h\h w , ■ - ■ , which is a 
unit matrix: 


V«r 

**W 

( 

0 

0 

. ■ 1 

'iw 

*fV - ■ ■ 


1 

0 

■ ■ ■ 

■ - * 


h ■ • 

* » ■ 

■ * * 

* * * 


Therefore 1 ! will oecariomdl} he- replaced by the symbol I, 


841. Polilrization ol Matter Rays 

41.1. (’l\|'i-iiim iii- HimiLir to those of optical pd&riuatton have l>een 
carrier) out, by Stern And (h-rludi 1 with homngeneem tnrtifaf r(iys sent 
tin nigh a traiiEtvurse inhomo¬ 
geneous* magnetic field. 

Silver atoms pottrana angular 
momentum A — lh (accord¬ 
ing to the older theory), ami 
a magnetic dipole uiomeuL 
of one magneton parallel tit 

the axis of rotation: in 
Ht era-tier Inc1 l "h ex peri mon [ 

(Fig* H3a) they yield double 
refraction ; other Bub,summits 
glve triple, quadruple, ete +p 
rays, depending im their 
Angular momentum A. Figa* 

6 3a and G.3b dsow the Stern ■* huiudh experiment in t he examples of a 
doublet' anti quartet. 

The separation of an iirifxilsrhwd matter ray into several cumptim-rita 
in a magnet in Held is regarded u* one of the mwt Convincing proofs 
i p 1 the i .\ irtlf; n fe of kc f hi riite 11 nantu1ii 'tat oh of o rs>iilatioi i, I r» ieqd. 
if the magnetic dipole axes in the incident ray were distributed in all 
directions at random, the deflection of many such atoms through a 

1 Stem «nd W. fkirlocli* Z, Ph-yirik 8, J hi (3(121}, 

* A hcniapjnrauB. 6ntil If. wcndtl prcitlyin * mrr|U* on the m»snotiir iLji-Od Lire w unlit 
iiiii lirflf'at. th» Uipohp a iriiole. A rssuUin^ sirngTintU 1 foivo ie obt&in&J imLy 1'r.sm jv 
iVki H , which 1t.il i+ (JifTm'dJt. strength at ill*? JiiTi-xHiU. iiWr-ns of tho twt> poEes, 


r=a 



w 

Fin. Ij.H. Stern-Ucrliu?h annlyhix. An me 
|ji>tnriM'i.l bi-JLin of innttor Lh .ijilii inLu f .iiLu-i^l 
aO<rni|ji‘jn«ni»i Tho mimhar of niTropotmnlji im 
‘ L who™ t t“ 1 -ko (jimnUun iniiuhivr ef ilu- 
■iiunJUr mom^ntnm. (Eimnptaa: ! 
iriL r doublol iirvlL I — \if'Z yitfldinu; t| Hurt nf., | 
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magnetic fieM should result in a continuous tun of deflected directions. 
The actual appearance of doublets or mull [pints verifies Snnirru'rfHd* 
11 ieory uf ** quantization i n spaet ■"" (Fig. <h 4 a) * Acco rding to 1 S 0 n i mer- 
feldp the axis of rotation of an atom of angular momentum A = 1% 
assumes only such Jingles « with reflect to 11n■ magnetic tick] that the 
2 -oomponemt of A has the selected valuer 

* = 4w« — \ {Ait,) 

cos at = mfl, m = L l — K 1 — 2, * ■ — i.| 

in wluch f is the quantum number of A . Kq, (4 la) defines 31 + 3 

different orientations of the dipole axis 
*** w itb respoct to the field H,, 


' U ' \ 4145* An long rts an atomic ray is split 

l ' i ' : into a multiply by a single magnetic field 
■ ^ y4\. ■ S tuj M jwfifti'izer," Snmnierfeld's pint tire 

.- jjJ " v ;>■ of spice quantization, is quite gatUfaQ- 
fcoiy* This picture is wanting„ however, 

m SL UiHmnpo&k* into §» ra y P^ (i tlmiLL^i] a suooes- 

fui# i >'[[!]■• 'Mi ■]![-< in Hold (if i- >ion i>f magnetic fields rff different trams 

nrnt z"-Liijsntiofl H rwpwtiveiy, verse directions. The corpuscular idee 

’ **"*"' of magnetic dipole axes having certain 
directions a in the field H and fn.rrtiwj to 
new dined ions eti another field H* encounters the same difficulties as 
the idea of oriented phutoite in 1 tie cum. of optical ttolariaation, because 
the corpuscular picture does not account for phase shifts which 
are bo important for the ultimate intensity. 

Suppose it wore pr^il'k to pa^ a single stern-1 Mach voiflpnienf 
m\ before il broonua depolarized, through a second trouHverse field 
H* pom Ling in dm ; + -direction, with 4—angle lH, H*). I 1 he first 
field in the ^polarizer/' yielding polarised rays m\ »«’. ■ - % and the 
second field is the “analyser,” which transmits only rays of polarisation 
•s', ■ ■ v According to Sommerfold, the field H* would orient 

the atomic dipoles in (2/ ff l) ■mlertcd dinactions ft with respect to 
the ^ direction (Fig. 3k4b), at that 

t* = A ooa^ = nS t I Mlh , 

CO s ft = nft, with n = U - 1, ■ - - - 1 > 

The intensities of the various secondary components a resulting 
from an original primary component m f may be called J m - lt .. etc, 
The J v depend on the angle fi between “polarizer J ‘ and “analyzer 
In corpuscular interpretation J |1(V would indicate the probability' iff 
an atom iimtinjf from the state vi to the state a'. Quantum mechanics 
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raleulatus J m , H tia [lit* ubsulutf square of it nmipfex amplitude 
whiHi is i\ generalized ‘'rubine" between tho ‘directions' 1 of m" and w J 

41.3. Uit iih derive the 1,,.,. for (— L whew m = ± l yield h il 
H fceiu-Gorlnoh doublet, Tlio space quantizations in the two field* 
H and H* air jllMstrated eei I/igs, tbS# and <J.Tj-h■ Om aim is to find 
tine four transition amplitudes 4 ‘,,v- namely, ’I . r , v t t r , i , _ Vj T_ , iV 
4’ L ,. b , v ns fimetimt* of die angle ft between the trarisveme fields 
H and H*. h rsnbviouR that fur ft = II we must haye'Fi » — T ,, 

= i and „ = T_ „ u = U h The 

opposite condition must hold For fl — I su : . 

For 0 = HO® the four T*, v must have equal 
absolute values; furthermore, the T„. rt . 
must satisfy the rule of rows and voIiimnEc 
Hit! re in rmly one way to satisfy these 
eonrlttiofia, omitting a common pliantfj Fac¬ 
tor t*", namely, 

PVvIl = 11 (4 ff > “ «n m j j I ,. 

ttin f|l}} cos (i0) ||. 1 * 

Tliu ate the absolute squares of the 
H',* A systematic derivation of oq. (4 Irj 
and ils generalization is given in $4<k 

Although letter-polarization experiments through two crossed 
magnetic fields fail because the rays become dejjolftrizcd on the wav 
from one field to lhe other. the amplitudes 'T U|Vj play an important 
rolr in the theory of the Zeeman effect. Our discuss Lo n lias shown 
that the model of atom* turning their axis of rot fit inn from one quan¬ 
tized direction, to another is to In* replaced by the idea 1 lint one quantum 
state m hm cotitpomnU j » the. '"direelu jn " of other quantum states n. 
Those components may be n-ivtitfA by Stern 1 hu-lueh analyzers, pro¬ 
ducing "multiple refraction. 

The burner remark flint r lie Sfceni-GcrJadi Jiinltqjlv-rofrnetion experi¬ 
ment is proof of the nxigfenoo of* puce quantization of matter particles 
must be revised. Of ■deal double refraction in crystals has never been 
regarded as proof that light is “quantized in space." Similarly, if 
Stem-Gerljvch experiments liad been carried out before the develop¬ 
ment of quantum physics, they would have been explained r and still 
can be explained, hs a phenomenon in which matter are refracted 

into polarized components similar to optical double refraction til 
crystals, The outward sign that such h classical wave theory in 
possible innv he seen in the absence of t he constant A fmm the resulting 
probability Amplitudes T, si .. 


TJ* f t I Hr — ‘t 
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Flu. rt.ri, bmHimjicivitkn into 

fcwu ramp munis in n flclii of i. 
land i'-diiwitini for luj^tiliir 
momenliini of quantum numlni 
l 3/LJ, 
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Summary of {$ 39 41 

Complex amplitudes T are helpful in the wave theory of polarization 
and diffraction. In corpuscular Interpretation the wave function 
signifies o probability amplitude of transition, Fmm the experi¬ 
mental viewpoint it. is irrelevant whether we say that a parti do turns 
from if' to 6\ or in in Iran# tit on from ti r to h\ or is contained in. the state 
f with probability = |H r 4 -fi a when being in the state n r with eer 
tainty. 'I^ is a generalised directional cosine Ijetwwn the ‘'direction” 
of a* and the ” direction " of b\ where a* is one among a number of 
mutually exclusive or orthogonal state* u\ <i", ■ - - and h r in one among 
the orthogonal set h\ h", - - -, The rectangular mixed imitrix of the 
T"^ displays the same summation rules for rows and columns os a 
matrix of directional cosines* except for the fact that the T ri . A . are 
complex. They obey the general rules f»S) (H} ({)) (N) hated at the 
end of §39, Traaixition probabilities J. l lV can be observed; the ampli¬ 
tudes l l ,'n- have Unobservable phase factors. 

142, K^al Observables; Eigenvalues 

42*1, An observable A is ft physical quantity pertaining to u givcil 
mechanical or optical system, which under certain conditions displays 
a definite md value A = A\ under other conditions a real x'nluo 
A = A", etc. The values A', .1*, - - - arc known as the eigenvalues 
of .4. The eigenvalues of an observable define a mutually exclusive 
or orthogonal set of states. 

The £-co-ordjiifttr of a particle is a real observable. Indeed, we 
can ascertain the position x -• a 1 ' of n particle, ns against x — j‘\ etc., 
by observing through n narrow *[ii of ever-decreasing widt|i The 
momentum component p d is a real observable; under suitable condi 
tionfl we can make sure that the observed particle has n certain value 
p t with the exclusion of other possible values p r The eigenvalues 
nf j a* well as those of p ± form a continuity. The eigenvalues of the 
energy A 1 often are distributed discretely, Although under some 
ooiiditioua. e.g,, at temperature T, any eigenvalue among E', A’", ■ ■ - 
may he encountered* one can produce experimental cmidil ions under 
which A' has one eigenvalue E' with certainty. The quantities ?E or 
nr line not real observables. We avoid the term '‘complex observable " 
as misleading, When siieFiking of observables we always refer to 
quantities with real eigenvalues, 

It. it) a curious fact, t liu t real functions F(A. Af„ - - ■) of real observables 
do not always represent real observables. Neither the sum ax -+- fip d 
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nor the product Jp* ie s. (real) observable. Miner- there ik no experimental 
arrangement in which tills aum tt r product hm one definite value, with 
tin" exclusion of all other possible values* 


42.2. The eigenvalue A' is often denoted by a two-indices symbol, 
A A A fur .-l hilii when A' is characterized by A quantum number m*). 
At the ?ivmr: time we let the nytdht >1 A , r or *d Mt . M| . stand for sero: 


^A‘4 W ~ 



for m ' -= in" 
for m ?£ m" 




This notation is n generalination of 

„ . = l for m J = m" I 

J ' J ‘ = 0 for flt' # m *, j 


mb) 


Hence, 4“ is a sppnial reft! observable, known elm probability ampli¬ 
tude ur Psi or Unity. The eigenvalues of T an 1 always* 4^.^. — 
V = - - ■ - = L 

hi m 

The avid beta of erj, (42nJ may he arranged in a finite or infinite 
quadratic scheme or matrix : 




4 


(4-0) 


Tins diagonal elements are the eigenvalues of .4, and the nuudiugonn] 
elements are zeros. \V« 1 herefore say that the observable A is diagonal 
in the states r«\ m”, j ■ ■ in which A has- its eigenvalues. Similarly, 
another observable B may have its eigenvalues in another orthogonal 
set of states n, n'\ ■ - ■ an that B^. = B\ etc,, and B HX . s=* U for 
n ^ Tt.". The observable T is diagonal in the states ni. m*. ■ ■ k 
as well its in the status n r , n", - - 


§43. Mean and Transition Values 

43.1. LSnpposi- an individual atom is. or many like atoms me. in the 
state m' where A .4' with certainly. When we now test the value 
of ft not her observable B pertaining i'« the same atoms in the state m r , 
we. usually find that the eigenvalues B f if, - * ■ do not have one 
value with certainty, but that B r occurs with probability J m . m r T B* with 
probability ete r 'Phis probability distribution leads to a curtain 

m> nri. mhi*: of B in the state m\ denoted by the symbol : 

B tMl> or B„„ denotes the a’th eigenvalue. The same may be written 
in the form ^ ^ ^j,_ ?|rf _ meau value. (43a) 
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Consider the example < t many photons of common frequency v, nil in the 
Hjiiiir state m\ namely, tximiug from n Nh-ul of orientation m*. bit ft 
stuud for tilt intensity fraction transmitted through & certain tourtrudinu 
crystal who ye t«n main doner (ions of vibration arc- n r ami a". B lias two 
eigenvalues, ft* ami ft", for light of n f . and A'q^ljurautuih, rMjmetivuly; 
w Arbitrarily 4 resume the eigen value? B' (Mi And. fi" - h.Tfi. (They 
depend on the length of the crystal l The mean value of the t-ransmittcij 
inb-jisii y Irni'lem for I In- plmNitu in Llum the value ob^med through tin 
analysing Nicot also of ui'-orientation , 

R m ‘ m * — con {mV) U.Q1 ties [ttV) -f cow (mbObJo cos t?t‘“w*'), 

assuming uiireaiiiitically tlml tlie two components do not acquire phase 
liifferences whin pussed through ft think eryatah 

Another example; the mean value of 7Z* in the state r/i, where Z — JA. 
in — |fl[cos a (|0)— nin- (A ft) ] — ems ft, obtainable (tofu ec.|. (41cj 

43.2. Next, ve coneidcr the $o-c&ilod >;■ ■•rjfwM of an obwvable 

B } more explicitly, the mean value of H in the .state of transition. from 
tu? to m* t defined m n generalization of ecj. (43a) 

W m* n «*= transition value. (43b) 

Example: The menu intensity lruction H transmitted through the 
previously duseribid tourmaline In transition from the ^tate m ' to m' H ie. r 
bi'tweeii crossed Xinols of orientation m r . m', is 

ft,,, = vm [Wit?) 1J.liI C'is Wl T w (mV) 0.7’» COS {n H vhT 

Another example r Z> w m ^ m - = ^JS sin G, with the help of eq, 141 e). 

Finally. w» generalize erj. (4Hh) tn transitions from any state k* to 
any other atato /' of a mechanical or optimal system. The transition 
value ( — general matrix element) of the observable B is defined its 

«.r = S„n» BJV* (Muj 

in terms of the eigenvalues, Li tl ., = li . 

Exumpk; the mean intensity fr&tlf iou transmitted through the loiirmuline 

between ii polarizer k' atid an analyzer i\ 

hlq, (43a) is u specialization for tnumitions from n state to itself. 

As a further example take n linear lumiumic oscillator, with the two 
observables /.■ — energy he id .r = displacement. There is the set of 
orthogonal states m\ mf, - * 4 in which E — E\ E"^ 4 - The mean 
values of z in these states vanish ; 

= 4 — = b, whereas 
*ifwr for m F = m' ± L. 

t>n the other hand, the transition values of E From hi t*■ fn' vanish. 
The product rE is not a real observable. 
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Ifomeui burin g the romurkH run the phase of 4" pmrdmg eq. {30gl 
we rewrite nq, [-ilfid in tin- form 

Btr = 

"E.prjJU'tVI. 

thus has an ox penmen tally undetermined phase factor indcpen- 
dent of the intermediate phases r. \| itself is experimentally 
determinable* 

Quantum physics deals with eigen % mean, and transition values of 
observable between states. The principal relation between these 
quantities is contained in the general formula (43c}, 

§44. Transform utiou ol Matrix Elements 
44.1, With the order oi’ the Labeling indices reversed, eq. {4Jkq reads 

_ 

With T; - TVj 114emrittun quality of ST) ami with = B’ reft], 
utie obtains 

Bw — ^ — Hermitian quality, (44a) 

Thi inth -\litm values of real observables art. Hcrmitian* Hermit-inn 
matrix elements are necessary, but not sufficient criteria of a real 
observable. [Indeed, when the Hermit!an elements Ii m are given,, 
tin- existence of a corresponding diagonal matrix B M H - depends on the 
nf Li transformation matrix . For a counter example, 
refer Lo |G0.3.] 

The transition values of an observable between two states m' and 
m 4 belonging to the same tot of orthogonal states arc often denoted 
as jmrt matrix element, Lliose between any states k* and t\ in general 
Eis mixed matrix elements. Wa shall desk! principally with pure matrix 
elements. Pure matrix elements products n square matrix. Two ele 
ttaemts reflected from the diagonal in a [Hire matrix of a real observable 
urn? mutually conjugate, and the matrix is called Hermitian; mixed 
matrix elements generally have a rectangular matrix without u diagonal 
The reutungukr matrix of lhe B kl is not 1 Urnuthm in spite of eq. (44a). 

44.$. When one uses the rules (S) (0); IN’) for M and the definition, 
eq. 143c), twice. one obtains t.he following sequence : 

~ \iTtfn Mrui^ ml' 

and finally 

(T) & R - = = Lrau&formation. (44b) 
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This general traruddnoation formula expresses transition values B rt 
in terms of uthor B vp '$. Summations are always extended over the 
complete orthogonal met, n\ • ■ ■. and //, {*, ■ ■ % etc, The t.rnns^ 
formation formula has group character, that is, the direct traurformn 
tinn from. k\ l to p, ^-elements yields the same result aa the transform. 1 ) 
tion from h t f to t, j and from there to p. g, n* is easily proved by 
expressing S,, r in c(j. (44b) in terms of intermediate £# Sl - s. 

44,3. Suppose we have an equation between physical quantities, such 
as the aquation. U - njtr between the quantities t.‘ and x t or, in general, 
an equation L — ft, left-hand side = right-hand side. Quantum 
mechanics interprets thin as rail equality between the riynir/.din'* of L 
and It, so that U — R' , and LT It ", etc, By virtue of eq. (4 So) it 
then follows, however, that ali pure and. mirnd matrix * teutonic of Lorn 
identical with the correspond mg elements of R ; 

h — It means all L k l . = ( 44 o) 

with A 1 ' and V referring to any Lwu states whatsoever. Eq* (tie) is 
the justitication for the tifteu-applit-d procedure of subjecting the 
left and right-hand sides of a aymforifie f-guaiitm L ' H to the .same 
mathematical operatiuna nml labeling only ilu* final result. 


$45- The Eigenvalue Equation 


45.1. Assuming again that II Inis eigenvalues in states u we rewrite 
the definition, eq (43b), with changed dummy indices: 


When we multiply both sides by l l’„. from the right, summing over 
in", u^ing the superposition rule for r ¥ as well us V? nit — we 
arrive at the Point ion 


iK) 


B Sr* = l F 

if* Ur Thfl 


B r = eigenvalue equation 


(45fl) 


for any m’ and «' so that eq, represents .1/ x .V equations if 

there are M orthogonal states m\ w\ ■ - - rand .V orthogonal state* 
si", tC - * -., For example, if there are only two states m r and m* r and 
two states fd and eq. (45a) represents four equations, namely, the 

’’“‘P 1 * H 1 ' + B T -<F B‘ I 

iti'w 1 1 wV ' "ffl’n' 1 n 1 * 1 " * llrtt 1 fASbl 

+ B jr ,„,T^ = sv* b I 


and anoiber equation maple uni li n' rand B ! replaced by t< ‘ and B 
respectively* 
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The linear homogeneous equation# [43a) are used for (*f) finding the 
ejpenvnjnes B\ B*, - j a and the probability amplitudes etc., 

fflieti the matrix dementi /i., I iVI , ■ - ■ are known; (i) finding 

the B IU . IU ., 1 - and the *F JllV when the eigenvalues B\ R w , * ' 

an^ known. In both eusc* one use* the requirement that the deter¬ 
minant id the fnrt.nrs nJ the T,,,.*- must vanish. Problem («) in t.Iip 
must euimiiiin problem mf quantum mechanics, and many examples 
will be given Lifer. The Sehrfidingtjr equation Is a special example of 
jfj), An example of (6) will bo diacusued in |40. The Hconstitute 
the fTtiuxformufiiui matrix from the stales m to a. 

Aco-rding ii«a general mat lie in alien! theorem an eigenvalue equation 
of the form |A„ r m), in which the ttre Hemiitiaiy leads to real 

eigenvalues If B’, - ■ ■ eih solutions of the "secular determinant” 



<*»■*■ - B) 
K** 


n) 


- * ■ - fh (45c) 


Thin theorem is the inversion of eq, (44a), Thus, when a quantity B 
'os- real eigenvalue*, it Iljis Herimtiun matrix elements, utid rir.r 

rv.t'wi . 

Tit is statement U subject to a certain reservation, In ciihc of an 
ittjitfiU >i-1 uJ state* in', m . * • ’ the [Jennit inn quantities U v -might 
be such that A = 0 has no solution at nil. that is. the quantity B 
cannot In.' diagonalized in spite of its Ucrinitidiy, B then dues not 
qualify a* ni\ observable. When A has no aolution it signifies that 
the cigem die- equntum bet has only Lhe trivial solution 1 |* hlM — (J for 
all in and id. i.t,, ihi-re is no regular iru-nsforniution matrix 
An exsinph of l ids occurrence is the quantity xpj. + p^r which 
is Hermit ran yet lacks eigenvalues, since there is no regular matrix 

T. transfer tiling from states >n ?:< i- tentative eigenstates n of B 

(refer to §00.^), On the other Laud, lhe quantity [xp. haw 

real eigenvalue* h and vanishing transition values in every set of states, 
m\ f/ r - " ‘ (refer to §53). 


45,2,. Relations hid-ween the matrix element* of observables, including 
the special obsErvabJe T | r hum si common forum.) appearance; they 
aiv obtained by the ItthiUntj af Htjuihatie. t'quiUioti* with, any two outer 
indices, then inserting pairs of file* intermediate indices, itnd iinidly 
letting the intermediate indices run over their complete orthogonal set, 
When one Iul.it 1 Is symbolic equations for 4' or I, namely, 

I - I I- M I 
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one arrives at the superposition rule 

(M ~ 3 **y "ff 'Ji ^ ^pi't 

with the special c&sea 

(N) v f T = r _ 1 for ni* ~ n*\ 

(O) ^ ^ " mW ' 0 for m' ^ m r . 

When one labels the symbolic equation 

Bl — IB 

with outer indices tnn\ one obtaina, liecwae B nn . = 0 and B^v = 
the eigenvalue formula 

(E) 2^ I»v = Jji'n 1 

The symbolic equation 

(T) B - U3I 

when labeled, yields t he general traiisfurmati^n formula (T)ofoq. (44b). 
The matrix idea was Brat employed by Heisenberg and perfected by 
Bom and Jor dan into the general matrix method described here it 
is the backbone of (ptriittuiu kinematics, The (hither development of 
quantum dynamic* jpubIs oil a peculiar introduction of Planck's quantum 
into the matrix fo rmal km (§m3), 

5T m vi pronounced: B operating on 't\ ilV , ia defined as 

(«d) 

The result of the operation is the sum on the right of eq. (45db which 
is linear in the matrix elements of T. Eq. (4,id) then explains why 
an obstnuiblt in often denoted as, or defined as, u linear operator. 

45,3, An uit&wmbte with its mean and transition values (matrix 
elements) between orthogonal states m', m\ - ■ ■, is analogous to the 
strewn tertnor and its components with respect to a certain set of ortho¬ 
gonal axes in anisotropic crystals. Any point iaside il crystal may 
be choBCJi aa the zero point of a rectangular (orthogonal) co-ordinate 
system whoso axes may lx- called vt\ m\ -tri" rather than xyz, With 
inspect, to those axes, there are 3x3- 0 streets p uim -. etc,, 

but only six independent stresseH because p„‘ m * — iVm'- There ia, 
however, a preferred co-ordinate system n r . u\ n m in which, the non 
diagonal stress components p^ m - vanish; the three diagonal y nV — p r 
are the principal stresses. They represent the “ eigenvalues*' of the 
Stress p> ff the p u ,‘ m r with respect to a co-ordinate system 
[jrp, itt* r in ") Eire given the principal stresses and the cosines between 
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the original a^p;- and ihe principal axes (fr' f n* + w v J can be found from 
the eigenvalue ■equation 

S «JW* 0Ete (i», 7 *') = p ( oqh (m\ n’) t 

and two similar equations obtained by replacing the index n* by n" 
aiid K', respectively. The cosine between the m and n f -directions 
comftpitids cu the complex probability amplitude T 

rhe stress p at ft certain point in an anisotropic body is physically 
defined only in terms of the six independent tensor components /v m ' 
with respect to rt certain orthogonal set of axes. Si mi larly, an observ¬ 
able B is physically defined by its transition values between a 
set uf mutually orthogonal states m', m* % - ■ ♦. When the fl mW ate 
given, tiie 5 ir with respect to any other set of stator h\ A- 1 ", eau be 
found from eq_ (T). and tile eigenvalues B* — J? lOL . from eq, (K). 


SS4CL Quantization in Space 

4fi.l H iSilvei atoms in n magnetic field H : display two mutually ortho* 
gonal quantum statea with Z -= mh, where m — d= L The same atoms 
in ft field Hf have states Z* nj r. with w = ± if the redirection 
in obtained by rotating the s-diroctiuti about the y-axis through an 
angle 0 toward the -r-dueetiem, one lias the following relation between 
the components X, Y, Z, and Z* of the angular momentum; 

Z* = X cos [X t Z*) + Y co& ( Y, Z*} + Z Cos (Z. Z*} 

— X sin 0 -f- Z <km G, (4Ua) 

U"e wish to find [lie four probability amplitudes 
T “ m - n - of nn atom lurwntj fium the state »/ to yi\ etc,, in Stern-(ierlach 
experiments, Z arid Z* have the following diagonal matrices ill the 
jfltfttrw m and h, respectively; 




Z ' 

0 


i* 

0 

y 

■ « J H4 r 


u 

z r 


0 

-*A 

5f* 

z; v 

J z* 

o 



0 

1 Jffv 

ziw 

I 0 

Z*" 


0 

- i* 


Two eigen value equations for the observable Z* read 

- V„... Zl. (= Y mV I*). (4«*> 

with m* = ^ and — respectively. Two u fliers read 

( 4 ^-) 
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The first oonple of equal ion hi for this H^'s requires the following deter 
minnnt tn vanish: 


&t-«> - W K-«- = 0 

zu- 




The aeeomJ couple of equation* lewd;* to i\ Corresponding vanishing 
determinant, with )Ji replaced b y \h and quoted M i eq. (46d')«, 
Substitute in the determinants r 

Z;„- - Z m „- MH sin B, ( 4f! d") 


etc., in which only the Z m . m ^ etc,, i-n'e known from eq, (40b). 

The two dctemiinantH are to vanish yhnultii rteoualy. leading to tile 
conclusion that A’ ,. v . ni -|- A' M1 .. m . — Q. Then, after division by sin 0, 
tlie factors id' sin 0 and of cos 0 must vanish separately, leading to 
A ^W- A W = htnee - x m m- = 'h and further S m . m .X^ 

=-- JA*, ho that at lost A',^ = X m , m - JAr^with an arbitrary phase 
Taking l 0, one arrives ai the matrix *Y listed in cep (4Mo), 

TT 

[Taking £ —one obtains the matrix listed in eq. (4Se) as F w -„*. 

Both X and Y are in rhe same relation with respect to Z t but there is 
an additional condition relating if, J\ Z. given in eq. (55f}.J 




u 


i* 


P 

o 




o - | ih 

»* o 

Z«m4 [«* e fl- (40b)]. 


(4Gej 


From eq t (4tid v ) we now obtain the Z*,m* matrix elements; 



|A coa 0 
hk sin 0 


kh dltl tf 
— Aft- cos 0 


They permit a solution "f the [-igenvalue equations (4flc, o' 1 ) for the 
T mW , etc. Apart from fl common factor of proporttonality 6\ the 
HolutinnR read 





£7(1 + cog 0) — C sin 0 

C sin 0 C T [1 + cos 0) . 


Tilt factor O is determined by the condition of normalization to unity, 
namely„ C = [2( l + cos &)] _i, '\ eo that finally 


T . 

1 W fl 



cna (JO) 

- sin (JO) 

ie 

1 w'lV 

v„ w 


«in jp) 

COH (JO) 


flOg) 


in agreement with the former eq. (41c); the result is derived 
hfre in a systematic fashion. Stiff it was assumed without proof 
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that the matrices of Z and Z* are those given in cq r (4tifo): only in 
§55 tdiall wy learn in derive these quantized eigen valium i A' Z and Z*. 


40.2. Another pnasi lility fur the eigenvalues of Z, besides |7q i itv 
i it. valuta h o. h feuding to three-row and three-column matriues 
for 7* and Z* in plane of eq, (40b), to throe times throe equations of the 
farm of eq, <40c), and then to throe vanishing lietenninants in place 
id eqa. | 4«ki. d 1 ), the lirnt determinant being 


laSv-*) 


K-„. 

7* 

■ W - »l' 


K«r 


7* 

i Vit- 


z;.^ =o. 

iK-«- - *> 

in the second and third determinant h is replaced by D and — A, 
respectively, LWides the matrix 




h 

0 

0 

0 

0 

0 

0 

0 

-ft 


(4«bj 


one now arrives at the following matrices for A' and T [for the 1-matrix 
refer to the rtonarks preceding eq. 




0 l 

0 

1 

a 

i 

ti 

l 0 

1 

1 = - - 

— i 


i 

0 1 

0 

M itp m | - ^ 1 > - 

|i 

o - 

- V 

Cl 


A* ■ = -^r 

1 v'2 

The matrix of Z* = Z e06 G f A sin (t thus reads 



OOfl 8 

2 1,1 sin 0 

0 

Z* = h 

rw m* 

2" ''* tun 0 

0 

2 " 11 sin 0 


0 

2 ' * sin 0 

— cos 0 




With these values one now pan solve the .1 x 3 linear homogeneous 
equations for the Y m N -. They yield the following scheme : 


l -|- cos fi 

-j* sin 0 

V 2 

l + Cos 0 

2 

2 

* 

—* i . „ 

— - Sill w 

V’2 

cos 8 

—- sin 0 
v2 

— 1 4- cos & 

—= sin 6 

V'2 

E + cos 0 

2 

2 


(4Ukj 


The signs of the various elentenis are chosen so that the sum of the 
absolute squuTE*H of every row and every column is unify, and the sums 
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of the products of L-he elements of one row (column) with the eora- 
I'Jex conjugates of another are zero. The mixed matrix of the T mV ifl 
not a Hermit! an matrix; differs from Hennitirity 

requires only that ^ 


§47, Pure and Mixed States 

47.1. The dif fore nee between a pure state tn ' and the mixture of its 
components n\ n* r - - ■ may be explained by an optical example. 
The photons ill a my of m' pdurEzation arf? ^aid to be in llie (pure) 
state th \ when tlie eurresj nmding wave is well defined as to amplitude 
and phase. The m'-ray may be decomposed into two rays of n*- and 
a 'polarization. If tlie two compments a" and ft* ate not subjected 
to independent random phase shifts, i.c., if they stay coherent, then 
their recombination is a ray of the original ^/-polarization again, in 
which all photons are in the pure state n*\ On the other hand, 
when the components n and n" undergo random phase shifts (this 
is the ease whenever they are observed separately since an obser¬ 
vation in wives uncantroUabit phase shifted then their recombination 
represents a mixture of the states tt' and >/, differing from the original 
state m\ 

A recombination of two incoherent component* is onlx partially 
jioluTisod, he., it \& passed with intensity fraction iJ fi „ J fim , through 
an m analyzer, and with intensity fraction through an tn w - 

anaiywer. In the ease of two coherent components n' and n ,T the 
superposition is a j«>Jai Last'll ray tu ' which in passed through an analyzer 
tn 1 and stopped by mi analyzer m *, as obtained by replacing the 
</ (l ,v by T.„ H . avnl eo forth, and taking the absolute squares of the 
Bums, which are unity mod zero, respectively, according to the super - 
position rule (fS). C-oresponding considerations apply, id course, to 
polarized Stom-<ierkwsh rays, and to stolen m' and its components 
n\ n' - * in general, 


47.2. The difference between the pure statu w' and the mixture of 
its component tt\ tt". ■ - ■ influences the mean whir of an ohsemihlt- 
K whose eigenvalue* are A". A". ■ ■ ► En tlie states fc', k*. ■ ■ % In 
the pure state m‘ we obtnin 


jrt* j = *r _ v U‘ 

“liiL-au jon'Mi" “ “ • jtjir" 

which may hr rewritten lis 

= S t [S,V R .„YJ*ir*>. 


A’'"’ 1 

iqriui 


(47n) 
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Tlif moan value of K in the mixture* the components n of m\ id 

JCffit = s. j.: if,, = E.J... (S» J„ A*‘*>}, 
for which we ma x also write 

A'Kt = s, {S. <«b) 

differing from eq. (47a) hy the luck of hderfcrenae terms. All these 
results are valid, in general, when the “state of pdarizatmiT' w\ etc,, 
\h replaced by sink w\ etc,. In general, and the ray is mi assemblage 
or '"gas’* of like pftrticlcfl, in general, A wjuiratr observation of Ikt 
components n\ n\ - - * of tn Iran sfart ft# the. par* Matt m' into an in- 
coherent mixfttn- of it-" cavrpom •its. 

§48. The Product Rule 

4S.1. How does quantum mechanics calculate the transition v id net 
<sf a quantity defined os a function of other quantities A or B, etc., 
when the matrix elements of A and B are knownt We proceed 
systematical! y, Suppose 8 is dclmed ns the sum A -|- II. Experience 
confirms the trivia! '‘sum rule" 1 

M -+- B) k r =■ A#? Hr B ki . H K *) 

anrl iS r — (d -V B) — {B H - H). aa a symbolic relation which may Ijc 
labeled with any pair of indices kT. 

Not ?<. t rivial is the problem of tin ding the matrix elements of the 
product P = Afi in terms »jf those of A and B . The simplest guess 
would be P kV - -l H , B kr However, this is not verified by quantum 
experience. 1(1 particular, when A = H = T we have the m permit ion 
rule 

•IV,- = (W) lt = SWXV («*>i 

The only reaeounbki generalwntien is the lijllowing genera) ritlr: 

(p) P„ s M flW = 2 . A„, ( 4 *e) 

"The product- rule (PJ is a basic! theorem of quantum mechanics. 
Repeated application of (P) leads to 

{A BO)„ = fl.. t>, HK<I) 

and so forth, The former rule® bS). fl’} are sjo-uitil applications of ft J ) 
For those interested only in the formal side of quantum mechanics 
we could have omitted all former work in favor of the simple state incut 
that products of observables arc to be labeled according to the piwrjp- 
tfon IP) and that M p — I. We doubt, however, whether this forma! 
approach would satisfy those to whom theoretical physics b more than 
an Opportunity for mathematical exercise. 
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48.2. When rule ll’l is applied to the avinboik' product HA the 
result is 

(MW = Pta) 

Comparison with eq. (I Sc) shews that (,4$l|.e, in general. differs from 
t HA This difference is referred to when we write before Libeling 

AB -± BA or AH - BA & 0. (4£f) 


In general: Tkf foriars of u product of ohsermt)!™ tteforc lah*Ln<j do 
not catjtmiilf- An exception is the observable T -I which commute® 
with every > -.tlu^r obHcryable, Other eases of cum mutability will be 
discussed in §50. Factor* L 3 ‘ or I may be attached and inserted at 
wilt, Fur instance, the eigenvalue aquation for A is obtained by 
attaching 4" to the symbolic equation .1 = .-I in the form M\4 — .4'T, 
then labeling according to the product rule. 

Quantities before labeling art' known as q-nnmhtrs ; their order niunt 
not be commuted in Symbolic products, Matrix elements ftrasiMtion 
values) are oifdmajry numbers subject to the rules of ordinary algebra : 


A tr B 

Kxcept for their 
algebra: 


,v - B mV A tr . but M«,, * {BA) 
nonoommutability, <j numbers obey the laws of 


A + B = BA A, [AB)€ = ABC = A(BC} 

A{H 4- c\ = AB + Af 1 hut AH =£ BA. 


These symbolic equations mean that the matrix vlewnts of the right 
and left-band sides ate equal for any choree of indices. Indeed* 
when L,. y = R kr then L„ l tl - by virtue of the transformation 

formula (T) of eq. (44 h), It often is convenient to carry mil reticula 
tioxiB with iinlaljclcd y-n urn burs and ro inlwl only ut the end with the 
precaution that product factors must not be cornniuk'd before labeling. 
For instance, from the equality of two observables, L — R. it follows 
by multiplication, from the left that AL = .4 R, arid by multiplication 
from the right that LA HA It would be wrung, however, to 
conclude from L — //that ,4/* HA. 


48 . 3 , Those familiar with matrix algebra, will notice that the product 
rule il J ] of cq. (4) {h identical with the .rule of matrix multipijcation: 





Ki 

Bmt 

, , . 



fyr ■ ' ■ 

Afn' 

- . * 

X 

B nl - 

K-r 

* ■ * -R 

--- 

Ot 

Btrt r T T T 


where etc; 
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When .-I i- diagonal in the fltatofc m\ m*, - * ■ ami H is diagonal in 
n u\ - * ■ then a funotion A 1 — F(A , ft) is ant iioeahsarily diagonal 
iit in', ui* p - - ■ or in n\iF, - ■ % 

Whtm an ohaervahte F is defined in* n Function A 1 = JF(j4) of only 
on? ubaervntilo A . thou F is diagonal in the same status tn\ m\ j ■ ■ 
ivi _4 f and the eigenvalues of F are simply A" = 


$49- The Angular Momentum 


49-1, With lhe hel]i of tlit- product, rule, we now unit’u late the eigen- 
values of iJai* angular momentum A uf ft, fiysteia, KUppatdug that the 
eigenvalues of the comprimaitH X YZ are known. It ia more convenient 
fits I to ask for the eigenvalues- of .-1". they are the squares of those 
of A, accord in if to the last statement in g4&. The observable A 2 is 
defined as X* + T- — 7A Lei us. consider find tfie case of a magnetic 
doublet where Z baa only itco eigenvalues, 4; 4A lor the twu states 
m r and mi ' . The matrices of Z. X Y then are those of ihj. (46e). 
r I']ie product rule yields 


= i * 1 


t 

0 1 

II* 

1 1 


= = i r«), 




>irul Iky idrljl ii-jii 


u\ 


J-A" 


s 

0 

II u 

1 \. 


(49b) 


Thus, A 2 hay the one eigenvalue 4 ■ -= ^A 2 . and I ha* eigenvalue 


h Vfin’ which we may write .4 \t\ \ h 

In 1 he example of §-ltL2 Zi h;LH thro-:, eigenvalues, h. U. — h\ the 
matrices of A, ) Z were given in eqs. (4(5h, i). Those of Z 2 r X J , ) * 


ae cm j tiling to the product rule therefore 

are 






l u o 




i 

0 

-k 


a u o 

im 

m 1 Hi" 

n* 

0 

1 

0 


Q ii 1 

+ 

i 

0 

i | 


0 

1 


f >'*W = * a 

0 

I 

« 




mid by addition 


1 

0 

i! 

9 




2 

IJ 

0 





m mm - - * 2 

« 

2 

u 






1 0 

0 

2 





A 1 is diagonal in the states m\ m\ m" with One common eigen value 
2A 2 : lienee, .1 ■ A\ I "2, The general forrauU ,4 =h\'i{l T l), 

where l — lirtJmu* is derived in |AB-< 
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§50. Commutabifity and Compatibility 

50*1* Suppose tht? oljMjrviible if in diagonal ihns its eigcirva lues) in the 
set- of states n\ n \ ■ ■ ■ And the.t the observable 0 is diagonal in the 
same set. if and C then are said to be compatible observables. We 
can pmvfi that B and C commute r i.e., the product /ft' has the same 
matrix elements us CB. Indeed, using the product rule, we have 


(SO U- - Z n B^C u ,._ (| 


HV' 


for n ~ n" 
for n f =£ iN. 


(I5Uh) 


The same right-Imnd side is obtained for t< *B) H the matrix elements 
of BV and f.'if thus are the some in the set n n* t * * ft fact: they art 
the. mme in ttll nets, no matter which labeling indices wc choose, in 
consequence of the transformation rule, Whtm fra <Merrnhh-Ji are 
cantjiatibU, t.e.„ diagonal in the same set of states, they commtUt, 

This statement mav be reversed. Suppose we know that B is 
diagonal in the set u , n”, * * ■ and that V earntnlittf with B, m that 
( BC — OB} — 0. Labeling this equation, wa obtain 

U = (BV - CB W - K (K» ■ ~ - E„ r ) 

Hence, t n .ir must mrtteh for it' ~ B\ i.e,, for ft' ~ n* t and dan 
differ from iero only for w' - if # ; thus there il set of stated t» . 
n*\ ■ - + in which both it and V iii'es diagonal, which means that. H and 
0 are compatible. 

Result: When two (or more} otamWifea ewnwttf* they tii&c are 
compatible. Altogether emu rnnt ability arid ootnpatibiHty are identical 
concepts. 


50.3. When A commutes with B. then A also nimraules with any 
function of B which aan be represented oa a power scries of IS. Indeed, 
from AB -- BA it follows, when A \s shifter] step by step l" tile 
right, that 


AB* = ABBBB * ■ = BA BBB * * *, ate. = B\4. 

Most functions F(li) occurring in physical problems esm be represented 
ae power series of B. For instance 


1 


1 

~o 


f.( l + (‘“3 + ( l_ rJ + ' 



r 
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wliich is u power jwri«* for r. Tims, when A coin mutes with r, it also 
commttU'a with \jf- We do not go into mutheination I ormui deration a 
of convergence, 

A function F — F{ , I, tf, ■ ■ >) of twuor more commuting (compatible) 
observables .-l, /J, * - - hue eigenvrLhif’rt F\ F\ * ■ ■ in tha same set 
tt\ n’, * - ■ as A, B. • * * namely 

F r - F{J\ lf\ - - ■), F' = F{A*. H% * - ♦ ), etc. (fiflfe) 


§51- Degeneracy: Observables as Operators 


51 .L Suppose an observable E lias the same eigenvalue E„ it) different 
states ap*-, ■ * ' n t . no that K is diagonal in all these stated, with a 
conwum value E n of the diagonal elements and with vanishing hum- 
diagonal element^ 




= a* 


for j-- = V " | 

for p* v,| 


(Ma) 


We then way that A r „ ban a r/nW .%• irerary. As Aeon in §311, there are 
other get* of mutually orthogonal flteites, n*u* - ■ ■ of. ns. well an 
n**n£* - ■ - vi** 1 etc. r in which ft is diagonal with value ASuppose 
there ia another observable Z which ftlao is diagonal in the fltalCh 
if 1 , j s l n r , although with riiffrmnt eigenvaluest 


^ ^ for F = *"} 

= ii for r ir + i 


{51b) 


J5 may not l>e diagonal in the net w* and a**, etc. In view of the 
font that there is at least one set of slates ti r in which E and Z are 
diagonal at llie name time. E find Z arc amptilibjr commuting) 
observables. 


Uoiis icier another observable Z* compatible (= commuting) with E i 
having different eigenvalues in the fltiM.ns a*, a*, ■ ■ ■ where E = £ It , 
so that both E and Z~ an> diagonal in these states. We then have a 
situation in wliich E commute un'fb Z. ami E commute* with Z *, bit! 
Z ifoc-f hot com traits j/t' f h Z*. 


51.2. Instead of writing one sometimes utility the brackets and 

simply writes AB tT . This is pronounced: A Optra tiny on- B ti . IE, 
means exactly the same as the former u-J/f) tr , Thu a, we define: 

A o]jo rating on II yi — A B rr = ( AB ) rr = A t H B„ r . 
'Similarly, {ABC) tT may be written AM\ r , pronounced; .4 operating 
on the result of B having operated on < ^, or 

AiiC tr = A{W)„ = X^t^lKK, 
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In words: tile result of A operating on R operating on C ir is identical 
with the matrix element (ABC) tr . Siaiet? • differs from {BA^j . 

we see that .4 cqmraling on B kT in general yields a. result different from 
ti operating on A ir , in short A H HA A symbolic equation 
fcjetween observables; suoh as \' s — m 2R \ C* r is identical with the 
symbolic equation _4 2 T 2 Ii*¥ -f l i‘ being u factor which maybe- 
inserted anywhere before labeling, 

§52, Nod observable Quantities 

52.1. The iiWrvnbles A. fl, 6\ etc., were supposed to have real eigen- 
values arid, in general, Hennilinn matrix element*!: 

= 4g.tr Btt = ~ ^tk\ ®to, (rt2a) 

However, their product AH is not lioeassarily an observable; indeed 

(AB) kt = E w i4*, a., = $ r H~A^k- (BAT t l 

which equals (JJJJjj only when A and R commute, Similarly, 

(BA)„ = (ABU* W 

Thus (A H) and (BA) are observable** (have mil eigenvalues) only when 
.4 and B commute. When oq. (fl2ti) in subtracted from eq. (52b) we 
obtain 

(A a- HA) ki = - (AB- BA) ik . 

If the short symbol ti is introduced for the product difference (A ft — 
BA )., the 1 tint equation reads f) kS — — & ri1 or after both sides arc 
divided by the constant i = { — f'): 



which proves that - is a (real Hermitian) observable, if. We thus 

arrive at the impnlant result: When I and R are observables, then 
neither AB nor BA are observables, unless A and B commute How¬ 
ever, tiie product difference 0 - AB - BA is * times a real observable ; 

AB - BA = iH. (o-2d) 

The magnitude of the real observable if on the right-hand side of 
eq. (52d) may be considered as a quanti Native indicator of the incom¬ 
patibility of A and B. On t he other hand, the symmetrized quantity 
AB + HA is Hermitian, as proved b\ adding eqa. { 52b) and (iT2e), 
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52.2. Let. u* now consider the sum r t = A -j- Hi. Bv writing i for — i 
and — i for + i s we obtain 

fJw ~ ^*r “ 1 “ 1 — * ^h r t' 

that is. 

ntr = ttni1 &bo flJrr = WW- (&2&1 

jj does not have Hermit ion matrices; yj \a not an observable. 

When we apply erp (S 2 e) to the product of two quantities tj — A -p Hi 
and £ — (" [ Ar Hi we obtain 

( -'hi T imk r - 1 ^mJ F = 

which proves the important formula 

m*r - (ftfcp W 

Ii] words : the complex conjugate of the product (ij ia identical with, 
or has the -shine matrix elements as. the product of the complex con 
j ligates of r} and f in reversed order. In the same manner, one may 
prove For any number of product factors : 

3J - ifit = SjL via- 

Summary of §§42- 52 

*4 is tin obaarvabb when it hm real eigenvalues in mutually ortho¬ 
gonal — mutually exclusive states vt\ m w , - - - T denoted bj' A ' = . I #| . ff| ., 
whereas A m < m * is defined as zwft fnr m 7 = m* \ the matrix of A w ith 
respect to its eigenstates »i b dbgonah When fi is diagonal in states 
n\ a # n - - ■ its transition values between the states m am defined oh 

When the are knowu t the eigenvalues JP £f* v and the prob¬ 
ability amplitudes T ra H B are found from 

(E) ^ = T„ v jff 1 = eigenvalue problem, 
representing a set of linear homogeneous equations whose determinant 
must vanish, Vice versa, e-cp (K) may be used For determining the 

and the l lwhen the eigenvalues II are known. The general 
transformation Formula fnr trarmitinn valuer is 

&*) = 

Real eigen values lead try Harm it,fan tranajtinn values, The general 
rule for labeling products of observables in 

(P) (** E* A% n 1$^ 

(F) tABc hr ^y:^A ¥m Ji^. 
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and &o forth. The matrix elements of AB are different from those 
of BA unless A and li are compatible. Tim occurrence of mutual ]y 
inoampatiblo (no noon minting) observables is l he distinguishing mark 
of quantum mechanics as against olfutsical mechanics. 

The matrix element l.. I /i) , j may also bo writ ten AB^.. pronounced : 
.■1 operating on £ tr with the result L p A k n , Observables thereby 
play the part of operator-:. 4' acts like a factor I. The product- rule is 
identical w ith the multiplication rule of matrix algebra. 

When two observables, ,4 and B, are multiplied, the product AB 
is not necessarily an observable. However, the product difference 
(AB— BA) is * times an observable. It. Complex combinations 
■f A \ iB and ij = C 4- iLt. etc,, satisfy the ndoH = ijf and 
fijC = 'iffj'sF, etc,, before labeling. 

A close analogy prevails between orthogonal (exclusive) states m\ 
m", ■ - * and orthogonal aur&jr m\ w ", at"'; the probability amplitude* 
Tb.vj correspond to the directional cosines. eon (a/, n ), An observable 
,4 corresponds to the stress p. Llie transition values 4 h . JL . correspond 
to the- stn*.«K cotnpammls and the eigenvalues of A correspond to 
the principal stresses hi three orthogonal directions. 


i 53. The Commutation Rule 

53 + L Position and mo men turn are incompatible observables insofar 
an there is no state of a particle in wiliuh both x and p. have definite 
'..dues -with certainty at l fie name time, Qualitatively this situation 
is described by the uncertainty relation, hx6p x it. and by the non- 
rouitnuiability of x and p a . Moreover, since the product difference 
~ P**‘ ' K the dimension of Planck a h arid ia i times a real 
observable (§52), nnc hiiEqxKrt'U that the real observable might be 
frl multiplied by n numerical factor. This conjecture is confirmed 
by experience with the Hpecitication that- the factor is 1/2 ttj the 
product difference ia 

xpt — p^£ = ih I. (53a) 

This commit timt nth. or ezchawjr. rrhUim, first introduced by Heisen¬ 
berg. Bom, and Jordon in 19315, is supported by the whole body of 
quantum experience, 

Kq. (53*) is- a symbolic relation which acquires a direct physical 
meaning when it is ialwicd with any pair of indices w', il\ referring 
to any two states whatsoever: 

(53b) 


{.r/j, - p^) mV = ^I mV 
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refer to the statement oiler eq. (4Ng), In particular, when m* and m' 
refer to mutually orthogonal states one obtains 

[xp M - &p) m mr = & *W- (**®J 

iiiil-iiL' relations hold for tho tf and z oomponents. On the other 
hand, there is no restriction to the simultaneous exact observation 
uf / ami p t . or of <J and p*. etc. These observables are compatible 
and commute i 

= 0, etc, {Slid) 

Nor ia there a retdjrtotion to the simtiltaneoua exact observation of the 
j:- co-ordinate of one particle and the /^-momentum of another. The 
3jY co ordinates of a system may lie denoted hy <j K . ami the 3„Y 
momentum components by p £ . They satisfy the following exchange 
relations. before labeling' 

? v - f'V - tAl for K - J< and = 0 for K =£ J; (53e) 

q K qf — = U, p R p* — p^p* 0* {53f} 

Labeling of eq. |' : aV) nccuriling to the product rule y ink Is 

-j (Yw; A - P& &*J< ($ 3 S) 

with -s ti.mnrnt t.ioii over a complete net uf art-lingo cud states /. 

53.3. The commutation rule was assumed first for rectangular co- 
■ si 1 1 nates and momenta. One might expect that the -m me rules ulo" 1 1- i 
then apply also tit other pairs uf conjugate variable* y and P obtained 
by virtue of a canonical trun-sforum lion with reference to a certain 
Hamilton energy function. Quantum mechanic^ reverses the issue 
and dejinejs uk canonical co-ordinates and momenta any pair of variables 
which satisfy, or ore supp^^ed to satisfy, the exchange rule, qp — pq 
HI, without reference to any specific -anonice3 equations uf motiun 
depending on a ceitain Hamiltonian function, 

A short symbol for the product difference AB — BA is 

[A.Bl= [AB^ BA)- (3$h) 

hence [A. B\ — - {B t A J. In particular, the exchange rule may be 

written In the simple farm 

[q.pl^lih. (53i) 

V\ lieu A and B commute* i.e,. when they are compatible, their quantum 
bracket, in other words their product difference divided by ift, 
vanishes. 
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53.S. Bseampk. Suppose the Hamiltonian // i^l-p 4- U(q) has iid 
eigenvalues E\ fJ*, * ► ■ in states it'. a", * - Using the notation 
h-m^- = E' — tr, the Important formula 

jw**te"*rw ( 53 i) 

Is pjoyptl H'i follows: Since \/U — Vq = 0, wo obtain 

q * tpH — IpH * q = tf/J 3 ~ p*q (M -+- iS) p — pV 

pqp + »^p — pp? = H- ihp = ‘2&P . 

hence „ 

IA 

- /j — (/// — Hq, (03k) 

jU 

nnil after la lading with indioea »' referring to the states in which H 
is diagonal; 

t? = fv^U— (tf'jW 

P " = <2»V H kV — H *V Sa n* = — 

which, jrtmvus eq, f5Uj i. 


$&4. The Harmonic Oscillator. Matrix Method 


54. 1. The chinas ad liarmuiiu oscillator lias energy 

5~ (/>* + = &+ f^ft) 

-il 

nJq = 2m- t is tile ehmaieal align|;ii- frequency^ and />, q are written for 
momentum and displnnomont in a linear direction. Quantum mech¬ 
anics rcpiisiders p f q, and E »# observables subject to noncoinmutative 
algebra. Eq. (S+&J may ljo written in two equivalent ways; 


(&+h) 


(p + *>«¥?)(p — *M<u0) - — fit]) = 2pE,\ 

(p - ifMtfftp i '>««) + — /^) - 2pi T J 

a* may In- verified by multi plication without commute, ion of factors 
p find q. When one introduces the abbreviations 

P + = £> p — ipityi = tf< (Mo) 

and applies the quantum condition qp - pr/ = ih\, the eqs. (54b) read 

Ztf—'lpPl 

tj£ — 2pE + 

Multiplication by 17 from the left and from the right, respectively, 
yields 


pud) 


TjSTj — "IftjjE — pvtjiql, 
>iStj = h ptijjfbp 
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The factors I may lip omitted Subtraction of the last two equations 
gives 

l) — (t^ — Ey) — (54e) 

Left rvnd right multiplication of eq. (Md) by £ yields, rimilarlyp 

u = t^~ m+ufii (*±0 

Boiil fCjtii’it ioti^ bPtwwn (/-numbers may mtw be labeled with indices 
n\ >r r . ■ * ♦. i^fttrrmg to 1 be eigenvaliicrt (if the energy. In particular, 
when eq. (r»4 1 «^ in labeled first with indices nV,. then with n’n 1 ', ami 
then with r t%\ civ,, urn arrives at. the following set of equations; 

U = n*'*fi* - = W(“ j V ( ) 

o = *uA%* - w - 

0 = ^{E r - E'-utflvtc. 

The first equation -.Iioyvh that nil ciiiijuoiitd elements It must vanish, 
From the second equation we I earn that can Ik- different from 
zero only when — K f *>\Ji. i he third aquation shews that in this 
nine r;, rrj — o since one cannot have at the same time JT E* — — tu^A. 
A [Tart from the trivial solution that, all matrix elements of i/ vanish 
identical ]v a complete solution of eq. (e-(g) is obtained in the following 
way. We arrange lJic eigcnvaltieu of according to their size m 

E t , E t + wjt, E t 4- 2*^. ■ - * (54h) 

According to oq. (fi4g) t all i; M ., r vanish except Tj ia , ffa, ■ - \ that is 

ij^v ^ 0 for it' *a «.* + L (&4i) 

In ei similar way one obtains 

€ -v ^ 0 for w* = ft' — I. (G4j) 

To find tho value of the wuiUmI eigenvalue /i |3 we label eq. (54d) with 
indices 11; 

K fip %i = 

The left-hand side is zero because of eqs. (541, j), so that tho right-hand 
side equated to zero viekU 

E t — hiojt (= - smallest eigenvalue. (54k) 

The eigenvalues of E thus it re 

E a = {n J)|a* = (a 4)^ e , with n = l, 2, 3 r ■ ■ - (541) 

54.2. We now calculate the magnitudes nf the non vanishing matrix 
elements of £ and tj. The observable rj was defined na the complex 
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conj ligate of t in eq. (54c), From £ = ij it folly we, according to 
§52, that _ _ 

far*' — l?*'*' — thus fn 4 t, n = ? ?n,a+ 1 > 

hence, 

'’Jn lft +1^4! l #= l*bt,l. ■ ||‘ =i ^ U»\ 9 ’ t Wm ) 

When one labels oq. (54d) wit li like indices ve w. and applies ' he product 
rule, (hen only the product (54m) remain a on the left, whereas on the 
right wo find 2/4 A ’ 4 +■ = S/imu^ hence 

= (*w 

from which it followH that the- lumvsnishing matrix elements of £ and 
37 are 

f* +1, * = (2^iw%S) Vl A rjm, * +1 = (^na%l)" r * t~ ,v , (<Mo? 

with an arbitrary phase y which may be equated Lu aero. By labeling 
eq, (54c) one now obtains 

Pn + 1,4 + *P< l Wn + i, n = £. + i F « = 

Pn, 4 + i — *>«*&, 4 +1 — +1 * (Unv.fjtf' 

Pn, % ■+ t + * + 1 “ »Jt, 4 + 1 = 0 

Pfl F 4 + 1- + 1*4 =" + lift ^ 

The last four equations yield the nonv&niehing matrix elemental of 
p and tf ; _ 

Pn + i, ■ = (§»&*«*%) V * = Pm,* t ir 
?M 4 1 = (M/,u ™ 0 )'■■(- ij = <h, n + 1 - 

The real observables p and q have Hentuliim matrix elements; £ and 
tj are not Hermitian. n In counted one unit higher than in eq. ( 00 b), 

§55. The Angular Momentum 

55.1. In 14U we derived the quantized eigenvalues of the uziguhir 
motniintum A, namely, A = h V ' - 2 and A = #V 1-2. These reaulta 
were based on the yet unproved assumption that the eigen valued of 
Z are I, l — I. f j - t — (/— 1), — 1, respectively. We now are able, 
wit Si the help of t]ic exchange relation, to derive not Only the eigen¬ 
values of Z but mL-.. 1 the general formula for the eigenvalues of A. 
For lbis purpose we first, express the angular momentum in rectangular 
co-ordinates and momenta. The three components of .4 are 

X = yp, — sjv Y = zp s — xp„ Z = xp y - yp,. (55a) 
We also have 

A* = Jl* + 7 2 + 7A and Xx + Yy + Zz = 0 , (55b) 
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If the particle moves in a force field of central symmetry with potential 
energy 1 ijt- angular momentum components X, Y> Z as well As 

the resulting A art 1 Goiistniita of t he motion, and su in the total energy 

E - (fi f f r» + !>;) ■ V{r) = const. 

When, one applies noncommutntive algebra and uses the exchange 
r»>lAtionn upg — p^r — ik I. etc,, then Xr* — r*X — 0, that- is, X aum- 
innto with r 1 and hence with the flirtation f/( r h One also confirniH 
thru A'p tt — = 0, that in, A' commutes with jj a and with U{r), 
and hence with E, E i- compatible with A". Similarly. E ic§ cuinpAL-ibte 
with K and Z, Therefore, E fa also compatible (commutes} with A. 
Altogether we have 

[X, U{r)\ = G, [X, i ?] « 0, (fto) 

[X r E\ ~ 0, (fSJSd) 

The Mime relations hold for Y and Z . Furthermore it m seen that 
[X, A*] = 0 ; hence, [X. A] = 0, (6 fie} 

and the same for Y and Z. Eq. (o5a) also leads to the identities 

[i\ z] - mx. \z. X} = ar, ix, fj - m. (hf> 

Although X commutes with -4, and 1" commutes with A, X does not 
commute with !\ nor does X commute with Z. etc. Instead, when 
X = X with certainty, then Z has eigenvalues Z\ Z’ t - ♦ with 
probability amplitudes T,.-, etc,, leas than unity. On the 

other hand, this three fikstTvabirv E. A. Z commute with one another,, 
Tliat is, there are (static in which all three have definite eigen valued 
E\ A\ 7/ aim nil ji tieonsly. Tlnae states may be indicated by three 
numbers n, l\ at', 

55.2. To determine the eigenvalues of 

Z = xp t — UPm (&5g) 

we introduce the complex observables: 

£ « x + ip and tj = x “ ip, (fifth) 

When noncomaiutetive multiplication fa applied, we find Z£ — £Z 

— yLrpj. - juv) — ix(yp v —p v tf), and because of the exchange rule. 

— yih — \xih — (ar 4“ Ii„V)/f = fft, or 

Zi - £Z- h£^i}, 


and similarly 


Ztj — qZ 4- ?n j = 0. 
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These two oquatioim arc of Die sarnie* form as eqy. (54#, f). except that 
the former >> is replaced by unity, and E by 7*, Corrosptu iding rn 
(54b) we thus learn that Iht eifjmmlucs of 7* mu-nt he sauteed at 
inti'rmfji % tio that, beginning with the smallest Z. the eigtmvalneB are 

#mtn- ^PiiLn + h. Z m iu + 3A. ^bu> 
or, in general, Z — vth, where m represents u set of numbers ap&cerl 
at intervals unity, not necessarily integers 

55.3. We now turn to (lie trigemnlutis of 

A' £ = (X - iY)(X + i¥) - i(XY - YX) + 7? 

- {X - iY){X + iT) + hZ + Z\ 

When the abbreviations 

a X + iV and jff = -V - *) r 
are introduced, one obtains 

= £« + Z(h+ Z), (55j) 

and simiJarl} 1 

J 3 « xp-Z(h - Z% (5Bk) 

The complex observable * is obtained from ri[. (65f): 

tfla - iMX + iY) = [F, Z\ + i[Z t X] - i\Z , X 4- if] = i{Z t >.]. 

« ” i (J5fc — «dS), (651) 

A 

from which follows, when « k labeled wit h 

■Wlft-tf'-Z' )J = », 

and therefore, similar to eqs. [Mi, j); 

OL^r^. 0 only for m' = m* -j- 1, (5i3m) 

^ 0 only For m' = m * — 1. (ooil] 

Wo now label tup (55k) with indices II referring rn tire largest Z-value, 
3 L„ = Z. = lh. and obtain 

(d% = 4- ( A + 

However, all product factors under the sum sign vanish because of 
eqs, (55m, n), so that the lust equation reduces to 

(*|% = JM(1 + l) and A « hVl{l -f 1). (55o) 

In the same way, when etp [55k) is: labeled with indioea .?■> referring 
to the smallest Z value, Z^\ n = Z, — .-r/r. we arrive at 
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Supposing that an.fl Z mih belong to the same eigenvalue of A, 
namely ,-i,, — A„ r we find l = — if, m that eq. (55i) reads 

% — >nh, With m — l, l — I, * - * ('— /). (55p) 

The i ] quantum numbers m and the maximum i can thus either 
lie integers nr half-integers* The eisen value |mj blent of die unguhir 
mniTlftltum and of its i-OOmponcrit ili s? solved here b\ simple algebraic 
methods, 


t 56* Correspondence with Classical Mechanics 


56.1. Co-on [mate* q l tuui momenta // art 1 recngiiL/Lil ar* "eatiunieal l> 
in classical mechanics when the equations of motion have the font] 

t£y* _ BH (Ip* BH 

di ?p*' di ^ 


(56a) 


When rievi functions Q*{q, p) and P l iq, p) arc introduced and H s& trans¬ 
formed Into a function of the Q and P then Q and P are recognized 
as new canonical co-ordinates find momenta when, as a consequence 
of eq, (5$nJ. the equations 


dP-_ _ _ ?H 

~lt " W' rfT “ W 


are valid. The transformation from the q, p t-o Q t P is knmvn an 
ritnonmiL In ciar auaJ mechanics it is shown tiial it tratislumialiun 
a ill certainly be canonical if prod need by a ftinet-inn P) no that 

p* = 38pf t Q l = ZSfiPK (ftflb) 

Let A[fp fi } a nd B\q, p) Lie two function* of t he r/ and p. which when 
tvo.TuiCorm.ed into functions of the i/ and P arc denoted ay A [Q, P) and 
B{Q t P). Classical mechanics shows that the sum 


“*■ W .>* ,v ■>*/ £ 

is identical with* or transforms into, the sum 


(Dfje) 



BA BB BB BA \ 

3Q k BP* BQ* BF k ) { ' 1 


when the transformation from q, p rm Q, P is canonical. 

Since the two expressions* have the same value they are denoted 
by tlie same symbol 1*4. Pi which no longer refers to any particular 
choice n£' canonical variables anti is known as the Paimwi brack/:l of 
*4 and IL Notice that {*4. /i] — — {/f, d). 

SUfqms< now that the function .1 of the q and p ia the co ordinal*’ 
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<1*, and the function IS is thy momentum: p J . Thu Poisson brocket 
{#* h j? 1 } then has valtK 0 for k l, and I for ir — l Altogether, 
a (.'cording to the definition (50o), 


{S*Vp*}=L fr*. tf r ) = <Vl 

{y\ P'\ = 0 for k =£ f r {/A/j'J-U-J 


(SBd) 


ICtw SrOijo holds for the cjominpondhig Poisson brackets nf the and P, 


5*0.3. I'he classical equations (5tfdJ hiive a remarkable similarity to 
the commutation rules of quantum mechanics, in particular when 
those rules curt* written in the bracket- notation of eq. (fifth): 


[q*> />*] - lih. I r* f] = 0 \ 

[%** p l \ — <» for k y t, (>*, jP] = O.j 




The Poisson bracket corresponds to the "quantum bracket": 


( t 


s c 1 


(.-.Uf) 


A Lraiiafurmabiuij from cimcmic&J observables y p to new canonical 
Q. P in quantum mechanics may lie earned out in the following way: 
Let jS be any observable defined us a function of the observables 
and yA. l£t *S _1 lie its reciprocal .so that AW 1 S~ l S l T 
= “unity.' 11 iVV 1 then define new' co-ordinates and momenta 

Q* - and P k - 8p l S~\ {50g) 

They are canonically amjmftitr since they satisfy t.fic escliange relations, 
which Is proved us follows: 

Q'P*— P*$* = SqhS-'SpKS-i - Sp'S-'S^S- 1 

= S(flV - p l q')S-i = = tit I. 

I‘sing a variety of different functions S and their reciprocals *V -1 , it 
ia possible lo produce any number of new canonically conjugate 
eo-ordmalos and momenta (J and P, definest by eq. (5flg) in terms of 
lhr . 1 original r/ and p. 


50.3. If wo substit ute for B the Hamilton energy function H(q t p), the 
classical Poisson brocket becomes, with the help of eq. ffifla), 


{A t Hj - 


_i_ JW- 

Lv di + dp* dt r 


dA 


which reduces to 
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In analogy with i his classical result, quantum theory introduces the 
following relation: 

dA 


[A, H] - m 


di ’ 


mu) 


or, after the temifl are labeled, 

•M.-.-AB = (l/tfff.M«- (Mi) 

Irj tin- spncin! L'n-H-' wtinn .1 is (lit observable I. cq, (S6h) reduces 1 I 

dt 

[t £f] = ih — 1 = j hi. However f is not an observable hut mi ordixmry 

at 

number. 3 

An important application of eq. (ejOl) is obtained when m". m \ - ■ ■ 
re fens to states of energy E\ E'\ ■ * u so that eq. (Sti) Tift&di? 

dA^g+fdi — —^ (ijpjfi A — ? Ag-ji r ■ ~ ^ 


Integration of this equation with respect- to t yields 

ArrM = A k ^) ■ IHE* - E’mi 
showing that A FF is periodic, with frequency 


(Wj> 

[otik) 

(oei> 


Thus any observable in a state of transition from F r to K" is periodic, 
with Boftr’d transition frrqtintid-i/i 


§57. Momentum as Differential Operator 

57-1, We now turn to the important case of observable# w/tom tiyen- 
vatu&i urt-r distributed contimumtilg. The most common example is 
the position a] co-ordinate q, Continuity may be considered as a 
limiting case of smaller and smaller diftenencefl A*; between discrete 
eigenvalues q\ q" „ ■ ■ % 

Tin" relation qp — jtq — .‘SI labeled with indices qq” gives 

£,farrJV “ Pf< Vi = j/, Vr' 

l^lnce q is diagonal in its own eigenvalues, the sum reduces to 
W — VlPff ; bence. 

(67») 

p Jiff * is zero for ^ q *; it becomes 4- a: when q w approaches q' from 
a W. PbeiU, flantibueh <i. Phy&i *■ (Laijj-ci^) 17 , 170 
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below, and — rj when f approach os q' from above The t>pj jbuhiIhj 
holds for jLy f . 

57J, Let tss find I la 1 - matrix elements of the product pH labeled iivitli 
indices q'A\ whore A and B ure any observuljlis whatsoever, The 
matrix elruit-m {pB)^ A . -- pll. v may be pronounced : p operating on 
Bfj , lia mlUfl for <f war if by virtue of eq. (57a) is 

p s iw = "WW r A *ti* M 

1^. vanishes except for r f — ff t A q ami *f — f — Aq in the limit 
of \q ~ o. so shiil the right dumd side reduces to the hoi summands 

.1) |:„ It J' i t A?, a 1 ! 


fB * a th l,m fW **• + f+ %) 1 

For rciemona of symmetry, I,.- might to nppivwh a common 

rmtxtaitf value. pome where between u and 1, when A,- approaches zero. 
Apart from I lie unknown Lmnstajit to he denoted by H question mark 
j i\, tJie bracket ftsympV'ticaJJy appro&dieH farfre tilt uegiiritr derivative 
t*f H v J . with rf.Hpoet to q . p*> that 

in 

pB< A . = - -MHi 1) X -j**'. (SJb) 

To find the vnlue of ( {} we apply eq. (.■ 7t>i to the special piuttw H — l \ 
and B = (/?F f respectively; 

yr 

W'V,-,.-2.Am[./^+Hv,} 

When the lirst of these equations is multiplied hyg 1 from the left and 
then the second equation in subtracted, one finds 

*v iVt— = m < )T fA - 

Un the other hand the cornmutaticn rule labeled with outer indices 
if A' rends (q pT ) /{ - r — I jF^V.v) “ , which reduces t o 

LVimparbton of the last two equations shows that ( f) \. Hence, 

= l™ T .,r-A, = 1 . ( S7t 0 

sa i that eq. (it7b) now reads 

(f^W = = — *& A fyj- 
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111 words th> ■nMwftihtlh Qperitli/wj on uny matrix element gives 
tfa same, result ns (— <h} times flu deriotjfim of -0 f L with respect. to the 
i-n ft ti it tt ous t ifft n) 'nIur 11 ‘. 

57.3, Eq. |u7gj is one of Liu 1 liioh(, useful mjnseLjuenct's i >{ eonibining 
11n product rule ivh.lt the exchange rule. in. the explicit form nf 
ih|. (titd) it is an id entity wliich tells u- thal the summation, nr rather 
the itiUrjmiion, over the continuity of valuer q" in the expansion nf the 
miAtni matrix uletumit 

t ptt% r A r = —VtfY BtfA' 

may be replaced by a diffcrmtuUkm of 6^. at the one place q’. 

To indicate the lommulty nf tF 11 • eigenvalues rf, one often omits 
the prime mj tj an it writer 

BjM) for B f.r < hence f li r (q) for jTi , >f . K (57e) 

s*o that eq. (57d) assumes the ibrrd 

P&M = & — »A W- tS7f> 

The name ivmitt. in often written in the abbreviated symbolic form 

(5760 

Aa a supplement to eq. (o7d) we also dificuas the operation q i+eliiLg 
oil B.- a . llial in. of qB^ , . wboHC value is 

r i^ a 4 ~ Uf'tf = 9 ' (?57hl 

si nee the obhiurvablc q is diagonal with respect to the states q\ if, ■ ■ % 
In ward* : The ohsurvahte q Ojtcmting tm r Miner# to a pmitiplication 
with factor q\ so that i/if = q * 3 V ( , 

§58. Generalizations and Applications 

58 J. When F{q) is any function of the observable q, then F(g) is 
diagonal in the eigenvalues g\ q* f - - ■, that io, 1^ = F{q'} and 
F Q y — U for q 1 -- q". We therefore obtain the following geueralfaniition 
of eq. (o7h): 

mn** = * v- (fi^) 


In order to generalize eq, |fi7d) we first eonsidrr the expression 



/, = — if* -r 
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In general, when F[p) is any function of p in which integral powers 
of p occur, then We oan write 

F(p) B rt . = F {- a S,. A . (58b) 

That is, fri find tfa\ result of F{p) operating on t&e may replace tfa 
aryummi p in F by iKdjBq. 

Finally. Let. us consider an observable F which is defined its a function 
i>f both '/ and p lint rational ami integral En />. We then obtain the 
result [B, t j. may be written as a function : 

m p)B f r - F (?', - m ™) B tA .. (58c) 

This identity is ti uoriseijLienee of the product and commutation rule. 

58.2. Three examples may be cited: 

L Suppose F = p u iog q. We then have 

P a log q = ( " & ^ H a* * - A B (log q r Ji f A h 

If, however. F is written in reversed order as Jog q ■ />*, we obtain 

log q ■ p l B tA r = log q (- tr) ^ ^Skl) 

with ]i>g q' unaffected b + v the diflbruatieiti'm. This example shows 
how iiwpoTtimt it is to uuike sure in which order and p occur in F, 
educe the two products qp and py have different matrix elements, 

IL Take for F the function qp — pq and for B the observable T. 
Etj. (58c) then reads 

(qp - pqW^p = q ih “ J iR ) WBp^}. 

Portia) differentiation reduotw ihr right hand side to so that 

we arrive at the identity [out also may write y',.(r/ r }J: 

{qp - pq)Y^ = ^>4- l 5 ** 0 ) 

for aubacripta q A' and lienee fur any aubderipta whatsoever. If the 
Hubseripts are omitted and 'T is? replaced by I, or if X Y in omitted 
altogether, we see that the last equation is the labeled result of the 
symbolic equation 

qp — pq = iE (58f) 

It hi not surprising that we have found the commutation rule a* a 
IU &1 dt of s i i bst i t ut i ng p by iAty.tj since this eubatit iifciou waa origin# I Sv 
derived from the commutation rule in §57.2. 
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///. From eq. (riTc) we learn that 

W + 

mitee only tlttac two q" w Inch Eire immediately adjacent to </ contribute 
to t h Li flunit Til'reform-, if F(q) is a regular function of r/, then 

VV% - w<n + w> - %')- 

Kurthernoro 




It one replaces the summation hy an integration fdtf and replaces 
Ly hy the symbol &{q r — tj"), known as Dime's delta funrtkm* the last 
three farmiiJas road, in t-ho limit of a continuous q: 


m-i w = i. 

pVW- »W - *W). 

.Similar relations hold fur higher derivatives. 


£50* Eigenvalue Problems 

59.L Eq. {tSfck) is an id&ilihj which kudu to a generalization of 
■Scjhf5diiLger a energy equation. First, we apply the identity (Site), 
to the sjpeoi&l euae /? = I =■ T. and A — F\ 

Ftf PWtr = F (V* — ih 

Next wp label FT = TF with indices q’F and obtain 

(i^V = Wir- (*Bb) 

Tilt? Left-hand aide in the expression funcurring in eq, (oEia). The 
right-hand side reduues to the simple product F f * T^* bo that eq, (5tfb) 
become 

{59c) 

This is tfit? eigenvalue equation for any observable F define! aa a 
function of the q mid p. It i.s Hupp-ised that F can he represented 
as fi power aeri® in p with p n as highest power, ho that eq. {(S0 d) becomes 
a differential equation of nth order in d/^Vj. One may rn^e t.he notation 

rA r l) for hence y>(?) for (59d) 

limpping the prime on q. 
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The Bchrodingcr equation is Inn a special case of oq. (AWc) for /■’ 
being the-, iLtvniilionian energy function of q ami /a With oq. (Me) 
quantum mechanic* lots been eslnblisjhiHl on ll much blunder ita&m 
IbnJi it was pnseihk "it the mere equivalence of waves and pari idea 
ill] though the latter equivalence led originally to the Sdirtklinger 
equation in three-dimensional s|j*oe). 

The one homogeneous differential equation (oSk), valid idem ieally 
in nil q% leads tu I In 1 same eigenvalues of F its the set id linear 
equations 

E 4 ^W*V = v lVr * *" for all A\ m) 

labeled with respect to the discrete eigen values A' of another ohserv- 
able A which has no din ft relation to F. The eigenvalue equation 
[r»9c) in dilTerenLial form is of much greater practical importance not. 
only because differential equations with boundary conditions can ho 
solved more ' .wily than sets of Linear algebraic equations, but chiefly 
because an observable F is usually defined as a junction of «wmjimte6 
q a ndmomen-tu rather than in relation to another observable I In 
virtue oj' given F A - A -. 


59.2. The general result, eq, (fltfo), as based on the product rule and 
on the exchange rule. Although these rules were introduced for the 
cose of discrete eigenvalues,, many results incoming matrix elements 
can be direct.ly applied to n emit minty of eigenvalues, simply by re 
placing simimations by integrations and ronormalistution to unity, 
Tito former superpoaitioTi ride 

= Yrr = W («fl 

translates, in ease A is the co ordinate q, into 

f ^Z — 1 FT — ^ F‘F r ' 

roprtineutfng the rules of orthogonality and normalisation of the 
T-function. Wh do not need any further proof i>f the orthogonality 
than a. reference to the orthogonal ii\ in case of discrete eigenvalues. 

A direct proof of eq. may he given as in s]I c nuns; Multiply eq. (50a 1 

by ipjr- and the complex ccnjtqjate mg nation for 9 *" by \f r , then integrate 
over dq and subtract: 

F { q ' ~ in r ^| iiq 

— \F- F i$f r \p r dq. 

The left-hand integral over 7 -spa re may !*c trattsfunncd into a surface 
integral by partial hitcfiratiiui, uitii thu* vamaliiHn Hence, when t" = F" 
•m the right, the integral of VV- r y# vanish. Thin in a geie ndittHtiou of 

the result* obtained in 517, 
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TJie former transformation formula 

4 — V V W J >i f< 

A F f ■ J -‘i ' 1 f? ^ ?y 1 f r r r 

is replfliCfed in case of ji et.mt.iiuif.nia q hy the double integral 

Ay-y 1 - — jj'wb/ *Jfif i (^h) 

which may 1 ms simplified considerably since the single integral 

!a,yvAi’> d i’ {*«) 

replaces 


S/^cV = M'l'VH • -«Vr = J (»'• 




The double integral (SSJh) thus reduces to the single integral [omitting 
the primes on q ); 


A rF * = Jvv b/M 5j) 


! his formula for the matrix element of an observable A with respect 
to the stales in which another observable V ha* eigenvalues / 1P and 
F" and eigenfunctions ip F . and vv w one of the mo*1 helpful results of 
quantum mechanics. 


§80, Transformation in Wave Mecimmcs 

60.1. The Harman t> ftecitiftio?. The general transformation theory 
endows quantum mechanics with great flexibility, Any Function* 
p) and F f (q. yd which satisfy the exchange relation* are canonical 
variables, and the operator F t may be replaced by the differential 
operator — tk&fdQj. As an example, consider the great simplification 
of the mcUlatof problem obtained hy a transformation to new co* 
ordinates and momenta. The energy equation (.54a) may be written 
In the two forms of eq (&4d), Subtraction of the two equations (54d) 
yields the relation 

a 


JL 

fJ 2/irut, 




i{ — >AI P 


.■■"i 


which shows that iifip is the momentum conjugate to the no 
ordinate tj; wc may replace this momentum by — fAD/ify, and hence 

a 

£ by — *2prri^ft — * 

The second equation (54d|, after multiplication with '¥ — 1 from the 
right, then loads to tho following differential equation for ’F(jj): 

d 

»(— — l l = (2 f(E + /jr ij^V )M'. (tiOh) 
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Si 1 tuting the trial solution 

= *- 

one has for a the condition 

— = E + ; hence,, E = [— a — 

When the complex quantity ij k written in the usual form tj — re* 9 , 
t hen T becomes 

'Ffjj) = fdOc) 

Singhv valued nras requires « to be an integer; vanishing of T at 
infinity requires that the integer be negative. Thus « nifty only be 
— I. —2, eto. We thus arrive at the following eigenvalues and 
eigenfimotions of the harmonic oscillator: 

$4 = B s = iaigK, (6bd) 

Ti-tr* # r t — if* t fite. (6oe) 

The eigenvalues have boon ohtained from u wave equation of the first 
order, cq. (60b} k The method in very much simpler than the original 
Schrftdinger method given in §-0_, 

l00,2. We now isk what beerjmes of the eigenvalues /„ and eigenfunc¬ 
tions Y?„ of an obficrvnt I e (Uf. p) when on a introduces new canonical 
variable* y, ^ hy means of an operator S(q r p) an that 

P I = iftpSh 1 ) - tf f (y. /0 A" -1 — f(q, y) ffiOf) 

P) is the transformed observable, with F n and a? eigen¬ 

values and eigenfunctions, 

The eigenvalue equation for F reads 

• -Imv-rjfTM. (»"g) 

whereas that of 1 / is 

o = tikt p) —A}v»te) (*M>) 

id ways with p and P considered as differential opera torn, also in 8. 
Willi i he help of eq. (tfhf) tlie last equation k-'OONieH 

U * {fl F[q. p) jSf-i -fM'M 
and after operating from the left by iSH-: 

H — {F iq, p ) flH - 8~ % lv „{q) = {F(q \ p) — f rt jX* 1 (q ) > (Wty 

] f liere We identify 

f n = F n *ndS-'vM = VM (hoj) 

then eq. fflOi) becomes identical with eq, (®0g) only with ihe formal 
difference that the letters q and p art' written for Q and P. The 
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re Latum between the original ami the new eigenvalue* and eigen funu- 
fckmB thus is 

F m =, /„ and V\(Q) = S-'vAQ) (flOk) 

with Q, P replacing the letter* q< p also in S’ -1 .] 

60.3, in general, retd observables *tn- cjuiEtntitics (nl with real eigen- 
values, {//) with Hermitiaii matrix elements. Vico vorsa, however, 
Heriuftaaii matrix rkmnuir* rio not diiectrjti secure real eigenvalues,. 
This may bo wen fmm Ike following example: 

I he ttyimnetrwwd quantity A = jrp d — p^ 1 m-H Hcsnmtian matrix 
clou lent a. Yet it i* Hot a real observable since There is no regular 
transformation matrix y to diagonaihifl .S'. Indeed, the operator 
equation Ay = S'y. namely, 

-» (4S-+-+-£H> 

is solved by the function y — '■ Although this function van¬ 

ishes at x = ± oo for real it cannot bo considered ass an eigen¬ 
function because of the singularity at $ — O, There are rut atafetf in 
which S — AA 

Summary of §§54-60 

Planck’s It is LntrijdiiOfid into quantum meehanies by the exchange 
relation of Heisenberg, Born, and Jordan, xjtj — p,T = j'AI, which 
represents the exact formulation of the uncertainty relation. The 
exchange rule, together with the product rule, may he used for the 
solution ot eigenvalue problem* by means of the matrix method, as 
exemplified by the harmonic oscillator and the rotator. 

When tj has a cant in now set of eigen vs lues then (pB)y A - — F^j.- 

reduces to the differential quotient - ihyti rx fty' by virtue of the 
exchange rule, In general, when F{q, ji) is any function of q and jj 
which contains positive integral powers p* only, than 

f(* P) B r+ - F (s'. - « £) • 

This identity is of particular interna l in tho example A F and 
it = y, whore it loads to the eigenvalue problem for F: 

P (?. — »S f r {q) = F r ■ 

which is a gonerallized .Sohrftdmger equation. 
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A close correspondence prevail* between the Poisson bracket of 
ctassfcul mechanic*; mid the quantum bracket [\fih)[Aft /M], The 
Poisson bracket for q and p is unity, and so is tin* quantum bracket, 
,3] I. in agreement with tin exchange rukv Generalized 
conjugate cd-ordinatei* and iimriieiita. C' ami are defined as ub- 
fiOrvUbW satisfying lhe exchange rule [ I/■ /.' )f^h P] — I. (’limmimil 
txanfl forma, I lona from q, p to new can jugate Q, P have the form 
Q k = fttf t 1V- 1 ll i id J\ — Sp k A~ l . 

We lmv& prtxx'fded. so Lo apeak, on n spiral, start tug from de Broglie 'a 
equivalence of wave a and particles ascending to SehrOdinker's three- 
dimensional wave equation thou developing the general forma Ei«m of 
quantum muL'liamcH on a higher platform, and terminating "ii it II ft v‘t^r> 
generu 1 eigen vjiIL ie mquatioit We fi>r an y obsfcrva Shi. ■ F[q. p). The it s*t 
of this book is devoted to applications nf the theory with only one now 
principle to be introduced, viz., the Pauli exolindon principle. 
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! 


The Time-dependent Schrodmger Equation 

61 . 1 , When ii conservative mechanical system is exposed to a variable 
external field. the energy and other const ant-- of the motion—C.g., 
the unguis? mumt'ntum—will vary in a emit in non* fashion.. The 
variation of the energy, etc., may h brink to zero when the time of 
exposure is made smaller ami smaller, according to the ditayieid 
theory. In quantum meehnnius.. however, the final energy K f will 
either exactly coincide with the initial one, or differ from if by a finite 
amount, E ( - A 1 ,. since both i l , and E f must he eigenvalues. This 
indicates that u perturbation applied during a finite time inter vat 
must produce ininmiiium from the initial to various final states. It 
is the object of the present chapter to study the transition probabilities 
produced, in particular («) by incident electromagnetic waves, and 
(6) by incident mutter rays. 

It is M-cewsary to adript the iSehrtklidger equation to the ease in 
which the energy parameter A 1 of the system is ncs longer a constant. 
Tills happen* ivfient’vi-i tin i Iumiltoiiiaii function i* an explicit function 
of the time: 

E- 


The energy E then plays a part similar to the variable momenta p * 
of * lie nysUi in, We I Lent show that the ?o-twit uni?, vruii iti i cully eon jugate 
t^i the energy aa ‘‘momentum” is the negative time. 

For this purpose consider the vanishing constant 

h = n - e = ii 


ns the Hamiltonian of the syateuL This agrees with the usual theory 
winee the Hamiltonian equations of motion still have the form (sub- 
Hcripfji to l lu 1 brackets indlmte cunsttmtu under the partial d i fibre i lira- 
tton) 





(Ola) 


K.l 


4 I 
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which may be Nuppl&mented by 1, he identities 

(3) --J = - i. „nd - ( ,-?-) l«W) 

The l&st equations indicate that t is conjugate to E. In analogy 
to the translation of -p k into the operator - ih^/^q tr one has to translate 
E into the operator — I). that is 


*=’4 


(tub} 


The cUtsakul equation ll(q.!, p] - E becomes the diflereatki equa¬ 
tion 

nr - ihV (file} 

or explicitly 


H (q. t, - ih T[f. f) = »| $, 


iBldj 


This ia the time-de ^mknt SrkrQttitiijc.r equation. 

In the Bpceial case of u couservwiive system, where H does not 
dcnciid explicitly on t, a particular solution ie 

V.l?, li = vMt-wj*. (Sle) 

where E„ is an eigenvalue and is the corresponding eigenfunction 
of lho ordinary .Solirodinger equation H{q.p)^{q) - E - y{q). For a 
conservative energy, eq, (Kid) is also solved by the superposition 

(uifj 

with constant codJiuients i n - [yd'/) 1 ! '{<p 


GL2. Co-ordinates and momenta in classical mechanics are determined 
by virtue of the Hamiltonian equations of motion (ttla) at aLI times t 
when they arc- given &L one t-itne t 9 . In quantum theory, however, 
exact, initial values of the q x and p K cannot L>c given simultaneously, 
so that the exact f 11 tar® and past configuration remains undetermined. 
The Schrwliwjrr firm equation (bid) deteHninw the pvtuvnl find 

h&nce. the future aud jmstW{q, 0 from tin: present / 0 ). Tins quantum 
causality Contains an element of uncertainty, however: It may be 
possible to find the value |’5 ! ‘(g, ^}|* by experiments at t — f u - -remember 
that |¥[ a — p is the density serving as a source of radiation in various 
directions, so that T * nmv be reconstmoted from the observed radia¬ 
tion—but the value of |T| a leaves the pha&i of T undetermined since 
only phawe diflcrericOH arc observable. It La impossible, therefore, to 
predict the future l I" and , T * Stem present observutiojis of the system. 
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In the following diatmsijiun we itaHtmw that the present function 
Thy, t a )> including the phase, Is given. I n this case 'F>/7) is determined 
at nil fa by eq, (did). The same Tuy, f) oko determines the mean 
value of any observable C[q, p) at various times; 

CU. = Wb m 0 df, <«g> 

Tins furtmilu can lie su written h* refer to the ri^en values of C. 
Expanding ‘T in the form 

m t) = 

where Cy i: — t ' ■ y r deiinetf the eigetifuncitkms of the observable £ 7 ; the 
expansion coefficients are obtained by the inversion ofeq. (01h), namely, 

«VrW = JV(i.OWf)^- («li) 

SubtiUttttktt, uf fey, Mi III) in 1 ; (filg) yisld-i 

= EcK-wp ■ m ) 

Thus, jn L | 2 sigtiifivs the prolmbility of the eigenvalue V' of the observ¬ 
able ( 17 y ii in the titarnT^, f) ; Bull Kid ingcr'* time equation determines 
the a c fit till times by virtue of oqs. {bill, i) when the initial fc,) i» 
given. This result is of little practical value, however, since the 
initial phase of T is unknown. 7 % prawni probability distribution of 
the rirjfnmtnw of on oWr mUr f do fw NOT driermuu the fut.xm-. prvh* 
ability tiistrilmtim. in a system exposed to a non conservative perturba- 
tion iinly when one assumes a random distribution of the initial 
phage van one predict in nan probability values of the various C\ 
■ - * after f, subject, however, to unpredictable fluctuations of 
interference diameter. Only when one O’ alone k realized with 
certainty at t g the futunc? probability distribution can tie calculated 
{see 160), 

§62, Hydrodynamic Interpretation 

02.1. Although 'TOj'. t) varies with time, the integral of T| a over space 
is a constant, which nifty 1 m; proved as follows. Write down ecj. (Uiil) 
ami its com pies Conjugate ! 

Multiply b\ T wad M respectively. and subtract; 

i ('FtfW - YS^) = | ( 03 a) 

m dt. 
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When both sides are intesgiated over g-spaco, tin- two integrals on ihf 
left cancel each other because.' they represent the real mean value of 
the energy; lienee, in the state W r 


— o and J "I 'M 'rfq • roust am in time* 


<B3b) 


An important sj jeuia I beat ion is a Hamiltonian whose potential energy 
depends explicitly un q and ( r I < *nc not. mi p t su that t Iso ttohrddiDger 
equation is 

- £ v*r +P(*,<)-v -in (eat) 

Write down the complex conjugate of cq. (&2e); multiply by T and 
x l\ reapectaTely, and subtract; apply the vector formula to ■ v"^ 
= div {w ■ — V 1; ’' ' the result is 

~ div (f’vH' - ivn +4m’= 9 (Bid I 

2^rt of 1 

as ft special ettse of cq. Integration of div reduces to a surface 

integral over the boundary* where T vanishes. The integral on the 
right, must also vanish, q*e,d. 

Eq. fS2d) becomes the continuity equation of hydrodynamics: 


dp 


when p imd j are defined as 


p = TV and j - — 
^ t/t i 


- r v n 


(«2e) 


Bath p and j arc mi! quantities; thoj arc identical with their own 
complex conjugates. When d is real ib-n j - A generalization 
of eq, (09ei) in rhe prcacum < if a magnetic tictl, where C diqiemU on p t 
is given in §03, 

In a state of transition the Hermit ian values of p and j arc- 

= %V t and j, t = (‘P.vV* - ‘i'.vHM, (62T) 

from substitution of T T* -■ l l\ in cq, (d2e) t oonsidering only the 
interference terms. 


62.2. I he current density j in any state *!' of ?i system Ims components 
Ln various directions, \'¥ being a vector. Let tia ffth-uJato (lit- circular 
cvmpnneitf about the ;-axia in the direction of increasing azimuth ip. 
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At a point (rftgu) at distance r sin 0 from the i-axk. the co ordinate 
increment in the circular direction is dq = r sin $ d*p% since 

ltm _w = avaj = 3T t 

" ' A/ A, A; .V, r Htn O' 


we obtain from p*|. {tY2c) 

I = A/V—-v—'l — 

,il ™ "liu \ dtp 1 V'/rsE 


2i^ \ " dtp " t^/rsinO’ 

In the special ease I bat ’I" is a periodic function nf y- by virtue of a 
factor ~ ""A the laat relation reduces to 

|Tj a 


_ 

/£ r sin 0 


and ^ - |<F|* 




If we had considered H" us periodic in f/ with factor yin (inj ) or cos (wiyji 
the current density j In this standing wave would have been arm. 

VViien 4' k normalized to unity then §pdV = l. The cnrreapo riding 
ma.'- density and current density are ftp and jtj, w homes the electric 
density amt current density are t:p and tj. 

82,3* To find the total *■}>•€!rit current about 11n- --ask in the state 
H' tp ■ t ‘™V consider a circular ring about t he ;-axk of cross section 
<te = rdrdft. The electric current Hewing In the ring k 

ft 1 1 r am 0 

The ring, of radius r sin fl\ subtends an area re| r »ir l 0)* and givey the 
following contribution to Itn- z compunent of the vwqnctic moment Mp 

tML, = *- area = — iTIty-Vram hditt„), 
c 2 ;<r 1 1 

The last, bracket is the volume clement tiY of (he ring. The total 
magnetic moment in the state m is obtained by integration : 

emft T . f h 

" = ,-,.r ' I ‘ J ' ™ 2/*c 

The magnetic moment in the state T = ^ inw is thus found to equal 
?ri magneto*# when we define 


—— — one magneton * n,027 IHH 4 oqf oersted. 


mi) 


Similar considerations apply t* ■ the mechanical angular momentam 
H 4 _ about the s-axis, The circular velocity oomponenl in the ring is 

nth 

'{im 




1 l-tfr- 

P 


nr sin 0 
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Its contribution to the angular momentum p i> 
dp,. = ppt^dV = i»h\¥\*dV\ 

lienee, 

p r - mAjj'Ff 3 dV =* mft, {m}) 

in agreement with tint direct result, of She eigenvalue equ al i nn for ^ , 

563. The Larmor Fre<ressioii 

63.1. In i ho presence of a magnetic tide! of vector potential A the wave 
equation with (24c) and A- neglected reads 

+ <63a) 

[□stead of eq. (S32d} one now obtains 


% f 

— div (v"VV J — YVf) -(A 

Jf.^1 ■ pc 


+ 5^=“. 


or when di\ A = u 


div (A (fw- vyft-A a|vI*| +1 lr|* = "■ 

which shows that irt a magnetic field one has tn consider 


i = ^ Wr- 


- ^ A tvl‘ 9,1,1 p = vl a 


ns current density and density, j consists of two fhjtrt^v j„ -f j/, the 
latter only in the presence of the field. Similarly, the velocity in the 
Held consists of two fiarts* V = Y ( , -\- V,, with 


— - = 


Lot iih consider the ;lI uesae of a constant held H : . a- 1 ! in if 24. 
Tin- vector iJotenUat A nf eq. {2 Id) now yield* 

(V,)* = u H|. (Vd* {▼/), m 0. 

which amounts to Jin angular velocity about the s-axta of constant value 

5 -* — (S3dl 

which ts supcrimpfised on the unjjcrfcurbed velocity v h . We have 
ftmveil here at the Lunnot prect'&siutt of the whole electronic system 
about the t-direction of the magnetic held. 
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The negat-i re sign in flq. i<iiL5-cl) ia HiameterhifcitJ of the - 1 diamagnetic 
qualities nj electronic systems,* In consequence of Lenz' law, the 
magnet ic held produces a magnetic moment whose direction is opposite 
to that of a permanent magnet orienting itself in t he licltl. The addi¬ 
tional diamagnetic moment M: id connected with an additional kinetic 
part of the angular momentum pl about the z-axis. The ratio for 
point electrons ought to have the value 


m 

F“ 


S/if 


|«3e) 


Actually, t.iir gyronaagnetic ratio is tj times as large; the ^-factor is 
connected with the a [jin qualities of the electron. The same unmanly 
is found in the magRCtomcchanlea] experiments of Einstein-de Haas 1 
and of Kick unison and Uarneti. 5 who determined the valiu- jut lining 
during a sudden magnetisation M md the Mbvalue produced by 11 
sudden angular acceleration to p* r 


|03.2. S up e rr.endvethity . When 

curl v> — —-- H (6Bf) 

from eq. ia substituted in 

curl j ( = e curl (pv) = p t curl V + [V X yl/) tl 
ami when J, is ihe current density produced by X electrons per tui.it 
of volume one obtains 

curl J, = Np, ^ H) -| \v X y]A> # . 

If the X orbits per unit volume overlap, Xp, can be replaced by the 
i'onslttnf. Ne, and the last equation reduces to 

Vr a i 

curl J,=-H - — — H. (tt3g) 

* op Ac 

with A — Ni 2 /ft 3,2 - 10~ 3E sec” when X ^ 10 s3 . Integra ting along 
a closed line / subtending an area S 

j[3,)fU -~ JH, dS. (6310 

We have arrived here at. the basic equation of London's theory of 
superoondiietmty. 3 A permanent current can he maintained by a 

1 A, liinjiiHcin itmL II. de Hm« , VtvhantiL ttnti. j AyWfc. fb 17 , 133 (ISIH}, 

■ S. J. Burnett, I'hya. km, &33H [IDIfiJj 10. 7 {11*17}. O. W. ftUuuHl*|D. ibid, 

2is (iBoah 

1 F. London. Xalute 1 «, TUB, 11337 }. 
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magnetic field. The ideelric current in not based, an usual, on pro 
grcsaiv* waves {or progressive wave packets) but on t he si«nn stationary 
wave function ^ which also prevails without field. A sniwmmtd active 
body according to lauirtun, in 1-it he considered ji« a giimt diamagnetic 
molecule, rather l-hmi mt a body of infinite conductivity* 

The current density is connected with the magnetic field by the 
Maxwell equation 

curl H ^ — J, (63ij 

c 


in the stationary state £ = i>. Because of curl curl — grad div — 
div grad ami div H - div B u (for B — H) the curl uf eq. (GUI} 
together with eq r (63g; yields the differential equation 


Y — 



mi 


which is solved by an exponentially decreasing field 

when H, ( i* (.he field ili j- 0, When the re i> a field H,-, at the surface 
of a riiip>enx>ndiii‘tivci laxly, il decreases toward the interior to \}r of 
along a distance cif cV A/+tt ts. IO -5 cni, (Qjtcept for n thin surface 
Layer there can be no magnetic field nr indunfcum vector inside the 
IxSdy* When such u field exists at higher temperatures it is pushed 
to riie surface when i he Um|i0rature passes the trandtioa point. 

This i> the Atzimmer <l{rrf. explained by Limd<. the hud* of a 

permeability ft — L] 


$64. Wave Packets 

64,1. IJefisms entering irito inore gem■ ral upplicjitions of f he Keri rodinger 
tune-dependent equation, we consider the standard example of /ret 
particle# moving in the j--di reel inn. The corresponding wave equation 
(hid) reduces to 

ft* ^ £ 

-— m n = ^ c- n*. o- w*} 

*2 p dj- 1 t?jt 

A fitirfial mhtiian. ia the phme wave 

/) = exp [2iir(P‘X — rfj], (l>4h) 

which satisfies eq (04 ji) under the condition 
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with (i - hjL. enTiT-spiHiding to the imergy equation ft — p E , The 

constant value of 1yi. - signiiie* particles distributed with constant 
prnbnhility density in *paw, 

The (jenqtyi mhtthm of eq, fti-lu) in obtained by u superposition of 
partial solutions with arbitrary r-omplox a m pi Etudes ; 

v F(rt, I) = j exp [2iTT[Px — W)] e/5, (<>4d) 

J- 00 

where f is the function (&4e) of P. jg the probability that a 

particle hag momentum between hv and h{v Hr tfv), provided that T 
is normalized to unity. 

The problem of Uncling the function '1'{>■, /] when the present function 
n; is given is solved as follows: Kq (D4d) for r = 0 is 

'J‘(i r n) = j Aft) exp dP ; (64e} 

the inversion of tills formula is 

*-1 (p) =* I T(a;, 0) exp [— Stffftr) dx* 

J- m 

When 'E'it. 11 ) is given, the function J(i’) is obtained in ecp (04f) ; 
substitution it) r-q (U4d) then yields T(a:. f) by integration, will] eq. iU-le) 
in Iht" integrand, A -umilar procedure applies to free particle^ in three 
din lentil ms. We have here ,1 special case of the quantum cait/iaiity, 
according In which the amplitude and phase of the present T deter¬ 
mine *!' at all times. 

in case of bowui particles under a conservative Hamiltonian one has 
to expand ’Hy, i) as in ccf (bl£) and substitute 

A* - J^g, h}yi fl (y)c/y. {64g) 

III msc of htuimt particles nIlder a liuhaiiiwrvulLve Hamiltonian refer 
to §MfS. 

64.3, A ease intcrmodhi-to between a iiiunochrotuatie wave, eq, (f>4b) p 
and the tiuperpogitiun of all frequencies, vq. (bid), in represented by a 
ti'aw group or avree }Hicht. made up of waves lielonging to a finite 
Wave number range, from v to P + r^r, so ilmt the amplitude function 
A (if) vanishes ouiside the range rb T and is fairly constant within Ay, 
Let 11 * [■snmLne 1 111 - range along the .r-axts of the function 'F produced 
by such tin amplitude limc-ikm, iinst at / = 0, then tit t. 

The function m) is determined by the integral of eq, (fl4e) taken 
over the mnge AP rather than from — 30 to + to. When the phase 
factor, exp Im* many periods within the integration range, the 
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integral will practically vanitih. The maximum of T oc crura fur j — o 
where the exponential factor in unity, and appreeiahle values uf T 
occur for values of r do tmialJ that the phase i 2ttvx varies leas than rr 
wit Li ei the rouge S?, that m fur 


— (SwfliE) e 5 ? 


< IT. 


{iHh) 


or for |jt|W < 4* which amounts to an jr-muge between 


J -inns 


I 

3*5 


atul J r i»|jn 


i 

30? 


The interval between anti Ls 

Atf —(b-tl) 
ov 

The smaller the spectral breadth hv of the wave packet, the larger in 
the range fix of the probability amplitude function 0). ftq. (ftli) 
[s the uncertainty relation &x hffip r . by virtue of tie Broglies 
tmnstation formula. 


04,3, Next, let us determine the fata of the smne wave packet T at 
a later time. When eq, js integrated over the range dv rather 

than from - oo to -f "-C 1 . the integral will have appreciable values 
for those je which lead to a phase variation lea:* than it within the 
integration range ijfl, that id for 


or 


3 77 — — i-i) • < it 

d P 

dr 1 
*~di' 


(«4j> 


always assuming that A{i>) id fairly constant within the range tffl. 
The maximum ot'T octMirs w here the left hand side of eq. (fl4j) vniushai, 

tlv j , 

namely, at x = - f. The maximum of *T thus travels forward with 
ty 

group velocity dv[d$, The group velocity is identical with the particle 
velocity of the corresponding particles, ad was shown in £ 13, In 
particular, when E — p*/2^ and hence when j 1 i '*j m 2p>, the group 
velocity becomes dyjdv - e/fo and the last equation reduces to 
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This condition is satisfied between 


f* ' inn* 
that in, within the range 


{* - ? *) = t !~ and (* t') = ^ 

V f* /mu W \ f lulu 


or 


K'ltaait '^tniij •'mliil 1 

fa:' = — + » 

}i 


1 


foj which wc may algo write. because of oq, (ti4i), 


t 

Ax' = fat 4- — r . (-041) 

jtLuX 

iVr' i.y the width of the wave packet at f, res idling fruni t he width Ax 
nt, l = (i. Eq. {(341) agrees with the rangoex pension formula discussed 
in § 1 o . The center of T will (ravel forward with velocity v when 
K l\x r 0) has a fairly constant amplitude and a phase factor exp {iarjcfh). 

The espruwli effect in almost negligible under ordinary macroscopic 
Ldrcilnihtallet'a, n> all OWE by tliu fullewing CKainpleSE 

(a) A fi-my emerges from u slit 1 mm in diameter and travels with 
velocity 10" cm sec. After traveling 10 cm the diameter does not expand 
mom than I0 _s cm, since ji itfh for electrons is nJitd gram/erg see. 

(&) The same {J-my source uncovered during I0 - * sec releases a beam 

10* cm in length r To double Eh) length tin- tmum would have io travel for 

more than 10 T secs, 

(c) Electrons velocity v ID" cm. sed may pass through n bole of width 
&x~ 10 4 cm. The angle of dflfmctiOB is m amall as 7.3 x 10 1 radian. 
When the velocity ifi decreased 10 Times, the angle increases 10 times. 


£65, Remarks on the •'function 

65.L The forward velocity « — p /ft of a group of particles Quiiioidea 
with the forward velocity of the maximum of the corresponding; wivve 
packet; both ;ire essentially of h classical nature. Only llie I'xpan ■ 
ifion uf lhe range of lhe particles is a quantum effect,. To clarify the 
issue. CHjEHiider the following standard example: 

A radium atom boated >>u the earth £ may la' uncovered at t — d. 
Two Geiger counters located at .4 = Aruturua and B — Betelgeuse 
are ready iu record the arrival of an ss-partiole expected to he ejected 
From E at any time after i = 0 with velocity v. According to wave 
mechanics, a spherical T-wave begins to emerge Eit f - U from the 
fta-atom with group velocity v. The question arises of what will 
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happen to the wave after an a-p&rtielo ha* been ohnarved hi A ul 
E.ime Will the probability amplitude T disappear immediately 

after t f everywhere or vi i 11 T be blotted rml i mly within u sphere 
expanding with velocity v, or perhapa with velocity c, from A an 
writer, or poattibly from E fw center * Or will the Junction 1'(r, t) 
emerging from E remain unaffected by the url of observation at A i 
He who aak$ these queatioua forge ta that the probability amplitude 
ought to contain a reference, usually in the form of a subscript, to 
the experimentI conditional under which l'r| a in Htxppc^etl to serve as 
& table id' betting odds. ftuppoae the counter A Juan a sensitive 
cross section urea so that A ifl viewed from E under the solid angle 
fi , £ ,/q. The probability of the a-particle arriving at I is zero 

at- any time before t =; r_Jv, and after this time is given by i he exponen¬ 
tially tlecreading expression 

|V= «" ~ * (#S») 

where r is the mean life of a Hu-atom, and /' = t — r Jr. Indeed,, if 
the particle has not arrived at a time ft there is an ever increasing 
chance lEial if ejected it • ni-y have missed the counter .-l ; the integral 
of ei j. fdnft) from f 0 to r. is ££ J4.t. On the other hand, as soon 
ns A has received (tic particle, the probability fnttrtion T J- decreases 
to zero. Similar cuftHidflrations apply tc the fondim] |T fl | a which 
mean urns the probability of reception at. any other point B. However, 
one may just an well detine another function T , which is gtiiipatted 
to Ik? independent of any observation, and which haa the form of 
eq. for all times after < 0, ifreapeotive of the read ion of 

counter A, The former function then might be denoted by an up|>rr 
index (.1) jis TV idgnifying it.', dependence mi the ad- of observation 
at A. an that the two T-funcfions describe different experimental 
conditions, luirthernio-re, one may introduce a function which 

denotes the odds for mi observer located at A betting that counter B 
receives rhe particle, when then? is radio communication from B to A, 
and so forth. All this is quite trivial and is only to remind the reader 
that discussions about-T-functions, in general, arc pointless, Y-fttnc* 
Utttw ought to he InbeJed ht'fitre bfiruj hlifo'd tltriwt, a rule which has been 
forgotten in tunny learned discussions. The formird motion of |'1 1 ( a 
in space and time is not even a problem of the quantum theory. The 
recording in counter -4 or H of an ant meWed in a small box with a 
hole offers exactly the same probability problems, except that nobody 
haa ever thought of conanlL-ing the quantum theory in this ettse. 
Qun ill uin uiecfiaiii^ enters ■ *j> 3\ when vve :i - k u I id her it is p&tidlttid 



chap, vu XONCOXSgK VATtYE SYSTEMS M3 

to think of ^ii exact, location of the Ra-atum, or "f the ant box, 
fcamwiMy witl fit] exactly tfe fined velocity of the escaping particle or 
unit. Quantum theory deals with the blurring-out of tin? wave Front 
due to the uncertainty uf the initial location and velocity. 

c; 66. Induced Transitions 

66.1. When H ]* a L'umservjitlve function H\ f, p) then eq, (Old) 
reduces to 

U° (q,— iIk “ j TT(ft i) = ih ^ Y(fl, f) (ts«a) 

and is solved by the function 

m n - Z'.awop t) = *•». (Mb) 

where A- acid solve = E, - y". (fend the J h art" constant 

fnetoFH which sati-dy the condition 

Sj4np^l m) 

when M'l//, (f) is normalized to unity at ( = o and hence nr all times, 
The \A ,i| a are the pmhcibilith-.s of the various A?,, in the ritAte Tff/. 0- 
Suppose the cuuAervative system H a (q. p) is suddenly, at r= 0, 
brought into an external force field producing the additional energy 
IV \q. p. t} r The solutions of 

in a + /nr - ih^-r (fetid) 

pi 

may stall hi* repiretenterl in the form 

Tfe, 0 = JU.Tft/, l) = JU.tffe) r- («6e) 

However, the factors A * are no longer constant after / = fi. The 
variation of the 4'e. itiay lie ikdermined by substitution of 

A =s, (.0 - £U„) n?- o 

in cq. (UUd). leaving the equation : 

Multiply by T^, integrate over r/-spaeo, remember (he onhogonnlity 
of and l l^ for r« yt w, and Introduce, the abbreviations 

W- — fij&i «l.»« — “>m “ fJ *nt 

HU' - ttH't'Ul- 
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This leaves the following "equation of motion" for the A A : 



Thu time variation of A „ id entirely due tn the non conservative per 
turhation //'. If//' is small compared will] H*\ the .-I n vary slowly 

with L Under the initial conditions,, 

— I and A m (0) = rt for m ^ », (001i) 

the value |*-l Ia f/)J 1 is the probability of the atom lh, ihe state t#i when 
initially in the .state n with certainty, that is* under those initial 
conditions, th? transition probotility f row tt to m is j A ...C/11 3 , also denoted 
by #. m . 


06,2, Consider a time interval during which the variation ot the 
original A„ is email so that, eq, (liflh) holds approximately during t. 
Integration of eq, together with atj , [06h) then yields a h nisi 11 

AJt) = I fV*[l)r^d(, 
if* Jo 

The integral has an appreciable value only when contains a 

summand j»eriodi« in / im so as to cancel the factor #“ in the 
integrand, llonoe a considerable transition probability from ./s'* to 
K m ifl obtained only when the perturbation H r contains harmonic 
eomptments of frequency t> ^ ji‘ lini | = ]E„— E,„\fh, a typical reMm&nce 
effect, 

Suppose, noiv, that // 1 incroiincs linearly from zero to n finite 
value during the time interval t. The longer r, the smaller are the 
harmonic amplitudes of 11 belonging to frequencies r „ m > L/t. In the 
limit of a quasi-static or "adiabatic increase of tV from zero to the 
final H'{q, p), transitions from E H to other energies se|mrated, from 
E n by a finite interval will not occur for lack of resonance frequencies 
to induce such transitions. Qutisi-static variation# of fltf- external per¬ 
turbation do nvi induce trarmti&m {Ehremfest^ Born and Fock A ). What 
happens is only a readjustment of the original to a final 

= -ES+ K- 

The last statement is to lx- amended in oase of degeneracy, where 
there are different states of the same energy, Transitions between 
two Hindi status, provided that they an- not mutually orthogonal, can 

1 P. EhrniiWt, vtnrii. Phynik SI, 337 jllOU), 

1 M. Horn and V. Fock, Z. PhywiX 51, lU l.tyW.I. 
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be produced oven by a quasistatic perturbation. An example i* the 
transition from Zoo man to Stark components of an energy level when 
a weak magnetic Sold is slowly replaced by a weak electric field. 


i:67, Second Quantization 

67.1. Tko state of a mechanical sy.-tem or atom may Ihj characterized 
by tlie function Y(g, Q in the form j 

T(r/ r t) = S with B m = A m e~ (fl"a) 

Tf instill of one a ton* «v consider an assemblage of, my, HK) atoms 
in Hie same state, then = |B ir ,| s te the probable number of atoms 
in the state E m if wc normalize — lUU. At any time f we than, 
have definite value* ■J > 1 A, - - ■ which, in general, are non integral and 
change eontinuonsh when t.In-system is subjected to a noijfconservative 
perturbation. 

Xnxt, consider an as.irmhinge of the .same I Ob atoms in a state in 
which every value of between 0 and 100 has a certain probability, 
and in which (.lie same hold* for f,. ( in general. This state may be 
characterized by the amplitude function V(;^, ,^* a ■ ■ ■). When the 
atoms are left to 1 haiuselvas, |'l ‘| a will not depend on f. Under an 
external perturbation, however, Y oljeys an ‘‘equation of motion 1 ’ 
arid becomes a function oft, dependent on iin initial value. Suppose 
now that the function TT>V >• ■ ■} vanishes at i — 0 for all tian- 
integrul values of the arguments J * t . and has finite values only for 
integral Under this initial condition Dirac* derived the remark¬ 

able result that T will have finite values only for integral Values of the 
#V not only now but at till iimr.i. This result is all t he more surprising 
because the Ji iMr whose absolute squares are the i? /u . v ary coutimioiLisly 
through any nonintegral values between 0 and 100 according to their 
equation of motion. However, we must not forget that- Lite function 
W{q. f) of eq. (h7al describes u state in which every iP 4 at the time t 
hu* one definite value changing gradually with fi whereas in the state 
described by the function Tf^j, # L . ■ - -J the initial Y is finite only for 
integral values. A st ill more special initial condition would require 
that Y vanishes at f — 0 except for #, — 5, say. and — I7 t etc., 
With = 100, thus describing a very particular initial distribution 
over the levels. 

67.2. Dirac obtained Ins result by a transformation from one Set of 
co-ordinates and momenta to another. In particular, instead of 

1 V. A. M. Dirac, Pnx. Eoy. .SW. itandim) 114. iHS, 710 (1027). 
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coDeidering TO/, j*} iri rq (STnj as , function of the co-ordinate* </ with 
tite 5 p «s vh rialile paean left'ra, he enimidett?r] tho/f.. wnev co-ordinates 
and the cu-ordinate* </ as parameters. ho ns to write 


lienee, 


v»(s) = - 


Bq {Htig) lends to the following equat ion of mot ion for the f? Ml : 

fSJ*»i = S.ApJJp.. 

Multiplying by y,„ and H umming over all in, one oldaina 

m'\B) - S„3S,B^,„vJ9). 


for which one in rty write 

<mu) = -- ti/.'i -= ’ sj5Js^f„jt,’r, (870 

where we have introduced the operator symbol 

ftji tin- uifJTflsafwwf [l r conjugate to the- co-ordiimh H„ Eq. {(He) Inis 
the (standard form of Sc hn“ h 1 inker's time equation : 

iW = ff(U, #T, (G7e) 

Eq. (H 7 d) implies that /?,„ and /a,, obey the exchange rule 

#«/»„ - P, n n„ = <7<i. (Wtl 

The like the . I , are probability amplitudes of Urn system in the 
nt-Lile mo Their absolute Mprnmn represent the probability* -2%: 

H m B m = 0V 


07,3. So far we hare transformed the original Sehrtklinger "equation 
of motion/ ,7/Tu/. i) = H [q, p)Tfo. *}, first inlni eq, (-07b), then into 
eq. p'i7e) fur T(Jyf The nest step wiU Ih. l the further transformation 
of eq F p57e) into an equation for '£'(.#). For this purpose we inuM 
look for new “'momenta " conjugate to the '*eo-<irdinatefl” 3P k . Such 
momenta, ! <1 be called W*. jm i eon jugate In if they satisfy the e*- 
ch tinge relation 

- 0A = ihl, or 0 H = - it 3/^, (87gJ 

Wo now ward to find such transforming fun et ions /#„,(./. Ml and 
jfj„, 0) that eq. {(J7g) becomes a. tiuiuiequenae of #ep (i57f), or vice 
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versa, with the additional condition that /Ishall lx* Futie 

tious satisfying these llKflLiremerits are 

B m = ^ e and /*„ = - iSk*®-' A ^ (H7h) 

To prove this equivalence, we tiisi, use eq. (EJ7g) to derive the following 
identity J 



On the right this is a Taylor .-rno; hence 


,±i« 


■'Vi#. 


j>. 


) /.>, ■ • {&., i I), ■ • ], («7i) 


which is, im auxiliary formula valid for <tv>j co-ordinates and conjugate 
momenta, and id „„ and any function /. 

We now use eq. (fiTh) and find 

b.W - («jc- 

or. whim the second term Is written first 
and further, hecauiX' of eq. (67i); 

- **-^JW4Pi - ■ • [3> n -!)•••)- ffeVFy, • - ■ 

= imp* + r&, 

= itsvw •■•.#„••■) 

which \h t>q (tljj’j derived from i>rjs, (tlTg) and (U7h), This prove® that 
rq. (i i 7h j represents a tmisidbriuatioii to new canonical co-ordinates 
and momenta. 

When r in■ nnv. -justified transformation eq. fIi7h i is introduced int■ • 
rq. r07e) wi obtain 


it, ~ 


when- T in now domideml as a function of ihe new co-ordinates 
and is operated on by the new momenta H,„ — — ih According 

to the auxiliary formula (t37i). the kat- r<jnatiion bccomre 

mn^t ■ * * &«. * - - y. ■ • o 

= d- + 0‘•• ■) OT) 

as Lhe result i>f the canonical t cans formation. 
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67,4, Thus, when T ii< / 0 hua finite values only for si itrifiirt otin- 

tiguration of integral numbers #*, then only those other inf&jral 
eunligu rations acquire a tin [to probability during the next infittitetaimai 
time interval which are obtained by the pending of one single sUmHB 
from ilH original level to a new level; <f m -j- l atoms in A 1 , 4 arid #„ — I 
atoms in E n produce a chance la Ur to Hint 0 m atoms In E m and -P n 
atoms in A'„, fine to a transition of one atom from E m to A’,. The 
Factor {£?„ + looks utisymmetric Imt is not: it is the product 

of the occupying numheriH of the losing anti the gaining level when 
both occupation numbers are counted. inclusive of the jumping atom. 
We have here the quantum-theoretkfil jv«fifica1i<m of the probability 
OBaumptieng in Einstein a derivation of the imli&Liun equilibrium 
(ijU.2). The result that an initial integral set of ,$Y a increase# 
the probability of other integral values is known fis Mcond 
qmntimtiQV. 

A corn 1 ?ponding second quail tiEnttmi has been carried out by .Iordan 
and Wigmeiy with the modification that the product difference, 
eq. (fijfh wag replaced by a product ffom. This led tin the relation 
{? m — 3^ t which has the two solution# .? m — u and — l, cojtr- 
epondittg to the Pauli exclusion principle {Fermi eta-tiflfctee), whereas 
Dirac a second quantization correspond# ta Bode-Einatein statistics* 
in which all integral values of the occupation numbers arc per¬ 
mitted, The second q uan tization is \t link between the wave equation 
and quantum statistics. 


Summary of Chapter VII 


The probability amplitude T(g, t) of a nmiconscrvatiw system 
E — p) 4- H*{q, p. r J is a solution of the Sclm'idinger time- 
dependenl equation, //'I' rAh . When TV/. T is given at ( t), the 
differential equation determines T at all r sines. However, only "1'j 2 
can actually be nbservetl eo that the probability distribution is pre¬ 
dictable only under certain assumption# concerning the phase of 
'Flf, OJ. The continuity equal if'Ji, div j — — p, w here p - 'F'P and 



{'I'vT— TyT ), leads to a hydrodynamic interpretation and 


may be used fur deriving various observable quantities in the stato 
*<*. 0. such a* the mechanical angular momentum, the magnetic 
moment, and the Larmor precession in a magnetic field. The 
SchrBdingier time equation allow# a quantitative derivation of the 


* F, JghJah m Li I C.J. Klein, Z. l'hysiJL 46 t Til (I&21J. P. TonJee iuu[ E. Winner, 
*6iU 47, flsi u&2»). 
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cspaUMvrti pEienomena ni i 'baptei- fit generalized for any system of 
free- or bound purtiales, 

M cun be represented as a superposition of the eigenfunction* 
’■i, I'/, t) any i►bservable 0(tf. The coefficients of the expansion 
4iO‘ the probability amplitudes of t he eigenvalues O' in the state Y: 

\ 1 ieir t l m i ■ iri/it i an s fgnities t runs i; i r>ns fro m ome eigen vs 1 1 tie t o another. 
The nu..*t taip.-ilaut example is (lie expansion of Y with respect to 
the . •iyi-i i |U||.-t son 1 ’ 1 'I' of an unjhrrfcitrW Hamiltonian i/°; the expan¬ 
sion coeBidr'iits then art the probability amplitudes of ihe various 
unperturbed energy values the time variation is produced ex¬ 
clusively by a noncoiiservative addition H*[q r p, fj. When B is 
inervused quasi stutieaEly. transitions are not induced. When IF is 
periodic with frequency r, transitions are induced in case of ifsotiLtnoe 
cjr near resonfinee lu»| ween v anti a transition frequency of the atom. 

A connection with [planltun statistics is established by iTitzoduouiE 
rh»‘ probable number of particles in the level J5? ni as a generalized 
OJ ojclihata, 'Hiis lend* to Mime's second quantisation. 
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§08, Periodic Perturbations 

68.1. Of particular inter? wt is the effect nf light waves cm free or 
atom bound electrons, The perturbation energy is periodic and may¬ 
be written in the furni 

H f = U’(q> pW* + <T (66a) 

Substitution in eq. (Obg) gives 

. 4 = 4 +«“■'> 

£ + — + ei, £_ — iu mil — m. 

When we integrate over a short time interval, the initial values of 
the small factors on the right may be conaider&d as practically 

uunstmnt. Integration between if — 0 ami t then yields 

I f jjv". r j (jS J 11 

= &z***mm f%-+ 

Under the Initial oonditiqiiB eq, (66h) this reduces bo 

AJt) = lf mm {sUHte}* (68cJ 

riji) has appreciable values only when am of the denominatort, 
f 4 or £_ K is small - both eoiuiot be rim all at the same time. £ + is small 
when crf m ^ -p at — t>, that m, when ins = (/?„.— ; it occurs 

when there L& resonunce between tlte l^rturhmg frequency ™ and the 
transition frequency £u nfn for In this ease nf an onwtcm 

process the other denouiinal or f_ u - im and i* far from being small; 
the term with £_ hi tq. (OSbJ may then be dropped altogether. The 
opposite happetia when if ^ 0, namely, I he absorption offi.fi incident 
quantum mh which lifts the atom to ft higher level with conservation 
of energy. 

in the fuUowiilg diriciisninn we are mainly concern pd with induced 
pbiorptiona belonging to transhions from to higher levels E 

no 


( 1 . 18 b) 
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occumng when l/£_ in large. We then may drop ihe term with I/if 
altogether and Wfite simply | for £_ in the e4nation 

1 ^ — X 

-AJ# — tt f-C« —rr— . with f = m — vr mn . (66d,J 

t f> t £ 

However, in ihe Eipproxiination of small £, or rather when £/ <£. l r 
ibis equation yields a transition probability 

l4.«r=*l*C.t*. <**) 

t\ rather perplexing result. One would expect that the transition 
probability should increase linearly with L The paradox i* solved ay 
follows; 

tj 3 r 2 + Tin- incident Held is never exactly monochromatic but 00vers a 
ypeclral range of frequencies, <mi that If ' yields a Fourier series 

'[*,*)(**+a" **>. mt) 

The tmmanmdfc with * T " ,nt may be dropped since they contribute only 
to the terms with i + m oq, {88b), Hie square of ecp itlftd) now is 
modified to the mini 

in winch we have omitted the interference terms, assuming that the 
various Fourier eo 1 qxmenls have random phases. 

ft i.- more wrivenicni to replace the suinitiation by an integration. 1 
8uppo.se shore arc p.jhti Fourier members jier interval near £ — Q. 
Because of <Vj — fif wo may write 

Since only the f-fmige near t = n contributes essentially to the inte¬ 
gration. we may move the liral two j'actors in front of the integral, 
with their values at m - w mH . The integration may then be carried 
over imy range containing £ - 0. for example, from — 00 to -j- ct, 
to that wc Arrive at 

p.wr = ^!c;„|v.J_' 

' K. Fermi, iter. Mad. Ffy*. 4. «7 {MM). 
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Tilt- integral* Jins value Inf. The trunisiition prubabihty from K n to 
E,„ under \ Iw perturbation Energy uf eq be cornea 

= M»(f)|* = ~| P^J'o. - 1. <«8g) 


and ih proportional to t. The density p iV describes the number of 
Fourier terms jut unit, frequency hiUjrv.il near tv, n .„ Mid U"' sh the 
complex amplitude of owe of tin* Fourier terms for the an me resonance 
frequency. Instead of lining the density p iU nlong the frequency scale, 
one may introduce the density p K along the energy horIo, connected 
with p m by the relation pjd&i — an that — p^iEfdia — p F 1i\ 

hence. 




f-’LIW= -■ 


( 881 )) 


This formula is fundamental in the theory of induced transit ions under 
any periodic perturbation, r mt> is the awni fife] of i he system in the 
inilia] state K r , under the transition probability d? wm > 

Absorption and emission processes inducesJ by the surrounding 
radiation field played mi important part in Kinstein r s derivation of the 
radiation equilibrium. However, spontaneous emission prooeraaea are 
not included in the present theory: we here consider only the effect 
of the Held on the atom, and disregard the reaction of the atom on the 
field which leads Los.ii additional energy decrease uf tbo atom, classically 
described a* radiation damping. 


08.3. Eq. (l>Sg) was derived under the assumption that E„ and B m , 
and hence or rr ,... are exactly defined, whereas lfie incident light has a 

* Tllfl inti-tfrul reduet's 1 >n 

r* ^ \ “■ «ft%c 

~ n — con £f) rl£ I - “ ftr -= : 

.1 _ It £ J— m 

refer It) B- £)- Pi'iree. Shot! Ttibti fj Ivtrffmki, Xu. tsa 

1 When it in mijupcKud thru ifw mamber A' „ ol Alttmn in Hub M^Ik* Loral K ih daplutd 
rmJy by E nine Li, a on a to K tluvE 

~*tx A = Xji& ni , = V'h* m 

mid integrated 

ATld = 

1’hc Bimi< dN w fjl) i»Crmn lav# "Lived 11 during the time t in tJie ini tin] at urn. no thm tin* 
menu Eifo bwcfflU 

im n /(o - 

= jrhV B = (rlvrf = + “™' 

Tiis hulf'tifu In tiu? time’ rlplcrmiriwt by JVp) — isV|Cj., namely. 
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width. This in true for radiation in a large volume I where 
(be number of slates per unit energy interval of polarized photons 
E = hr is . ™ 

Tr +trh~ , r , . 

PjE = V -7TX {!&#&)' 


AV 


{08i) 


Similar consideration a apply also to incident monochromatic light when 
ta„ m belongs to fl continuous range of atomic transition frequencies, 
realized in transitions of an electron from a discrete lew] inside the 
atom to motion within u large volume t", The probability of the 
ionization process depends on the density distribution of the final states 
for free particles of energy E and momentum p in Yi 

Pm = V - (matter). {e»j) 


If we consider only incident photons or escaping electrons in the 
direction of u solid angle AO, w e have to replace i rr by AO and we obtain 


> PK - r in (light) 

&p f ~ V \ T AO matter). 


{ask) 


$69, Photo-ionization 

691, A polarized light wave traveling in the s-direction has field 
components 


E = H u = E" sin 


[■('-;)]. 


(69a) 


(C1»b> 


According to the equations H = curl A and E — — y i — A the 

■c 

field is derivable from (be potential components 

*• = 5 -;)]-£*■] 

A, = A: = V = 0, 

The |>ertnrbatipit energy of a charge r of velocity r near z = u in the 

field in general is //' fI" 4- a A^j. and In the present case 
H' = \ E i — — Ajh = ■ — p,E‘; eon (erf) 

nr pear ftw 

hence t he U T of eq. (fis*J in 

E 


f?" . 


1 W ( Z± ^ \ 
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taking in: Foi eoft (ro£) ami assuming that the incident, light waves 

are xo lung tliat I heir phase is practically const tint over the initial 
'’orbit" of the electron to l>e liberated. The initial state may he 
an ."v state, that is, one with il ^-ftmetion of spherical symmetry 
(electron from the if-she 11), in tin- final state the electron may speed 
away with 1 mjiu.enL.ui 11 p in a direction of t-1 with respect to the x- 
direction H so that p x = p cos 0. The tp functions of the initial and 
final state normalized to unity then any with a = Bolir'a radius: 


- rl* e *t* ■ r>yn 

’ , ' = (^“ dv ' = (? 5 iF s 


in ci given volume (vol). The matrix element of ( ' between the two 
states becomes 

V‘ v = 

yielding 


U\ — E* (Tnr 3 veil) ' ‘ p, jje fh t*** ( ' iK d V , 


where /■, in front of the integral now is the x momentum, p - cos 0, of 
the free electron. The integration can he carried out in polar c<< 
ordinates, with the direct ion of p as polar axis, so l.hal (p 1 f) — pr oos fil 
and dV — £%d{C0H W) r*itr. Integration over tf then over cos 0. and 
at- |jL«t co'er r, yields* 




l ( Au* vo I [1 + (pii/#) 1 ]*’ 


f«ad) 


The probability per unit time <if the ionization process in given by the 
genera! formula (liSb) with p# seen from eq. (G8j). The differential 
probability of the electron escaping with moment inn p in the solid 
angle ifli during t thus becomes 


<W - 


Jfl4g*|g8| *C«* 0 

7T/I rri'/l. 


(j pai&Y 

[I + {/vfhpT 




68.S. Thu differential ufoss auction for the process of ionisation is A& 
divided by the number of photons incident per cm 1 during t, namely. 

by — E -Jutb = — E"| 7 r aA, yielding 


.'WV = hMI [‘os' 1 0 


atie 2 (jw/ftP 
pete [1 4 - [pafhff 


(ttltf) 


■ (Yinsult U. 0. Puirct', Short TnhU of Intromit, So, ?>«?, ihtit! jin UncivutivE wuIl 
Ev^fx-'.a to Peirce's psraii»l«C »■ 
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The total criK- section *S is obtained by writing Jtt/- l In place of 
rUi co^ H+ The momentum value of the electron is determined by 
the condition 

I I /j&\* 

— p B = wh + E t when* Et = — -- ( L (flftg) 

- t u 2^* \fl/ 

Ei it the negative energy of the electron in the atom, and l E t \ is 
the imtizaHm &lert/y. The kiKt equation thus read* 

a. = fjsj [i + (6»h) 

The probability of ionization, ihj. (i>L>e), luis a rather sharp maximum 
for [f>rtjh)' a — ft. that is. when the incident photons are large enough 
not, only to ionise but to leave an additional \ of the ionization energy 
to the escaping electron im kinetic energy. The refinance condition 
tnfi — ft,| S explains that ultra-violet Light ionizes the outer electron#, 
js-mya ionize- she inner olocM-rona, and hard y-rays ionize nuclei. 
E -iUg et| HlOli; jiitri [fHjfh) 1 - ft, the maximum cross section heetimFfl 

An experimental drtermination of the cro.^ .section S for ionization 
may fns i ibl-LUien! from th$ *ihiVtrplinn vurj'/irb t f ( id'tight passing through 
iomzjible mutter, If A 1 is rhe number of dcctromi rcadj to bo ionized 
in a unit volume (remember that every atom ha* two ^-electrons) 
and n in the number of photons incident per unit asm, the fraction of 
photons eliminated along the path d_ is 

- tin — n SN ri- i henoB, n t — w (fiffi) 

wiifeh absorption em-flieient y = XH r The coefficient y reveals im- 
porsant qualities of tin- absorbing malter an- well a,-, of She absorbed 
radiation, in particular in nuclear research, 

$70. Coherent Scattering of Light 

70.1. VV-- shall attack the problem of optical scattering from Liu* 
viewpoint that the atom is subject to a time dependent (periodic) 
perturbation by an external lield ho that the Hamilton inn of the atom 
in the fluid i h sionconsereali vc, // = B° T p, i(). and subjected to 
the tiine-di'pendent Seh rod ingot 1 equation, as a hjmh’SjiI case of §68. 
This treatment neglect* the reaction of the atom on the external field. 
The omission of damping ofleels lends to infinite amplitudes at reso¬ 
nance; actually such infinities mre ftmoothed out hy damping. First 
wc consider coherent or ftayleiyh nmikfintj without change of the light 
frequency. 
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Wave mechanics interprets the blattered Jipht- a~s the emission 
coming from the periodic electric moment of the atom acquired in the 
[>eriudie field of a light wave. In ( tie absence of the fields the atom 
may be in the state — y^) •£ %tuJ : the corresponding density 
— | 'l "Ul 1 = y£| a is constant in time mid is not the source of light 
waves. When the atom is perturbed by tm external periodic fields 
however, the Y-fb notion is T„ Yjj H- H* and gives rise to a density 

f, = \v.\' + <tx+ 4^r„) + |r„|»i (70#J 

— f>« + Pn + ftt ’ 

whose second and third part am time dependent and therefore radiate, 
At present wo are interested in deriving p H > 

The periodic perturbation energy is of t he form 

H f - u%b p){^ + c- *$, am 

ho that the ISchrOdingcr time equation reads 

(//»- ih !} ¥„(fc 0 = - r,>‘" + e- “| V,(i, t). 

On the left we substitute 

'r.fo.i) = T2 (j) + V.(j.ij 1 (two) 

whereas on the right we replace by M™, neglecting terms ..small of 
second order ; we then arrive at the following inhomogeneous equation 
for Tl 1 


ff«—«!)’!£ =-W'jffljHir* 


the braces stand for a sum of two terms with ■+■ w and - ea, respec¬ 
tively. We introduce the trial function 

<& r 1} - y< (q)e- «“• + "* + v-difr- "* am 

whose Unbstitution on the left of cq. (70d) lends to the following 
equation for the space factory y, (g); 

{h °-{#„ ± = - in<i* pm& aw 

We expand the unknown y. ± {q) in terms of the eigenfunctions of the 
unperturbed system: 

V^f?) — (?°g) 

substitute in eq, [70fj, multiply by pJJ,, integrate over space, and 
obtain the result. B±f)(o> wn — r>) — — £7^; hence, 
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The complete wave function becomes 
u? in = 1 + K> 4- w' 

= *(!i*V- S. tC /.(*) j ex i’ i<fu ” ± K,) ‘ 1 


*£«*« T w) 


(7'>i> 


It La is superposition of the unperturbed freqiiortoy «> and two fre¬ 
quencies w n -j- in and i»„ - itrj,, 


70.&. We now construct the density function p* of eq. (7(1ft)t 

-- ~r~|| + Camples conjugate). <70j) 

p n turns out to bo periodic, with frequency cu, and therefore is the 
source of coherent or Rayleigh amftering of frequency tn. 

Every quantum st n te n\ gives a contribution to the sum, even those 
levels whose transition frequencies vt ... are far from resonance with w. 
Tlw* noork'^nanee terms in corpuscular il<-scription signify processes 
without, energy, cotuiervation as though photons went scattered hy 
virtual transit ion processes in which the Bio in in lifter! from E„ tn E^ 
and returns to E n even whet) the Energy difference B„ — E a does not 
coincide with the energy "Jf of the photons responsible for those 
transitions. Knrnjtj in nr.fi ^suMtmd (hiring the transition to and from 
j'li i intermediate or 'virtual' level* Only the final energy of the 
two-step process baEandes. 

With = b'.'j n j-„ Hid f from cq. (fittaj, the vector P = elec* 

trie moment becomes 


- [£■* ( si SSSSB + 1****** ”’ ^i, ' eoU!, 


when r is the radius vector from the O-point to dl\ The t nmponenta 
x um , y Mui , = hW of r„ m have independent plia^ua so that the products 
and : 11111 4 , wlll vaniah in the average, leaving the product 
= |.J F „,.,| fi . The electric moment 1ms an ^-component only, 
namely, with E 1 , 1 mu wt E,. 


P, - t-BLiy*, 


* E4,~ ^ 


(70k) 


when E.- of frequency m &$ta on an atom in the original state E *. 
Ail other quantum states E m , above aa well as below £•„, contribute 
to the electric moment, Due to the factor ir> m . however, the states 
E m > E„ give contributiujQ.s in pfnU’ with the held, and those with 
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A' < E ] enutribiitu with opposite phase. In other wurila. the absorp¬ 
tion terms aw positive and the omission terras are negative The 
negative emission terms occur mainly when the atom is in an excited 
state. Their existence was first pointed out by Kramers; they 
played an important part in the development of quantum mechanics 
The summation over m would moan in corpuscular fashion that the 
electron* originally in the state *q is at least temporarily found in r u-r 
jumps from « tu, other stares m Tinder tin' influence of a photon tuft 
The question arises whether these “virtual transitions" from n to m 
take plane sJhO when the state m is already occupied by another elec¬ 
tron, remembering tlial Pauli’s principle forbids the simultaneous 
presence of two electrons in one state. The answer is that such a 
transition* even if it could take place, would give a contribution 
opposite to that of the electron t» in transition to the state n, both 
transitions having the some matrix -dement values |z ni J but opposite 
factors ami w„ m . Therofore, when the electric moment or an 
electronic system under an incident light wave is calculated, only 
those virtual transitions are bo bo counted which lead from the original 
to eiii rmpfy *tuit. In the normal state of the atom, the excited elates 
are empty. and they give positive contributions. 

The rate of energy emitted into the solid angle dQ subtend ing an 
angle 0 with the x-direction. according to classical eleotrodyiLamitss, is 

1 - (id 

- |P,]* ain s H ■ «>U - - !P,|* sin* twa (701) 

tr G* 

with P.p etc:.., taken from oq. (70k). The total energy scattered per 
second in all directions is obtained by replacing &S 11 11 0<5Q hy =j ■ 4 tt ■ 


dE 

dt 



(70m) 


§71, Ramon Scattering and Dispersion 

71,1. To derive the Raman scattering with frequency out of tune 
with the incident frequency we have to report fcn the second - order 
approximation. 4*' of frequency u> H + m was obtained in erp (TOij as 
a solution of the inhomogeneous differential equation (7GHfi Wc may 
add to T and include in T' any solution of the Ljorrwrponrling homo 
geneous equation, namely 2- A ^. The coefficients A may be chosen 
so that 4" vanishes at, t = 0, The initial condition is satisfied when 
wo modify eq, (7(h) to 

vm 0= n+ wc. 


f - H** ± *K _ e ~ 
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The density p Hl = 1 i r J*Fi + Y^l\ now has frequency w ay ivcll a* r-j. 
Furthermore, T 1 ' cun tributes to the swondonler density 

p, = M* + (W + 

We here diaeuF.s only tins part 

A = K\* = r.*i 

nj M . +ml II »(„_ + B) r 


-I ^ ± OJ) M *(»„*«.) I 

The product of the two braces contain* terms with the following 
frequenmetj; 

&» 2kj, & mk , w ak ± m, uf m „ ± «• (Tib) 

The hunt two arc the mattered frequencies discovered by Rmnmi. 
Mand^hti'uiL l Lnndyborg; theorctinaJly predicted hy SmrkaJ, (hey 
aw* a powerful toed for the analysis of molecular energy levels. 

71,2. The additional electric moment in the state K n produced by an 
incident wave gives rise to diajh-r.fiou. that in. to li variation of the 
ijjiioi of refractiun k of a body with the frequency, k depend® on 
the ratio between electric moment F and electric field E, according 
t o the formula 

k* = \ + 4ttA t ? (Wo) 

Is* 

where X is the number of atoma pet 1 unit of volume, each contributing 
the moment P. The Lorent;s*0nide theory yields the formula 

P ^ 

(7ld> 

for linear harmonic oscillators of proper frequency m a . 

Compare tins classic®-! formula with the quantum result, eq. (70k) i 


P, 2*» 
a, - * 




hi the special case of a Itaftnvnic qmntwtn emittator |eq, (26b)] the 
summation reduces to two terms with m = a ± l: 

i,. | 3 ( rt -h A 

Fm4i.nl ^ w f4J rt -s- 1 , n — t,J D 

= and <710 

Substitution in eq (71e) yields 

p, g*r( w + ij-tt ] . r- 

E, p|fiu| — *»*) — tu 1 ) 


/i(4b}— to 1 ) 
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in agreement wills the liJaadeal Loi'entz-Drudc expression for the 
{juantuiu oscillator. 


5; 72. Indirect Transitions 

72.1. From the diacuiteioti of time-dcpendiint pfirturbatiuns 
we now return In a co nmrmiin- perturbaikm N'iq, p) acting on n\\ 
unperturbed system of energy B n {q. p). H f e-au produce only such 
Lmnnition^ ($ 60/2) in which the thud state /. has the same sin part in tied 
energy ess the initial state K. TIi>h happens in particular when (he 
system consists ssf two parte, I and II which urn independent in 
aero approximation, and are coupled by a mutual perturbation term 
H '; the latter then produces energy changes within each part, but. 
with conaerratiem of the total energy. The most important example 
Ls that of an atom (system I) surrounded by pure mdiat.inn (system II) 
in mutual interaction, ao that E?jp + JS^ = Hh j^jf* 

The probability amplitude of a transition from the state K to ft 
state L of the entire system, with Br — Ej r is proportional to the 
matrix element H' KL . It may hx]jpm T howrvmr, that all matrix 
elements H' kl belonging to transitions with conservation of energy 
an: and that only those matrix etements Bru hiive finite 

valuer which beiung to E K ^ A\ v . In tills case transitionis from K U> L 
can still take place in two steps, first from b! K to E M and then back 
to Ef A'j.,;. Tlu> probability amplitude of such an imlired tradition 
in Blind] of second order in the perturbation term H\ namely, firopor- 
tionnl to the product U Kyi !f VL , as will be shown by the following 
discussion. 

Oft K step transition' 9. The increase of A L given by e(j, (tttlg) 
in the form 

A l = i Axtfjx exp (72ft) 


H f is conservative bo that If rK is independent ■>€ t. During ft short 
time interval the A K on 1 he right may be coauudarad fwi constant, so 
that by integration 


-mo = 


fit 1 


£*“1**— [ 
^LK 


(72b) 


Suppose only d A - 1 at f = t>. Appreciable values of l L arc reached 
only when tu Li£ on u, namely. 
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Proportionality of j.-J r J with / is obtained when the state A" belong 
to a quashcontinuity of density p K on the energy scale. txp (@8bj.: 

•^KL — \M r.lclV^ (7“2d) 

Twosthp transitions. The cver-in crewing amplitude A L is the 
eau*o of further transitions from L to M according to the equation 

-^ilJ f — j~- ML es t* 

and after Httb&tituLion of eq. {72b) with only A A -(bJ — l: 

, | , , — 4f***j(rf 

d m r, \u.Hr.K —*- - 

«'* "’’"LX 


Integration yields 

A M {t} - -— - - -L (72e) 

I (l 7 r J -£M jQj^rj yjf [ J Jf h t 

The inereR.se of I u in ascribed here to indirect transitions from JS K 
to A’ 1f via intermediate states nf energy They are of importune® 
only when the direct transition values of Jf'fisom A" to M vanish, he.., 
when 

U 1f K — 0 for A nj . — A a -, whereas //^ A - # 0 for ^ £ A - I 

which implies that cu wk —* it, win?teas at LK ~s ft and m ML ft. The 
second term in bracts thus has two finite frequencies in the denom¬ 
inator ; it may thus he disregarded. For — ft eq. (72a) then 
reduces to 

t ff. * fv H MlHLk\ , 

Comparison with eq. (72e) shews that the sum in braces replaces the 
11 direct " factor IJ A jj£- When the sinne replacement is introduced 
in eq. {72d) we arrive at 

»KM = liwwr = Y Sz.jV- C«f) 

h bulk 1 

.Since dj /jc — tu £jWl we could write ^ LX )'■' for & IK in the denom¬ 
inator in order to show the symmetry of the transis ion probability 
with respect to the initial and finid state?. 

Proceeding in the same fashion. thiee'Step transitions from A" to 
X vie intermediate states L und M have probability 

»K* = |S»l<)|* = T ZlZm fftt*- (72g) 

n h*m I 
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The denominator may ugiijii he Written in a symmetric fashion with 
respect to t he initiftJ Ftn<J liiuil state, = A' v . 


72<2* A typical twoofcep tmneition ticomre in tFit- Compton ,«t'tittering 
process, Energy and momentum are ccuiaerred hetwtwni initial and 
tinikl state. The initial state is that of an electron at rest plus an 
incident photon, In the final ntate M we have a new photon of 
different energy’ and momentum j ill is an electron in motion However, 
it direct transition from A" in M is prohibited since // A , _ w vanishes for 
^ K = ^ IP' u rideed, the theory of radiation it 'hapter Xt ll) shows that 

only those matrix elements of the ]>er- 
t irritation energy between radiation 
anti electron an 1 finite which involve 
the emission or absorption of a single 
photon.] The ( ompton pmcess involv¬ 
ing two photons can lie achieved, liuw- 
ever, through an intermediate st&N: L 
in which the electron, after having 
absorbed the incident photon, travels 
on in the direction of the photon with 
momentum conservation, u>- — hvfc, 

hence without energy conservation, 
£ hr. In the second atop the 
moving nktdruii emits the final photon, again with conservation of 
momentum and violation of the energy law, no that, however, fine 
original energy is re-established (h’ig. HJa}, 

lit another two-stop Compton process the electron firet emits the 
final photon and recoils in the opposite direction with conservation of 
momentum (Pig. 8,Lb), whereupon the electron absorbs tbs incident 
photon and tI ie- energy balance* Other two-step 

processes lead through states of negat ive energy of the electron {jUd,‘d. 

Till 1, perturbation energy H‘ ini tween an electron and the radiation 
held i-H proportional to the charge of the electron. The one-step 
transition prubal>ility is proportional to and therefore is 

proportional to C . it is n process of order r 2 , Two-step radiative 
processes are of onkr r*. ihree’Step processes are of order i", etc, 
Urdinarv scattering is ji wiie step process of order g a , whereas R aman 
and * 'ompton scattering are two-step processes of order .r 1 . Production 
of a posit roh -electron pair wit h absorption of a photon of energy 

hr ^ "2pc* is il two-stop process of order C, whereas Annihila tion 
involving the emission of futo photons hv ^ gc 1 in opposite direct ions 
is of order r‘. 
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Summary of Chapter VIQ 

I lie Schrndinger time-dependent equation In applied to transitions, 
in [inrticulaj la ionisations induced by light waves. Thu scatty ring of 
light depends on The perturbed density function p — |T | 3 in the 
incident light field. Ir yields Rayleigh k on tiering in first and Ram&n 
scattering In second approximation Involving trtmaitiems through 
intennediute "virtual" states. The perturbed density |'i '| 3 gives rise 
to electric polarisation and to ihe phenomena of dispersion. 



* Chapter IX 

SPIN AND PAULI PBINCD'LE 


§ 73, Orbital and Spin Functions 

7S.L Hariri: Approximation* The Hamiltonian operator of an atom 
with N tied cons is 

(7Ja) 

Let us assume in zero a]jpn>aimution Eh it every ekvtrnn is moving in 
the same central field of j intent in I energy l"{r). ITie latter approaches 

Zi'^fr for small r, anti — — [Z — iV -+ 1) for large r. The 

*"■ unperturbed T * H anriltiniuan of the atom then is u sum of tennis per¬ 
taining to tike individual electrons: 

fl'-£*{-^vL+^). (?3b) 

leaving the perturbation potential 

H' — “ *** j“-h ^ 

~E L * r JT ' 

The function I ought to be chosen so tlicit li becomes as stand ns 
possible. Every eigenvalue’ of pq, (73b) is n sum of the energies of 
the first plus the second, eta., electron in the common y:mitertfci&] T(r); 
the corresponding eigenfunction is a product; 

& - z nJ± +^ + - ■ (m 

T° - • ' • im 

The factors T HlJm JLre known jis orbital T"’functions, or, briefly, ub 
orbital#. Stilton of nn electron are also denoted by letters -s. p, d t • ■ ■ 

for l — 0, E, 2, • ■■ -j preceded by the number »i; the state p = 2 t 

f— E becomes a upstate, and fitf) (2*) (2j>) represents an orbital 
configuration of three electrons with )i t, 2, 2 and l - 0, 0, l t 
respectively. 
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XPFN pavu nnsviru: 




The perturbation method -ui' < hapier V, with It as perturbing 
potential, ls.-ac.ln tu n correction uf the? unperturbed cigenVallls^, The 
result does not agree, however, with the spectrci-ioopMi facte. Certain 
iJirann in illy s'xpept.cd lev el* mv infixing' '►then* expected re coincide 
are separated and ftirt her split i1 1 1<■ eubtayuls (multiplet-a), Tbe&e 
phenomena are explained by the spin properties of the electron in 
tsirajimeiion with I lie Pauli exclusion principle. 


73,2 h Th< Spilt, According to Gondjnnit and Uhleubeck, 1 every 
elect run pugseK^ea an inlrinwe angular or spirt momentum S together 
with is iiNigui.*tic m imeur. M who*e : components have (,To* eigenvalues 

S, => zb ift. Mr — ± T = ± 1 nrtgMtori, 

Iflt r 


that is 


The ratio 


$ - ah. M a with or = ± l. 

fit 


E73f) 


M M, ^ e 

£ Sn -Jcr 


(73gJ 


\s twice tss large (refactor '!) iw* the gyro magnetic ratio produced by a 
rotating * i Gradating •-barge dlatrihutioii. The spiu ijimliLieH cannot 
be ascribed to a rotation of lbe electron]a charge, ll in not feasible, 
therefore, to Introduce a non e sibling spin azimuth r f , M w$ ousiMerjjai't, 
lo t he ahgn.li r spin momentum S Vet if we want to include the (spin 
qualities in the general forntaliam of quantum meL-h miles we have to 
Entritfluee si ' I'l tuin spin c i-ordan.it a i nnjugatc to the spin momentum. 
Pending a physical interpretation wo denote it by a*. The probabi 1 11 >. 
amplitude of an electron then depends on four cu-n id mates rQpa* and 
is characterised by four quantum numbers, nlm<r f 

When mutual forces between the spin-magnetic moment, am! the 
magnetic Held produced by the orbital motion are neglected, the energy 
of the elect Ton is the emu of lEu- orbital energy and the spin energy 
Jr lie latter vanishing unless limns is an external magnetic field), and 
thi eigenfunction is n product uf an orbital and u spin function : 

= VniJrtof) ■ (73h> 


73.3. Wb iiow turn to a physical interpretation oF lho spin w ordinate 
a*. ft cm cm be ring the nriem miima'Ql a mtatur in a magnetic Held Hi 
and H*. respectively. wc identity 'Vjn*) with the probability amplitude 

1 s, iiitt'sii]i.t jj»] n, k. LijiiNii jni’k. phtjjifxi s, mi (lsvis). 
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t of the spin ttiming fruiu S, = 1" S? — a*h. The values of 

T e according to eq. (4. lc)„ ute 


r%m “ ““ W %k^ “ " 0W 

'¥%% = ehi (40) = cos (40), 


TO 


where 0 is the angle (s ( **) and 1 is written for — The amplitudes 
irr are Hermiti&n and sat isfy the rules of norma!Lotion and orthg- 
goiudity: 

TO 

Only when wo write Tjcr*) rather than V , then <r* appears as 
a “spin co-ordinate “ and ay the argument eif a function, id though 
in fact it is nothing but the spin quantum number with respect to 
another direction a* The true character of cr* is further obscured 
by the usual application to the case where i* is parallel to 2 and where 
the table (731} degenerates to 


= ! 

**11) - 0 

'lV.(i) = 0 

•iviii = i 


known ae Pauli# spin functions. It is preferable to use the nniulioii 
to winch one can apply i hu mkw i S) (O) (N) (H) of Chapter VI. 


$74, Symmetric and Antisymmetric '1 functions 

74.1. The statement that the A T electrons of a system Eire alike or 
indistinguishable implies that any physical tpiunt-ity <' produoei! by 
the N electrons (or A like particles, in general) must, be symmetric 
with respect. to the m-ordinates ami iiinmiinl.ii. including those of 
the spin. That is, the function 

; p&; * ■ *) = 0{U 2. * - *) 

must be such that 

C{ l, 2 P ■ * ■)'m C(2 t t, ■ * *) ^ PCih 2 1 ■ * *), (74a) 

where P indicates any cue of the N l permutations of the arrangement 
(1,2, ■ * ♦). If eq. (74a) were not satisfied it would mean that electron 
l could be distinguished from electron 2, etc, 

Similar considerations apply to the probability amplitude 

'FfrtfhW a: * fe ) = T(l, 2, ■ - ■), 

However, since 'V itself non tains an unobservable phase factor, wu 
have to require only that 

|Y(l t 2. - ■ ■)!*- |T(2, i, ■ ■ -)| 1 ^ ]«(1, 3, ♦ * )|“. (74b) 
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Erwin wlucb follmvn for ¥ ilitJf 

V(2 f 1, - ■ = ' ■), 

tv illi tin iiiidtfferminfd phase- g 1B , Writing the left-hand side- in the 
form P^\\\ Y 2 , * • *) we obtain 

/ym* 2, ■ - l = 2, * * ■), t74e} 

that ia r the operation is identical with multiplication by a pho*® 
Fader *The operation ^, a carried out twice in succession yields 
the original function; hence, 

¥{1, 2 t - -) ~ P^Py^h 2, ■ • ■) = 2, - ■ -), 

from which follows = l; hence, C**' = ± 1 and 

m 1, ■ ■ ■] = 2, - * ‘), or = -m % ■ ■ (74d) 

Th* function T mnxt Hike* he symmetric or nntisytnwetric with rouped 
to tin t jrh'inyt flj the partir-tw I and 2 in the argutnatl. The name rule 
applies, of court®, to the exchange of any pair. I and 3, or 2 and 3, cte r 

74.2. Wi now prove that *1' cannot he symmetric in 1 and 2 , and anti 
symmetric in l and 3, because this would lead tu a contradiction. 
Indeed, we then would have the ttqiimct* 

T(l r 2, 91 « m I r 3) = — m 3, 1) = - m 3. 2J 

=* m u) = m 2 , l) = -T(l H 2 , 3 ). 
Hence, T miifst cither be symmetric: 

'1 i l t 2. 3, — -) = T(l, 3, V ' -) = ^(S, 3, 1, •■*) = « * * 
or hi it symmetric: 

TrL 2, 3, . ■ -) = - T(l. 3, 2, - ■ ■) - ^{2, 
u ith plus signs [or the even and miti us signs tor the odd permutations. 
The si i: i l.-liTit examples of a symmetric function of the co-ordinates 
of ,Y isu'tirlcsi arc the fluni (.k 1 ] + j - , r " ■ ty) and the product 
■ ■ ■ .r ^. I’he simplest. antisymmetric function for two particles 
is the co-ordinate difference .r. 2 ), and for three particles the 

product [iTj—^)( r a ji.J(r a aij}. Physical obaervabtes are defined 
as xtpnmt’irir: functions of the co-ordinates and momenta of the N 
like particles belonging to the system, which is only another way of 
characterizing like particles as alike. For an example, see the energy 
function (73»). I 'untiter example : For /[1.2) — x^x a attd/(2, 1} - - :riU?, 
11n. ■ mntjgumtion x, — 3 t — 5 yields /( I . 2) — k.5 and f( 2 , }) — 75, 


74^3. Experience shows L-hat elementary particles of matter—namely, 
electrons, protons t and }&:utrou-n which have spin ifi—give rise to 
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<if\tiisijmmttric '+*• functions. fPaidi has been abb to derive this anti¬ 
symmetry a*, u necessary consequence ol the relativistic spin theory 
together with certain grou p-theoretical postulates.) 

Afl a consequence, .v^/cir^ of Ufa nuclei of t>:t:n muta < mtmher $hx rise 
to symmetric functions; xysizms >ei(h nudti of odd mass niL-tnhfr ham. 
mitUifmmctric 'I ' function# of the coHordiuatea of the several like nuclei, 
I ndeed, when the nuc;bug A 1 conniat-P of X proton* and neutrons denoted 
fl\ * ■ ■ n‘ St and the like nucleus A" consists of .V corresponding 
particles a' * - ■ a]^ the V-funotion of Lhu system of .4'" and A“ is a 
function 1 $*(a i ■ r ■ fi\ ■ * ■ a iV ; * * J which is antisymmetric 
(changing sign) under a permutation of a[ and «, its well us of al and 
« s , etc. Therefore, when the whole group of particles A' is exchanged 
with the group A \ T will change sign when A T j* odd. and 4' will remain 
unchanged when A' is even. 

The T-functum of u gas of photons ha ppens to he symmetric. One 
may susjiect, therefore, that photons may not ho elementary particle* 
hilt may Lx-' pairs of "neutrino*." which are supposed to be elementary 
particle® of spin ift, The neutrino theory of light (Jordan, Rronig) 
ha* not yet, however. produced convincing now result*. Mesons of 
spin n or 1ft give rise to symmetric T-functions, similar to photons. 


T« illustrate the foregoing results on Haider two helium atoms con¬ 
taining two nuclei .a 1 ' and nA ami four electro ns 3 3, 4. T(M' compart¬ 

ment ri of the following scheme 

a ft ,4 c ^ g 


indicates ti small unit range in oo-ordinate space near r„ for nri electron 
with definite spin co-ordinate it* in a definite quantum state ■/„ 
— Rj tl m a a # . Similarly, the com purl muni A indicates a small unit 
range of position* fi , in a quantum state Q A for an at -particle. We 
now distribute t hi- four electrons and two x - * in 1 he following “original 
fashion or or the coin part merit* ; 



The probability amplitude of this distribution is denoted as 
All other possible distributions over lLe same contpartTiienlH have 
T-values either equal Or opposite to ^' wlgJ We mention, for example, 



a b A 
list n* 



— r. 


aria - 
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Of [mrticiilar interest iu the? new conftginttthm 

f a b A 

MjTjT?] Erl—ray 


J"J i-rT L wp have exchanged every part tale of one atom with those of 
another ; t he 1 resulting l T equals T u[Lll . 

In the |ntrtienliircsa4«e (hut the two He-fttoms are in the .same quantum 
state (symbolically, when the Coni part men t h ifj lifted, to the same 
height as rfj then the last example reduce* to an rschange of two entire 
Hlf Heatoras, reuniting in T — T - ^ This kails to the statement: 
'I is.- "t function of u set of N like H e-atom* ifl symmetric with respect, 
to an exchange of any two atoms. Ill short-: .-I helium gns hn$ tfjni- 
metrir K \"-fwnriit>ru). This deduction is of great importance for file 
unusual behavior m-f He near absolute ;?erQ. 


g?5. The Pauli Exclusion Principle 

75 X Ihe principle of anti symmetry applied to a system of eletfanru 
states that only such states arc permitted which he lung to T-functions 
that change sign w3»en one electron is exchanged for another ul the 
argument of M\ U?t us consider an unperturbed Hamiltonian fi n 
whose eigen Mmot ions arc linear combinations of Hartiw pmduflt 
functions such as 

yJ0n$}w(3) ' ■ * and ^,(% i dny- , do> 1 1 

so i hai with constant factors 

'TV, 2,3.* ■ 1 1 ■■ 

Only ihe ant(Sj'mmetric combination with plus and minus Tigris to 
the even and odd permutation."- is actually admitted fuh ;lii eigen func¬ 
tion. It. may he written in the form of & determinant with a normal 
king factor. 

, \*M v*m 

l *tu = 77==- ! V ,(l) *>|(2) v.(S) • ■ - 1^“) 

Siiii'c a determinant vanishes whenever two or more of iis rows or 
enfunms aiT alike r ihc amplitude M. is aero iviieu I wo or more of tfie 

state* «. h r ■ ■ r arc identical, that is, when more than two nli*l.rinw 
are in the .same state nimu. A quantum statu defined by three orbital 
and niie spin quantum riuuda-r oftn be occupied by not snore than a 
single electron. This Ls the fxdntfion priitpipfo of Pauli. : li is a 
* W. Pauli, Z. Phfrnk 31, 7B& (JflSSp 
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'ipoial ajuplioatiQti oi thi; printiplt) of andsymjnctry. nameJv, for un¬ 
itor Utrbed electrons. where 'F becomes the blitii of products. 1 1 \ 
general, when H” , * \i h the eigenfunction of a certain observable 

■■1(1* ' ■ r ) belonging to the eigenvalue A', and if 1 !' ss not yet amt- 

ny in metric!, an antisymmetric eigoiifuiiutton belonging to A' can ho 
constructed as the following combination; 

?«* - ~s dt . 2,' ■ ■). (78b) 

v A ! 

H tniLst be emphasized that in zero approximation, where T^, H bus 
the form of a determinant, every electron fa JisMociated with al! A' 
.states o, ^ ■ ' * nt the same time. Since, from fehr |mrli.elo viewpoint, 
one can imagine only "ins fleefri u in one orbit fthnitlbiuienualy, one 
Hfkeakfl of M H “ al or l l'' VIM describing nn &rchflwj‘ process as though the 
various elec irons changed places. constnutty. ActiiftUyj antisymmetry 
shows that the idea of individual rieHnnii- in tndmdu&l states (the 
first electron in state *i, ttu* second in it, etc.) iLoi^s riot work. 

75.2. Kt-turning to the system "f unperturbed electrons characterized 
by quantum numbers idttw, the rales 

» = 1, 2, 3t f - - \ a =* + i, 

I = 0, I. - - [» - I), m =l,t- l t * ■ - (- i% (ite) 

permit individual elec I rons. to occupy the following quantum slates; 



and so forth, 
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Due tu the two v ft] ues of a. not. mote than 2 electrons cun occupy 
States with ■'■ i (if-shell), not more than S electrons can ImVe h. — 2 
(L-shcil), not more than Im electrons can have n - It (M-shell), etc. 

Tiiin ... tu [ht’ struct lire of the [leriodio LaUle, eioe.pt that 

new shells are begun sometimes before the former shells are completed, 
for energetic reasons of stability.. i I 


$ 70, Two Like Force Centals 


from Ltny resemblance to the classical 
expectation. The forenioRt. example is 
the tunnel affect. Another type of anti- 
classical behavior, known as the ex 
change effect., is encountered when one 
particle moves in the field of several 
like force centers, or when several 
like part idea move in a common Held. 

The essential features of Lite exchange 
phenomenon are explained in the follow¬ 
ing One-dimensional example given bv 
tluniP; 

A particle may move along the a-axis 
in a Held of potential energy U(.c) witJi 
two minim a near a and. 6. separated by 
a maximum [Fig. Shi), We restrict x 
to a finite range, assuming that Ufa] 
rises to infinity at the boundaries of the 
range. In this one-dimensional problem, the eigenvalues are non- 
degenerate and the eigenfunctions are real. We consider n few 
special cases. 

/, I * tMi/mMPirie potential, from tn*o unlike fare? ceuier# 

to, U(x) has a finite maxi ihutd between two unlike minima (wells 
a and 6), The eigenvalue*! /? 0 . E v etc., are entered as horizontal lines 
in the f-diagram, The various eigenfunctions ^(j) for partial ex of 
energy J2 m are shown in the lower part of the figure. With energies 
£? 0 and A' r u classical particle would be confined to the well cf; and 

S F. Humt, X, Pkpik 42. 43 lltiST). 


Flfl, It. k Two polontifll wotls* 
n f rilffpri'iit 4njit.ii hopamfotl by i+ 
iiiiJli- liftifiw, with tbr fivi 5 lowest 
and waiva fimcHoiu, 
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have considerable values within a and only small, values out-aide 
of a, eon forming approximately with the classical expectation. The 
functions y.> and y Sf however, arc strong within a and h nimiil- 
tjiueously, as though the particles con Id pass through a tunnel in the 
U -barrier., 



Fw. 9.J, i In-ft) Twit djffuTaut potantml we-Ila afiiiwru-tod by a luyk barrier. <Ki^ht ,i 
Twu iliJTen;ii1 wulU wiih uifljrijfcp tnUTBir. 


lb. The oorraepondctieo between cLiuudoal and quantum theory hi 
restored again when the barrier is raised tn very high altitude {Fig. 
ih£&) and then to infini ty (Fig. UAft>j. In the Latter ea>o every 
T-function La confined either to a alone or to b alone. All tbi* holds 
for tin utiaymcietrie E^ourve produced by two different force centoi.*. 
An infinite barrier is equivalent to an infinite distance between the 
two force centers. 

11 8ytn.mtric /wtential from fuv like force wAfer* 

fin. The oonesjanidenee with dnseiettl rued iu nice diaappoFirs when 
V in ,1 atfmmrtrit' putrutitil of the form f ; [.r) = l‘i — .n (Fig H :t). The 
eigen values now are arranged in doublets, mid all T's ore. finite i within 




GHAPi IX 


XPIN PAULI PRINCIPLE 


1(13 



tH/if (\ (|70.3). If we want to interpret this wave 

result in corpuscular terms we may apeak of an exchange ejjed ; the 
particle sttcms to cum mute in mm ttnmechanicfd fashion between the 
two wells in spite of the barritr. Closer inspection ahowti that the 
^'-function belonging to the lower energy oj n doublet in ipunetnt‘ 
with respect to the rig hi and left, where¬ 
as the upper doublet, onergjte* belong to 
autisyTaraetrie T-fntnetkmii: > 


= ¥'(*') = - H— *)■ (70a) 

The nope ii iLtK-.- of symmetric and anti 
symrtunrie ig- functions in ease of a 
syinmetric potential, - U[— j->, it) 
si guide* lit forthMihlc iiiolL'fMiles with two 
like force winters, tmcli as H a , O s , etc,, 
and their ions. 

Hit, When the harrier between the 
two symmetric ranges a aruJ h in raised 
to infinity, or when their listunco is in- 
creased to infinity, the doublet levels 
eoale*ee into single levels of two fold 
degene may. The twt i. mgeufimetions 'I 
and ‘1 r Iinl belonging to ti common eigen 
value mav now lie written; in the form 


if %m + itm*}} j ^ Yy \J V/f 

k ,. J | Fm, (1,3, Two tike |Riteiiii4*.l 

^aikt ,-r ifA^J Vftlli WtlJn a vmVf high barrier, 

* “ f Mh^vring nArfow dw&M WcIr- 

MtWgieg In nymna^rl*? Atid 

The factor lfV2 is introduced rtf) as to 4wti#ymnw6ri»r wave notation*, 
normalize to unity, j is finite only 

within well O, and only within U (Fig, 9,4). fho sum rg„ -f f b 
does not change im sign when the suliHcriptH a and h are exchanged; 
il iii symmetric wit h respect to a and h The lilifferencc qp a — i/ s changes 
fdgn; it is nil isyminet.ric with respect to a and Ik 


76.2. A *ffmmetric potential I ’(j) - /T( x) with an infinite barrier 
between the two minima may he considered us the limiting ease of 
two approxiuunions: 
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Approach from Ih, There ie an infinite barrier between to n origin - 
ally unlike minima., bill l is gradually made symmetric, The ^i- 
Funetioo* tire of ihe lype i/.'„ and i,v with the particle either near a 
alone or near h alone, even when V has become symmetric. 

Apprv*ich from l fa. A symmetric f\jc) may have a finite barrier 
which is gradual \y raised to infinity. The H'-Functions are of the 
1 vpo T i>Ui and T m „ It may sneiu paradoxical that there should bt 
such a hfge diffemnoe between the ultimate Y-finmtionn when they 
approach the same ultimate f'(r} curve from different directions. 
The parado* it solved by the consideration that a gradual approach 

from an tins y in metric to a sym¬ 
metric potential [caw (/6}] is to lie 
ruler I out m tmpbyskad. The poten¬ 
tial U is produced either by two 
like or by two unlike force centers. 
We know of ninety-odd diEfe-rent. 
nuclei with their isotopes and 
their different states of excitation; 
however, there is no gradual tranai- 
lion from unlike to like nuclei or 
from unlike to tike force centers, 
in gene mb Therefore, the correct 
T-functions in case of two tike force 
centers separated by an in Unite 
barrier are those of etp (76b). 



FlO. H,4. AddltlUfi oral wubi met-km 

. .*r . r 1 """ 70.3, Tlifl proof that in Hie limit- 

^viiuTW.'Lrji' juh. 1 jtpi nnfcteymnSiInn vraw _ • 

liiurtkni, ing ease of n symmetric II 0 , repre¬ 

senting two like Force centers wit Hi 
infinite barrier, T approaches the two forms and TJ] nl of etp 

(70b) runs as follows, Any linear combination of the two functions 
Y . and is mi eigenfunction of the twofold degenerate eigenvalue P. 
Consider, now, the slightly different. llamilLoiiiSn II, representing a 
high but linite barrier between the iike centers. The eigenfunction 
belonging to a perturbed E near E° may still; be approximated by a 
linear Combination 

¥ = Ay a + %■„ 4- W* (715c) 


whoso constant factors are no longer Free and will now bo determined. 
By Mul>stit,iiting ec|, (7t5c!■ into f/ l L‘— E X V 0, one obtains in first order 

{&- U'W = A(lf f Vm - Jf>.) ¥ mH'n- 
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Multiply from the left by $„ and by y*, respectively, and integrate; 
the suiting two expiations, 

A{B^ - K'8 a J + Bin** - = o \ 

- E% a ) + B{lf m - W8») = Oj 

with 

=“ SftB r <p^V, *$«& = J<p lT V*d^. (704) 

art!- oomi^atible only when the determinant vanishes, yielding two 
values of ft with two set-H of ininstant^ .1 find B. When B = IP -\- 1ft 
and ft = + E\ with *mtU symmetric H\ than 5«, and S tit > 

approach unity, and S ak = -► d. The two linear equations now 

reduce to 

A(H f ai> -E') + = 

. 1/4 + M{i 4 - rj - oj 

Furthermore. the mfcepal i/' t and it* complex conjugate 

have the same value, thus Jt' at = reed. The determinant 

has the two runts 

W - ± % $?$ 

and the comes ponding j.niirs of *4 and if have the ratios 

AfB = + 1 and A/B - = 1, (7df) 

leading to the syminetrio and antisymmetric functions, namely, 
V' eoiDst ( 7 ■’. ittf-'n )f \ 2. The Butter are the only linear combination* 
adapted to the symmetric H\ 

§77. The Ionised H-Motaule 

77.1, An ionized hydrogen molecule 11^' consists of fi singEe electron 
in t3 lo fieh.I of two like protons, n and h. The Sohr6diftper equation 
of t he election in 

ft 3 / i a r*\ 

-v 3l K+(^ + r + r W*=o ( (77a) 

* 7 * ' n r j/ 

with a potent in! energy M r nih,etric Ln ft and ft* The eigenfunctions, 
therefore, are of the symmetric atid auti symmetric type, namely, in 
the approximation of an infinite distance H between the two protons: 

^ r -rm= lv- + vd or T aQt - - (y, - y*h (77b.) 

where ^(zys) is the eigenfunction of an electron in the U>ulorab field 
of the proton n, in the ground state, with energy A’ 0 ; y, v is a come 
/■ponding function with h /is center arid 1x4rmgs to the same eigenvalue 
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E a . When R is infinite. y„ vanishes where y 6 is finite, and vice versa, 
so as to render Y^, tl and t F ull mutually orthogonal and i normalised, 
When R is finite, the? normalize! functioire f77b) are 

* "" = --— (?„ ± 7',}. (77o) 

V2(l ± Sf 

8 is lho “overlap integral : 

8 ^ S%9i& V i s — 0 # = *>J. (77d) 

hi thi ground state y, end VY, ait? trtti normalized functions, namely* 
as a special ease of eq. (’J’iv), 

y(f) = TT-ir e* {77e) 

?r ill. 


o 0 . . . tin- first hoi it radius. 


77.2. To find lho energy of the <dreti>m in the field of the two protons 
in the ground state uilh real i'ig*m function multiply eq. (77a) by Y 
and integrate over space?. Using = 1 and the vector formula 

A^R — div (.■! yli) - \A - V ft one nlitems 

E = ~ J IVTJt/ V — ff- + - J Ty V, (77f) 

ofA J \r D r b / 

Tire right-hand side may be interpreted as the sum of the kinetic and 
potential energy of the electron in the state T. Since Y is unknown* 
we replace- it hy the approx ini at ion of eq. i77e) Using yv* — Y VY, 
and neglecting the integral of i!vy.* * Vfi) ftA small of second order 
for large it, E reduces to the form 

E = t-Y (AT* + f “ 4 C" ± D' ± K'), (77g) 

with the integrals 

A " = U l 1 ^ 1 ' “ Ti /(?*»)*'**', 

A" = - I - I fjr)]«r = - ( - IvuMfiT. 

J fa. J ft 

<" = -(7 InWNT - - P-V-MWO 

at ■ j! r | 

D ' —+ 0 v-v^y. a-= 

A'" -f / JH = A’ 11 represents the kinetic plus the potential energy of an 
FI-atom unperturbed by the presence of ji second proton* ( ,r is the 
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mutual Coulomb perturbation integral, representing the energy of the 
negative 4 oLafge cloud of the H^atotn Ill the field of the setonil proton. 
The integrals LC anti A J with plus or minus sign are known an the 
ewhntst]i J boy do not admit a semi class iced interpretation, 

Lnit jliv clue its the wave-interference term y? n ■ y a in the superposition 
1 — -f- y'a + Hoth. C' and /)' vanish for if — oo, 

fHEt for finite ft the exchange part ± {O' \- K') hag & considerably 
larger value l him the Coulomb integral C\ 

^ hen the mutual energy between the two protonfl, is added, 
one- obtains with eq. (77gJ the binding 


energy of the molecule; 



H is u function of IP, (he actual 
binding energy 1st the minimum value 
of fFfll)* obtained for ,i rcrioiii iuIuo 
of I\ = /? 0 , i.e., the actual distance 
of tin- two protons in the molecule. 
Fig. shown the dependence uf If 
on ft\ Tli" ' nrve marked V g j wh the 
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Fjn. D.S. Energy eupww fur l.hn 
liydrug^fj. znolrpubion |h| imil> 
enlruloCad fni* muliHivHtKl 


j £" 

function — -r C\ that m, tlm mutual 

■/t 


kydPogL-114-RCiMn mru fLmutiuii*. 


binding energy due to Coulomb force between one proton arid its 
negative- charge cjmid and the other proton. The curves A and S 
belong to the antisymmetric and the symmetric Tfi motion re¬ 
spectively; they are obtained by adding or subtracting the term 
with IP -l- K r . I'lie latter may he fiseribed to an r " t'jrrMtntjc jurct-P 
The tipper curve- A if: obtained when the function T' is anfcia ymm«t rin 
in n mid b\ this curve slmwa hm ever in creasing potential energy 
I! (A) with decreasing R and fines not lead to i he formation of 
a stable molecule,, I he lower curve S belongs to the symmetric 
TTimet ion; it shows a pronounced minimum at a certain distance 
R — Rq — distance between rhe protons in die stable molecular ion. 
The corresponding value PF(jy is the binding energy, and - ll T {J? 0 ) 
is the positive energy required to dissociate the ion Into an El-atom 
and a prolan. The observed values are R 0 =r l H otf x Kr* cm and 
li (Tfo) = 2.78 electron volts. The comparatively large value of the 
binding energy is chiefly due to the exchange integral and is a typical 
f 'fleet of wave interference. L aing the results of §74 we remark that 
tiiv function 'F, )IU . which is symmetric with respect to an exchange of 
the co-ordinates (positions J of the two protons, is permitted only when 
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the atflte function i.s antisymmetric in tin- two proton spina, i.e., when 
tho proton spins rirc unhpimdleb forming a paruhydrugen molecular 
ion. A stable mtho Hi , with proton spins parallel. dix-s not exist. 

KNas.it solution* rather than approximations of the Nnhrrktmger 
iHjuaiion {77a) can bo obtained by introducing elliptical co-ordinate * 1 
with the two protons ay focal points.: 


£78. Ortho- and Parbelium 

78.1. V Min hi atom I'cmsisl* uf two electron#, — f, and n nucleus, 
d~ 2r. To find the energy- valuta we apply the perturbation theory 
nrnJ um ns nuperturlM-d Hanii.ltrmEati operabsr (Hartree method, §73) 

** -z?*\ 

& ^ ~ — M + V» - [ +—} + H'i) + FW (78a) 

\ r, r a / 

nncl pih jicitmliJition energy 

//'= -- V[ n )~ V(r g ) A ( 78 b) 

r ia 

augmented 133 - small terms due to the h pin-magnetic energies in the 
orbital iield. The potential I p ) is to Ik? chosen so I h i t H' becomes 
as small ns possible. 

The eigenvalues of //" are those of two electrons in the central held 

2r a 

jintentiti], l'{r) —, unci depend mi the principal and azimuthal 

quantum number# only: 

+ ( 78 e) 

The corresponding eigenfunctions are products of two orbitals: 

f fl ( *) Vis (2) a# well as y fl ( %'*(!), (7 ad) 

neprt'isont.iiig a twofold degeneracy because of the equality of* the two 
electronic. Any linear combination of the two unperturbed functions 
is again an eigenfunction belonging to the coin men eigenvalue E n 
= E, f -p A r b . Among the infinite number of linear tsombinations wfi 
eon Rider oujy the two functions : 

11* 1 fl SI I 

^ ' ' = . WI)Vi(2) d: ¥v(I%*(I)}h (780) 

■ Hftlli ( * T U I ^ * 

They have the following qualities: 

(I) both art? normalized to unity in the space dl' - ’ 3 ; 

(If) they ait’ mutually orthogonal; 

* K. TB Z Pi^k 61. ir-rt [mm. E. HyUflh^ ibid, 71. 73U Q. JMts, 

■Ml. B7, ort.% J ili:i L>. 
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(III) they arc adapted to the symmetric perturbation potential 
HA 1, 2) m that 

j ireu •• 2 j «fy= u, 

The j in mi' of this equation is given in the footnote** 

Dni- lij I, 11. Ill we out] apply the perturbation theory Tim 

|wrturl mt I'm energy is E' r 'T d i7 I , namely: 

aif'u i. *) rfvT', i 

Km “ JftTUt *)»U • 

Alter ■iuh^titutiLJii nf (7He) limy become E f == £? A- Ik with 

<■ = If I r.l i i- a) irr^r, 

D - 1)dVAV* 

The two tleetroMs in the states a u-tid h thus can relief in two ways so 
a.-? to yield the helium energy levels E — ^“Hhf’dr I), where A 1 " 
— E. — t\, Every unperturbed He- level h h p Lit iirto it double! due 
to the two signs uf the exchange integral P, supposing that both 
orbit a i 4 fu i set. i in is o I' e< j ( 7 He j a re ad rnit ted * P has va I no. 


m) 

C*W) 

(7Rh) 


78*2. The principle of init [symmetry for electrons requires that the 
Hfuncikm uf any -tub Is ant "symmetric with respect to an exchange 
.,{ I mid 2, This requirement is satisfied when the funner orbitals 
are multiplied by -emmet ric or untisyniiiietria ftmetioiia ${ts*, u*) of 
the spin <o.-t*rs|i NILS.--- in file following two ways; 

= (parheliumj j 

■’] = T'« rt (l f a)-I 1 „(l,2) (iirthuhtliuni) l 

'Hie multiplication by a spin factor corresponds to an additional spin 
energy E\ m t hat in ooae of antiparallel spins (parhelium) and parallel 
spins (nrtliohelhim) ihu energy is 

E = A T * + C + D + EL (parhelium) j 
E = E" q- C — D -+- EL (orthohelium), I J 

■ liirtumjpnp I with 2 In fhfl ilitw^newl niftount* only to a ohiiDpo of dotation duno# 
ihv intogration. lt«rirtg tlm integral -t ijucIsw^ehI. (in iho other hand, PKfh^nging 
1 until 2 lurvi rn Ujm Nr*F t.wn hirtofM ui Uw tnldgnuui nnetuHigwd but nmjr«w Lhe nlgo 
ol £hn i hint fni tor, my (lust ./ rhiu^Etsa to — .f, Tho ammo operation erf' earaliMn^ing \ with 
£ tlii i.m LujwIm ftrun J to J a . u-etl il* So The aquation. J = — J oun hold only wh«n 

J •=■ [J. Tbs ttmt proof ttftplitii* when W i* rapln^ed fry any other hunch inn F(l, «) 
hymmcSrN m fcbo (m-pniumt* 1 * mul niMnieititu ■-jf tlar two Isko- piLft-k'Itth 
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There ate three different functions 5^(1, 2) and only one function 
Sutfl. 2), namely [refer to table (73k)]: 

S !U ■= V+ (*r) W (ffj), SJJ™ = V'- )V-() 

s Sm — •)- (78k) 

v i 

S^L = -J= ( “ - " }■ 

V'2 


They belong to three different spin energies and only one spin 



energy A'i*. Every ortho energy level 
is thus split. i l|> into a narrow trifle. 
This is indicated in thp schematic level 
diagram of Fig, ihd. Spectra] fines 
are emitted during transitions from 
one ortho stat,e to another, and from 
one para state to another, 'Transitions 
between an ortho and a pnra state 
are forbidden because of the vanish 
lug transition value of the electric 
moment. The electric moment is n 


JTio, tl.B, Energy lev&JUa of 
iji'liiu:, Pdriielium bektogs in 

ipgqetrili, nrth fthulii Tin to >lj i I ■ - 
■■ VJ 11 fnOl rn: ■„ 1U bi>1 ii i] i.i tllft i r- 

bitiiE oo ■[■itdiimtoti. The furfou-m 
UKlidAte ftp Let diroytioiiH. In pup. 
heLiiun the pf-Aullliig spin ntii, 
in orthotusliuttL it. =p h tvirli e- -j ii - 
panontj 0 + ± h. 


sySUdetric function of the spot® cm 

ordinates, I J =■ efr 3 -j-r 2 ), so that the 
proof in the footnote on page I£H) 
applied. The lack of interoombinatioiiB 
ivis first considered a« a sign that there 
arc two “modifioations" of helium, 
the ortho and the para modification 


(Fuse hen). J'his conclusion is right when the word " modification” 


is replaced by "mutual spin orientation 


?8.3. In the ground statu of the helium atom both electrons, are in 
the fiarne- orbital state a. namely. a state of quantum numbers « = I. 
I — 0, nt — (K The antisymmetric' orbital of eq. vanishes when 

b — a r Therefore, there is no triplet orthobelium level in the ground 
state, The ground staff of H* ronsistJi of a mnglr.i parti stair onfaf. The 
absence of ,i triplet ortho ground state wus one of the chief clews 
leading to the exclusion principle: When both electrons agree in their 
orbital quantum numbers v i, ni , they must possess opposite i aictita- 
tiou of their *piti*. lliat ia ; they can form only a para state. I'lie 
theory of the helium doublets introducing exchange integrals nesting 
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cm symmetric and ami ili rjH:'1 rik" T-ftmutiuns was fir«t given by 
Heisenberg** 

£79. The Hydrogen Molecule, Heitler-London Theory 

*9.1. T he ^ehrodi»Eer equation of the ilj-moleoule, with two electrons 
I find i in tiie held of two protons a and h t t* 

^, r: L c r:>r, + | - + ~ + j— p)]^-«i<™»> 

when- 1 1‘i ], II) h n function of the £LX space to-ordinates of the two 
electrons, Heitler nrul London' 1 nee It in tirnti ordfir approidmations 

dr.Ujrd^ zb - ^dy„i hulI (7Ub) 

\%l ± &) 

ft and are tlio Tinmi-alizcrl eigenfunctiorLH of H-atoms. ntid 8 is the 
overlap integral t 

8 = / 1 Mt) ("i = §f „{2}^(£) d V t . [79q) 

Sub'.tiUihoij of ei[ (79b) into E — flT/Tl'd 1 ' t di s vie Ids, with the 
niltu' trailsforuint im i uf Ty" ns in g 7 7: 

+ (W) 

l ±;fl* 

where i.i t ho unperturbed energy of two 11 atoms: 

B> = ->jd r, (£ [viv.(i)3*-r = *(*" + **)• 

C ' if, i iin tnutanl (' - iiJoiidi energy between two H-atoms (excluding the 
energy ; 2 /h-‘ between the protons) i 

C= - SJdl’j- [?.<!)]* -I jjrfl'.rfl'.ft [,.■„< I m^F)]*- 


'ii 


'VI 


t.r and K are tin.' nsehango integrals: 


ir = vssir, — r.( i >*(!) + *fJM r,dP, - r.(* Wi)*.(*)w(3) 

T m 

t* 

K' = 2/dV*i f YiUbVnin- &' hfl* tu>gttfive value at large i£, 

*r 

The binding energy between the two H-atoms is 

W = *j l + i E - ^b) 


■ \\ T rii'J-ei.i.n •. z p/iy it [jg. H I II I Sfl. rm . Mi5U 

■ W, HHtlrT^rl F [^ndulj, Z Wyn'l «. 4S* (1W7> + 
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ill first-order approximation, II ns a function of R ifi plotted in 
Idg, 0.7; theupper curve *4 belongs to the antisymmetric T-function, 
the lower curve S to the symmetric 4'" function, whoreau the curve C 
repreiicntiB the classical Coulomb energy. The latter has only a a hallow 
minimum, whereas the N-eurve yields the binding energy, approxi¬ 
mating the empirical value*. If ■== -L7n electron volts. Monging to the 
proton distance R - - L4Ga b when; n u is Bohr + s tirst radius, Higher 
approximation b have been worked out by ft, Wang, Y, ftugiura, and 
others,* 

Although the contribution of the spin-mugnetio fbreca to the energy 
ifl negligibly small, the spin plays a decisive part in the formation of 

the big-molecule. Jf the elec Irons 
were wiLholit spin and yet were: 
subjected to the principle of anti- 
symmetry , only the A -curve would 
exist, The ^-curve, which leads 
to a stable bond* is permitted only 
when the spin factor S is anti¬ 
symmetric. i,e, + when the two eEec- 
tron spins are antl|*tti ulief Whether 
the two proton spins mu parallel 
or anti parallel depends on the state 
of rotation of the molecule, us ex¬ 
plained ill the following chapter, 

79,2. So fur we have discussed only the simplest type of a homopolar 
or covalent, bond between two neutral atoms. Whereas the he teru polar 
bond in Xal?l, etc,, depends mainly on the Coulomb energy' between 
two ioTUi of opposite charge, the covalent bond ro&te on the Hcitler- 
Londen exchange energy between two like sitoms. The electrons must 
have opposite spins in nrdcT tn■ admit n symmetric orbital 'F-ftinottutt 
leading to n stable molecule. 

Whether a stable H a ~niQleoido can exist depends on whether a 
f-function symmetric in the orbital co-ordinates of three electrons 
is admitted, and, therefore, on whether a function of three ipin co¬ 
ordinates can Ik- mil asymmetric, an obviously impossible condition ; 
two spine may l>c anti parallel, but the third spin will then bo parallel to 
rine of the former two In terms of wave mechanics the determinant 
formed with three spin factors T. (<r*)4' 0i {rr*YI‘ Dr (i7.*) as diagonal will 
iifwessirtiily vanish, two of the three columns u r h, * ■ being identical 
since there are- only two d 1 decent spin states. That is to say, the 

1 9. W.ui S , rhy*. Bet. 21, G7tt (1928). Y. Sugiun, Z. Phptik 45. iM JlflST). 
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CHAP, IS SPIN; PAULI PRINCIPLE m 

two fcntiparalh?i ffpmfl of an H^-nioItotilw are paired ct mutually satur¬ 
ated. and a third electron can no lunger he paired with the firwt two. 

In genera I h the Iren-valence flashes uf l S m ■ oitemiate Eire unpaired 

electron spins, 

The two electmna in a helium atom in the ground state luivn 

opposite spins; they an- [wired, A eovatanl. injtid tatweeli a normal 
helium aiion and u not her atom h* not possible. If the He is in an 
excited state. however, the two electrons may !w? of parallel .spin .mm 
a & t.j represent two tree vaieriees, Thus, the promotion of an electron 
io Li higher slate often explains infractions of the ^kmumlftry i’heriii<sal 
rules of valence. 

The ground state of a nitrogen atom lias electron t-oii figuration 

The four s-eleetronn are paired, but the thiw p- 

tdecirons have parallel spin> with resulting spin S =■ it, This in 
eontirmed by the fnct thru the ground state uf A h a ijiinrt*?! iV-ntute, 
NUn, _ -ij, therefore, baa a covalence of 3, 

Fur a more comprehensive report, on the theory of the covalent 
burn! refer (■■ the literature on quantum eheinistry^ 


Summary of Chapter IX 

The t tou dstnit-Uiilen bock semiolassic&i model of the »pinning electron 
ii^ incorporated into the general iur maJia m of quantum mechanics by 
Pauli's *pm tinLcth- r - which depend on ft fourth eo-ardimite fi p an 
argument of The requirement 1 hat like particles piny identical 

rules in the mean ami transit ion vuluea uf any observable lends to 
the conclusion liuit the amplitude funutiun U either symmetric or 
antisymmetric with respect to permutations of the cu uidLnatefl of like 
particles. Antisymmetry of T is identical ivith the Pauli exclusion 
principle for unperturbed eject runs. Antisymmetry hi eon junction 
with the spin jj h explains tile structure of Che ja'i-iodie table, as well 
a= the detail a in the spectrum of helium (and other atoms). When 
applied to the two electron* in an 11 s -molecule, spin and juiLiyvininetri 
lead to the exchange force of Hd tier and Loudon, which is the prototype 
of the covalent- chemical bond. 

1 \Y UiiilliT iL|]d G. Bi<ntwq, £. Phyaik 53. 62 {1921ft Q-. Her/tK-rv, ibid, 57, HOI 

11939), L. rmilirp. ./ \i». O . jw' 53, 13157 (1031 H. Kyring. J. W«iW. ..r»| 

O, E, KjiuUnH, QiJonffiLm Cktmirirtf 1 Wiley (E(HJ i. ,1. E3. yen VEot^Ec aail A, SJwnmii, 
Bet'- Mod. Fhytt. 7, |7J fllflfili, L. taulin|j. Ttu Xafure f/f f/nr Chrtntitd Btmd r flumell 
UiiivHmty (IMOl. 
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SS0. Multipleta and Fine Structure 

80,1. The eigenfunctions of an atom wit h A elect man arc autifljtnmetric 
in the X electrons urul can be represented in sscro approximation by 
determinants eudh m eq, f7^aj. These eigenfunction* may be brieJty 
denoted by the symbol 

TS* .(1 ■ 2. - • •) whoro “ “ etc. (SOa) 

The unperturbed energy 

«° = **t. + + • ■ ■ (“'>> 

is degenerate since E„ j beJongE te various values of m a and a a . In 
case of a r-fald degeneracy of the v valuta of E‘ can tie found from 
the secular equation, A — 0 [aq. {3 Id)]: 

(Hu — S 1 ) H *•* H\, 

Hi [HL — E‘) Hi =(>. (SOa) 

aem * 4 * V ■» ■ ■* ■ 

The elements FI rr - are formed between the v unperturbed an tlsymmetric 
eigan Fund ions* of eq. {7.7a). A — 0 is an equation of hi git order 
even tn simple examples. For instance, n. helium atom in the con- 
ligumfrimi (ls)(2p) tvith one electron in the ground state and the 

’ Them :n it]i ,V !-fl>3d ili'ifi'r^irfii'i. eLi li• Ut £»]iia]iiy nil the fit pkjeiliirii* hhj tlini E* hilfl 
h'JY t lifumr ini U‘| ■! <rai le-i ■ • r'ljinuPijfw-litsi . The bitter ciujl ba- ocmbinsiJ, hnwovar., to one 

group of i' syrmtusi r a.. group i j f r uk[j^vunirii-Lriir pJgGniunctioiw, mid. other 

groups i%f *|’Vi WJimasiij ts <ji.1wir ''ropruaAntetinnji 11 of cha group lt f N ■ pontuifciitiflijfl. 
ill I -'Hi I %v 11 in group theory |h*|it Ejci Eyd.ftg, Wither, :itid Ktiiiliidl r U fftutnUir. * Vjiwirrity. 
C3mpt<_'P X. rop Jiii iultiidni i ion In ^fuijji ihaur)' Liii'.la-rtitJkiirjjkWe r. tLOtLiHdUTjematiMJ 
H-fidera). Thii peri uilietLiori theory requinefl that eq. iHUrl he txt«nd«d Into it large 
vN \ r<:rv; deter uin^nt upliitEag (uLn ii. prtsluot of iubdre«muimt]i l one or them 
the d«ii’-i»iinuNl (HOe) fifioueii wirI■ rhe antisymmetric 1 T fnTUtl«in t nn« with the tym* 
liMitrk' ’I '-fiLiiL'ticmiX, du* in vunutfiiug atom out* Lontu'tl but weenS'*Tiuwitio-iia belong-■ 
tap to different group rwproMiatiktiatto. Nines only the antisymmetric: function.* nre 
admitted, eq. (SlJe;- iiSituv ta uF jii.v .jiat fitgriLlicanas. 
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other in ji r l excited p-state, allows t be following twelve unperturbed 
A '-functions Airetli -| 1 or J fur the two electron* : 

u*n,nl U.'nnc /iti b-tl 

1 m i S; 211 i 'y J 1W ■ ',,. am ■ V 1 kw 1 81- I i 1 

sp that A = 0 is of the twelfth order, A reduction of the high-order 
determinant to Krnnll-order subdetermiiiantfl Gun lie achieve*] hy the 
full aw i eijj sy hi enui tie prooenI are i if ,S later, 1 


80.2, When only the atrUfUtr* is derived rather thnn Lhe line 

MlriH'ture, e.g., x lie ortho and [mru Levels of helium without 11 it- triplet 

ruet ■h' of (he ortho levels, the only perturbation is tin- Coulomb 
potential // of eq. (7So). The antieyminetrie T-functions yield 
runny v Finishing 11#. 

In the p]Hire, those H ik are Kero which are furmed between two 

'-rhitaJ fumtioiis '1' and T t hi'1 tinging to 

L'“ ^ Lf\ where L t = + r« b -(- < ■ * = (80e) 

since H r is nftlic in. i.e.„ independent of, the angle A conjugate to £ a . 

Indeed. the function H depends only on the azimuth difference^ <p ( — ^ Sl 
if | ■:*.-t<wJwiBftt; 'Iv r . ha- l i. ruis with hieLurs 

exp wW)y>, + (wj 1 — wj* J ^ + a J * 3 } 

and it> fierm iiuktenis. Thus, when wo add to every <p e common angle d, 
H doe* not ehan^ whereas y,i,v is supplied with a constant factor 

exp {dXm ^ 1 — Xnr 1 'jij = esp - /T[■, 

and the -me furl or appear* in front of On llto ether bund, 

the shifi nf ?,ern ji/itibiiLli by the addition nf A runnel hnvo any influence 
no ilie integral Hviur, unless the factor is unity, i.e., unless L[" — L l t l , 
H f ik must vanish. 

•Second h II those matrix i-letmTits M\ h vanish which re re formed 
IxHWfiL'tl 1‘ti I elinnfj T, :iTi>I M iHiInng'hig tq 

fljf* T= Sjf* 1 . whore ,S' ( = a„ -h it* 4- 1 ■ ♦ — Sir* (80F) 

since // (Mr-s rial dejiend an the spin pa-ordinates, and the functions 
4', and T, belonging to Si* =c N'/' are mutually orthogonal. 

In the example of two electrons ill the nuiHguration we 

have unperturbed fttndtiorui (KUd) belonging to the co mm on mi 
perturbe*i energy K" = = £ ]iV + A is a 1'2-ruw secular 

delrrminant for IC' The J2 lunctionH T are first divided, into three 
groups of four Functions with L. I t>, I. respectively. According 
to &q + (86fl} the 12-row determinant, then reduces to a product of three 
4-row detenniiaunts. The four l l" s of every group consist of two 

1 J, C- Skier. /%#. ffw. 34. rW . I lew. 
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'Fd'unetkins with &. - 0, on** function with 3, — I, and one with 
S, - L Each i row determinant thus reduces to a product of a 
2 row and two 1 row determinants. The secular equation of 12th 
order reduces to equations of first and second order for E\ The l-row 
determinants yield the ortho level and the 2-row determinants yield 
the ortho and the [jam level as root? of a quadratic equation, which 
reduces to ilel equation of the ill'st order since one root is known. 

30.3. The I'-pm secular determinant cun he reduced further l>y cairn 
luting the matrix elements of /!' between certain linear combinations 
% of the v antisymmetric functions T. A okwi- 
eul electronic system httH aon^tant values of energy, 
total angular moment, [nn J, zivomponcrit ,/ , and 
(if orbital ami spin momenta, /. anil 3 t whose 
vector sum is J (vector model, Fig. 3 <M ). I el 
quantum ineidumiE's this corresponds to the fact 
that the live observables 

// u , L, 8, J, J E fSOg) 

arc imitimliy coui|nat.lhle: henee, there are selected 
states in winch these five ol user va.3 den have quan 
Liaud values at the same time, namely, the eigen¬ 
value* E\ VL(L H- I), V'S{S-\- 1), vT{J + T). 
find fHja -j- Hit). The wave funetiona £ belonging 
to these Himulttuieoiin eigenvalues are linear com¬ 
bi nations of the T'a, Many mere matrix filaments 
Eif U' vanish between the than between the 
original ^ and the Beenkr determinant becomes 
oven more reduced than before. [One also may 
use- functinns y m which art? dimlJtftlioi his cigenfutK-l inns of the live 
commuting ul Mservables 

//“, L mi S„ L, 8.] (80h> 

In order tn i n plftin the fwc stnicfwrp. we admit LS coupling with 
magnetic enwgy 

H r = i'EjtiHl (L ’ 3) —■ const LS cos {L t 5). {30i) 

J is conjugate to an angle of pterasion i\ f . anrl J t i an angle f\. 
H' -\- FT depond* neither on *)j nor on r^. Therefore, similar to eq. 
(rt(h?), t h' >se x wit h J 1 ' *■■ ai id t.h <yso wit h J-: # J '* j irodn co v at i is lib ig 

matrix elements Ff[ t -f Ff \ ( ; t.hosts -/ with h'" & K ,il and those with 
N 1 " - r 8**' give almost-vanishing elements when /f" is small. 



tin i crbiliil. Fjiin, 
. i Lj- I Mwullant lUkfriL- 
J it- r menu h n turn. 
J UIL - f- -+ N' I 
■^mt* — I L ~ s i- 
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In the absence. uf //" nil matrix elements //'■ vuni&b which belong 
to functions ^ and % k of different CMgenvahicw of the live quantities 
of uq. (80g) nr (80h). Under the perturbftLjun H' alone many level-; 
E r coincide tu one level known as a iVrm and denoted, in case uf 
L — U, L, 2, 11, ■ ■ ■, by a capital letter A\ P , I) r E t * 6 ■, respaotivoly. 
flu letter U> supplied with an upper loft .^nperfleript which describes 
the multiplicity uf the fine structure into which i.he term splits under 
l he additional energy II" r Since L and S yield mail ting vectors J 
uf magnitude 

J = L 4- 8, L 4^— 1, - * % | L- S|, (suj) 

the multiplicity is ‘JN t I when L > A', and 2£. 4- I when L ,8. It is 
customary always to Use 28 -j ] as multiplicity superscript, Helium 
in the configuration (Is) [ltd) has vectors L "I and L S' I or d so 
t.i > yield a l l* torui (para term} and u, LJ term (ortho term). 


j'81, Interval and Zeeman Effect 

81.1. Tb- spin-or] lit- coupling energy if" is proportional to L8 cos ( L, A’) 
][Z, i 4 S ' 1 —’f"Ji according to the vector model. Quantum mech¬ 
anics yields, instead, 

#1* = const * i[/4£ + I ) 4^(ff 4 1)— J{J 4 l)|. (81a) 

Tl d il.-ivo. v hm vt.vn two I ru-ryios p] ,■ I .f 1 ■. 11 - : r i Lr to !ld jjo.vht. values 
of ,/ is projmrfcionjil tn 4 ]}— (J — ])/] ** J. Adjacent fitte¬ 

st. nurture intervals I him have the ratio 

: ^nia-s 1) : ' 1 ' ' 4 U 

- (L4 :(L + 8—l) :* « * :(|L^jS| 4 1), (81b) 

This s> the in!* rml mfr for ^-coupling. 1 In higher atoms one often 
finds jj-mw pling, that is, the energy H* is a sum of mutual h pin -orbit 
om-rahs- of individual tdectronH having orbital and spin momenta l K and 
* K with resultant . The mutual energy ladween two o lend runs K' 
and A"'' then ?s proportion-d to cos (jVA-J- 

81.2. Returning to LS coupling, the orbital angular momentum LI 
is connected with u magnetic moment of L magnetons. The spin 
momentum Sh displays %< magnetons, Therefore, whereas the result¬ 
ing angular momentum in units of h may he written in the form 

J — L cos [L> J) 4 8 cos -/)„ (SIe) 


■ a i tui.jy z. Fitiftrib is. i m ( i u£aj. 
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tho corresponding magnotir moment in magnetons is : 

M — L £?nn [L. J} -f- 'liS ra» {S. J) r 
The ratio I//./. denoted by tilt 1 teUrr *j. IjeeomiHi 

M 8 t J*- + & ! - L a 

S- = 7 =1+ J 0«ts.jj=l+-. 

ftcconiing to the vector model Experience slums, nod qiitiiiMun 
mechmdee explains, that the correct $ -formula imdsF 

J(J + l) + S( S+!)-&(£ + 1) 

„ = l + — ijrpqrijT" {ttld) 

The energy of tile atom in tho state {L t S. J) in un external magnetic 
Held H is 


r , lrllJJ ~ i,M ■ Hi = Mil ol-.h (M. H'l = - HJ cos (M. H) 

= ijHJ cob (M. H) — yHm, (&Ic) 

h (M.H) = in; = tn -f q, Eq, {Hie) is written in the same 
which the normal Zeeman energy would be E mAll ffm h 
The factor \i describes the anomalous 

_ _ j 1 intervals between the magnetic levels 

__ . of a a pec I,ml term (L, S, J j and loads 

~~ rzT -f ~ =d to the various patterns (Fig. 10 J) of 
^ jr ~§ y? the anomalous Zeeman effect through 

|j| | combination uncording to Bohr’s fre- 

with selection mile 


qmaicy condition, 

fti $ —> titj and ifij -* m } ± I 


§S2, Molecular Spectra 

82,1. Principles of symmetry and tint] 
symmetry apply not only to electrons 
but u> atomic nuclei as well, Ui par¬ 
ticular in molecules with two .l ike nuclei, 
h licit os H D , O s , etc. A correct mtCfpre- 
tat ton of the band spectra of diatomic 
molecule* hast contributed greatly to oitr knowledge of the nuclear 
spin, jiiat as atomic iqjeutr* led to the discovery of the electronic 
spin. We begin with a short review of the general theory of hand 
spectra before turning to the peculiarities anting from symmetry 
principles. 


Flu. 10.2. Tfwtiditoiift Iji-^wrn 
niMEnetn: CTW*r|zy levdn Jcwiliug lo 
utl luiomnliHtl Zwnwih jHillnm, 
L T ppcr Sr-t ^-1 wicli ^ A -[ilit- me - 
1; |c>wnr level with j 2 
into f> irmgtlr’tir- Ic-vrls. 


1 IfrtH, 
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lii fir*t n-ppmyimfttinn thri energy of n diukimic molecule is the 
sum of three parts : first. the energy of the olfotronH in the Bold of the 
two nuclei if rest; si'cond, the energy of vibration nT tho Wo nuclei 
n and f* within the electronic frame work: uuJ third, tbo energy of 
rotation, of thn molecule os u wh r>le about jjii axis (jn.vtft) through thn 
Center of gravity. We disregard the translation energy,. The three 
energies. Lire eliaraoterized by quin turn numbers, ?!., k, j, where n 
rupreaents ilIJ electronic quantum n iimltcrs; 

E = E v]ii 4- E trA = E u -j- E t + E; (82a) 

v, it]) the quantized valuer 

+ ^=j®+ n*w> 

where r u is the midbar vibration frequency and / is the moment of 
inertia of the molecule. An observed spectral frequency of the molecule 
is obtained from the If dir condition 


* - UE n . - E n r) + ( £V - £» + (JKr - MV* 

- %\ + Sa + V 

, is ini infrared frequency-; it lh shifted to the visible range by the 
addition of i f „ ; . The contribution j' vih in of intermediate order of 
magnitude. The uhuxacfcpriiitiu bsuooe^sion of lines in a band is due 
to unions values of v njr for a common value of r„, 4- t, iLi under the 
two selection rule# 



j --j — I and j -> j + I; 


(MJC) 


they are responsible for the pWov or iolet and HWjfjtiir or red branch 
of a band, [f the angular momentum of the electronic framework \* 
sitro, transition*./ — j mv permitted anti give rise to the uru brunch. 
The pure rotation ^penfrum v - r pa in the far infrared has a positive 
branch only, since energy is i-mitt&t in this case only for j -> j — 1. 

Tiie total angular momentum jft of the molecule cannot be tees than 
the electronic angular momentum lh. Hence, j can aaeume only 
t he values 


j = u + *, * + z. 


i', ut art* 

(82d) 

h 

&T a ’ 

(B2e) 


Assuming V !" ! and /' - t" — I, ecp fS2e) reduces to 


*m — ^jf wil!l f — 1 + 11 + ^ * * ■ for f — f - 
''tut = A ^j j ' with / =■ t + I + 2, ■ 


(B2f) 


■ ■ for j* - j' h I. 
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Both Cases may hi: i :.ii.lito the one furniula. linear in j 


r S&l ^ J tt * vi* j — _i_ I J_ V I 

The band liaex in tliu approximation of /" /' are eqmdi^favf and 

the 2/ + 1 central I tilt "K art 1 miariing m> as tu |n'< ?dtn}fc a gu/i. 


83*2* When the tmonition between two jutrttiomd statPH i* actHmipanhsd 
by n change of the elftrirmiic conjuration, the mieieni' distance If„ b 


J 3.5 jo 




Fiq, Lfl,3_ Fortrm tUrurmm fit iJin- AIR foiunl wiili F>. (fs and K-lifniwlnvi. 


undergoes a change ho that /' differs from Eq. (S2h) then yields 
a quadratic expression for the spectral frequencies of the hand lines. 

v = A + Bj -t Of for j - ± (i -f 1). ± </ + 2). ‘ * {«%) 

with the abbrav Eh f,ions 


The frequency of the (miming) band center is v .1. The term Bj 
alone would lead io equidistant hand linos. The term Vf with 
positive factor V increases the distance between adjacent band lines 
iti the positive branch (j m . b). whereas in the negative branch the 
intervals decrease first and then increase with opposite sign with 
increasing \j\ so that for higher f s the negative branch overlaps the 
positive (Fig. I0.il), The band lines crowd together near the inversion 
point, thfdj — o or— j - H}2<\ of the negative branch so a* to form 
the band fund. which is the most conspicuous part of the hand. The 
most important part' for the classification of the hand line* in the Itamd 
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center, which can easily Im? identified from tho gup In the regular 
suow-^iim of lines. 

Quantum mechanics associates the energy K 4 8i 4- ti, with b 
l P-function which is the product of three functions, t F n T t 'f f Jra H The 
lirst factor T„ depends on the space and spin co-ordinates of Mjo 
electrons. The second factor T depends mi the distance 11,.^ between 
the two nuclei when they are vibrating about u stationary value A^,, 
The third factor b u function uf the polar angles 9 and l>F the 
axis ciijiL has (he form Altogether, we have 

r = r M (r, <pi = t;;i\. ILi t^, (mj 

85.3. We now tam to diatomic molecules with hva fib nuclei * The 
H '-functions of Iwo like nuclei a and b are symmetric with respect to 
the rii.i inliiHLiM* * it" t: and f> when their nm-s numbers are even* whereas 
nuclei with th Id mna* .miters Imvo antisymmetricT-f(motion a (§74). 

Let us iliseurrs i he ( ^molecule ; its T-function is symmetric in n and 
h beta rise of the even atomic weight. Li. We consider the symmetry 
character of the three fact-ora of eq. (fr2h}. The factor L r ui is always 
symmetric in a and b since it is a function of the mutual distance, 
J? Ni The factors 'I \i may be symmetric ot antisymmetric with 

respect tmj rind A, However, in the gwUnd stub' of the moleoulo the 
function V, is sijtfimelric in n and b ; we saw tine in the case of tho 
Hv,-molecule, whose ground state time ti on was. 

■'(Ma t Wh) - J^iwtOV*) 

which, indeed, does tint change when one interchanges the subscripts 
<> and h. When >t and h are interchanged, that is, when t he me Iconic 
is turned through 180°, thou T r(H changes to 0 ^(tt — " J , which 

Ainuunts to a limitiplication by a factor ( w f—J)* 4 = (— ] y 

— + I for even and odd j, reflectively. Hence, 

even j gives Hymmctric T n , t j 
odd j gives antisymmetric ' r<vt . j 

I itc election rule etp (ttSo), permits j to change from even t o odd. or 
from odd to even only, ho t.hat. the factor nlianges from symmetric 
tn :iMl kyrimiH ri>■ ■ >r \ i■ • ■ \ i ri during the transit ios: [f we oousiiJio- 
transitions of the Oi-moleeiile from an excited state (rf'Jjfj 1 ) to the 
ground state ( n*k u j u ) r we ob tain the following T functions, both 
chosen to symmetric with respect to a and h\ 

excited state; (j r = odd) 

ground state; (j* - eVOli). 

4 t’. U'lgrier iicllI l-I VVitincr, Z. t*hy*ik 41, ri'i'-l 
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The positive branch iw duo to the transitions f -* j m 

j _*. o, 3 -■*■ 2, etc,, with 2 — 1.4 — 3, etc,, missing. 

The negative branch l> due to the transit-kins 

I -> 2, a — f~ 4, etc,, with 0 -+ 1, 2 *-► &, etc., missing. 

Altogether, every second band lino is missing because of the principle 
of symmetry in a and b , and the Imnd linos have twice the intervals 
normally expected from the value of the moment of inertia f of the 
0^molecule known from other independent uicnsurenients of the size 
of the molecule. I! iauque and Johnston 6 found that the mining 
0 ? -lines actually are present, although with very small intensity. 
The missing lines art due to t> a -moiecu!cs with two diHerant atoms, 
one of Atomic weight IS, the other an isotope of atomic weight or 
is. respectively, which had escaped Alton’s maes-speetrographio 
analysis because of their extremely small abundance, 


: S S3, The Ortho- and P&rahydrogen Molecule 


83.1- Band spectra of diatomic molecule* often show a characteristic 
intensity change, adjacent band lines displaying alternating intensities 
at the ratio of email integral numbers. The phenomenon may he 
explained by the example of the hydrogen molecule, whose two protons 
have spin p. Tin 1 T-function of H s is rmftxymmetric with respect to 
the protons a and b. When denotes the proton spin factor, 

imti&jmmetric functions may be constructed us the following products: 

/. Parallel proton spins r symmetric spin function, ortho molecule 
initial state ; 4^, 'fy™ if = m&}\ 

Cnwnd state? tf = odd).)' 

U. Opposite proton spins, jmt-isyinmH.no spin function, pam 
molecule 


initial state i (f = <M) j 

ground state: l Y*f m 4 ™*,, 47 " (/ - even). I 

Thu probability of Elio nuclear .spins changing from a symmetric to an 
jintisymmrtriu orientation during u radiating traiiaition is extremely 
email because of the vanishing tr&jifsiLion value of the electric moment 
m inneetoi I with w transition between stated whose spin functions nro 
mutually orthogonal, F-ntemnnhiitafitnU! bvtvwCit ortfw and pant krrte 
tin thi-nforr forbidden r and thu band sjjectniHi consists of a Hnpamto 


1 W. fliaiiniu. 1 - >inU II. L. Jokraton, \iJlY/r. 1EJJ. ilS, SJJ {lEU!3t), 
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ortho spectrum and ft separate pftta flpeutrum. Similar to the ease of 
§S2, every second lino ill the ortho spectrum in missing, and every 
second line in the para spectrum ia inkling, blit the lines missing ill 
uiic >[^(tnim are present in the other. Yltogether,. there are no lines 
inissing, except near the bam I center, However, since parallel spins are 
three ritnio: ua probable an antip&raliol ^|j i 11 h. the ortho ILntifl will be 
three times us strong as the para lines. This is I lurid's 0 explanation 
of the altematiitg intensity observed in the H a band spectrum, t.Vin- 
ver-ely. tiie intensity ratio 3 to 1 testifies to tin 1 spin 1 ,/j ■ hi’ 1 he proton, 

83,2. A nucleus of spin Sh is capable of 2# + 1 orientations in space, 
characterized. by -puli: I quantum numbers ■ ■■. The two nuclear spins 
of a diatomic molecule emui thus be found in (2S — 1} £ configurations. 
Among the corresfRmditig t'2S 4- l} 1 spin functions of the spin co¬ 
ordinates <j* Mini o* there are 'IS 1 fuiictiods dyinmetriu in er* and 
(7,7, namely, the function* of the form ?-(**%) f° r p’ = 

tiinshleririg the remaining (2-S’ + l)2fl functions for ,</ ft\ one half 
of ihern i ielda symmetric, one half antisymmetric functions 

n rc VVtOvyl'O for k 4 p w . 

Altogether there eh 1 ? (3N + 1 >( 1 + A") symmetric ipdii notions ami 
-*- I ]S Hjitiwymmetric y functions ; the ratio 

i (M + 1)(t + -9) _ S + J 

/“’ (28 + ljS S ( ! 

is * i stut i-tieal weight ratio between nrtbp and puru, moleeujes and 
is observed as the intensity ratio of adjacent bund Jincs. The intensity 
ratio can thus l>e used to determine thci nuclear spin, 

I i '■ bund spectrum tells us EtJ.so whether the nuclei in the diatomic 
moJi'cnJe obey Bose or Fermi statistics, i.e., whether the function in 
s_y neTric or tiniisymmetric with respect to a and h. In the IL-cuse 
the l F-fu urtiori 'h anii&ymmeiric, as described in eqs. i>3u, b; I'he lirst 
emission line of the positive or violet branch belongs to a transition 
of j from l to ii: it is u prirahydrogon line of ■eoaat intensity. The first 
bund line uf the negative or red branch belongs to si transition of j 
from ii to L producing a f^irony ortho line, If protons obeyed the 
principle uf symmetry, the in tensities of the iirst lines adjoining the 
band center would he the reverse. 


83.3. flin hid that H s -g&H is n mixture of two ^purate modifications, 
ortho .arid para gas,, rather than a pure gas, explains the paradoxical 

* F, riifntf Z. Phjfnk 42, |ia2"). 
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variation with temperature of the molal rotational specific heat, C inl , 
of The specific heat at constant volume of diatomic gases 

consists of two parts, the specific heat of translation and that of 
rotation. The former lias the constant value per inobcufe, The 
latter will now be calculated according to J3ennieon. 7 

If g , is the statistical weight or jv priori probability of a state of 
rotational energy E it the total number of molecules in a gus is given 
by the formula 

N ™ ponirt (S3dJ 


The energy of rotation of the gas is 

s wl =coDBt mar -m - 


with E t ■ jij + I )h*f'U. The rotational energy per molecule fa 

* V 3 (— IfiTY 


(k;1p) 


and dr fflT is the rotational specific heat jier moiecuio. 

The older theory considered as a pure para gas without nuclear 
spin. The Rtatistieal weight of a rotational state j then would be 
2j - E so that 

N = const Z f {2j + l )f (83f) 


Actually, para niah'culcs in the ground state have weight $, — 2j ■ t 
for even j only. Odd values of j in the ground state are reserved for 
ortho molecules, which occur three tint on us often as para molecule* 
and have statistical weight g } — 3(2j -j- I) fur odd j. The correct, 
expression, replacing <-q. thus fa 

X = const {^(sy + llc-^r + S^JHSy + XJe ’**} 

= y r ,,.+<*>«> 

The .specific heat- of H a -gaa caleuhited from this formula agrees with 
experience. At high tanvpmit.urv t q, (83f) yields the classical value A 
for the specific mtatiniml heal. per nioleaule.* 

A partial separation nf the two muilUiefttions of TL won first achieved 
by Bun hoe Her Hurt eck and Buck tin. If each nuxlihention fa left to 
itself for a long time if t urns into & mixture in ttmqft-ratiirotoquilibrium 
with concentration rirt.ir» A' JS iMm: , \ at high tpm|w*mtnre. whereas 
ft!, luw temperature the para modi I i cation with J u fa predominant, 


T D 11 l.SpimLainn, l• l ra^ , . ftoy. ( Lsmda* \ 115. -IHjE HlWfJh 

* At hlflta tenpontun largo J’ViiJiiog hip pndomtoiint, i<» lii^t j(j | lj may be> 

FapLMtKl by/ 1 , ruui ( 2 j' 4 - 1 ) by 2 /; flirt hernia nr, itn* uummnl ..muj 1 trt) replace,! 

by an integral, i an -over Jj 4 so Eh-itl mj. [SUe-l yirt]dn f fcT. 



riEAP, X 


ATOM If' AND UQLW'll AM UPM'TSA 


2X5 


l he estjibiishinent of the temperature equilibrium takes considerable 
tinst- whenever the temperature is changed, Eq. {8%) mibtfcituted in 
oq. yields h t- -value i attaining to experiments in which the 

temperature is varied wry nhitrly so as to ullow sufficient time for the 
mixture t-j adjust ii-s concent mtiuti ifitio to the varying temperature. 

Summary of Chapter X 

The niidtiplpt lfve(« of un atom with X electrons arc due to mutual 
pi-rc iirlmtion* 1 id ween the orbitals when the latter are combined to 
'] function* fyminctHo or antisymmetric with rasped to the sjuioe 
ea ordinates of the various elqqtmns. The fine structure is due to the 
interaction between spin-magnetic moments and win Lab. Slater's 
method leads to a reduction i t the high-order ocular determinant to 
sma 11 subdet ertniliftJafce. 

Mi les ular spectra of diatomic mofeonlRs with two tike nuclei show 
an intensity change in their band lines which is the result of symmetry 
principles and can be used for determinirjg the nuclear spin momentum. 
The example of the hydrogen molecule nhows a diviflifm of into 
ortho tui I para molecules which occur at the a priori ratio of 3 to 1. 
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^84* Classical Distribution ctf Particles 

Si.L Classieul stEktletifiB deals with A' distinguishable elements nr 
particles labeled a, b t o, - - - anti distributed over it number of states 
A, B, C r * ■ \ A certain caajSjpirti-fiCM prevails when Tt , particles 
arc In the state A, « /|f particles in the state B, and so forth. Such 
a configuration (■«_,, n s , ■ ■ ■) can be produced in many different ways, 
as exemplified by the three ways of constructing the configuration 
7i t — 2. ji/j — 0, ftp ~ I with tivn particles a and b in the following 
scheme i 


Hj = 2 

it h 

b f 

a (i 

Hjf -r 0 

- 

- 

- 

**c = * 

e 

b 

4 


In general, a given configuration of occupation numbers (n 1f u s , * * ■) 
can be rctdi/cd in & different distinguisliable ways obtained by permu¬ 
tation of the individual particles over the states, not counting permu¬ 
tations within an individual state, The number of these permutations 
or ways is 




_SI 

t Ujj f »p| ’ * 


i34a} 


The problem is to derive a formula for tht most probable occupation 
numhr.T,-; n, in the states of energy f r . It La solved by maximizing 
eq. fS4a) under the supplementary conditions 

Sflt, = Ef and Sr,™, = E (B4b) 


whr-n the total number of pFtrtirlfs. N and the lotul energy E are given. 
When N is very large, the n, may eiIso he considered ns large numbers 
ho that one can approximate log(w,!} ^ajlogw,— 1), according to 

21*5 
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Stirling. The condition far the moat probable distribution then 
reduces to 

log 0 = N log N — Dft, log ;r, = nm'dmnwi, (ble) 

The solution of the variation problem is the well known M&Jtwell- 
BoJtstnia nn d istri bu tion 

91 ( = Ct~ '•'**’* (S4d) 

Et|. iJvlJ) tuzkji 1 k' derived f iiow=: Variation of n in t L qn, {H4b, c) yitldn 
ll&i.Uog ff 4 "T 1) ■= d SAit, = 0, = 0. 

Mnlti],Ur’iUini iif iJn last tmi conditions by Lagrange factors & and and 
addition to tin 4 - first gives 

% r -j- l -f « + fts t ) = n> 

M>- niiditiun holds for every dn, only when the brackets vanish, Liu, when 

Suhstituriog H.r- ml.* Boltr.TTtmnnM entropy formula S k lo^j & 

S -- *{H leg N S tog f 4- /fl£|. (a*e) 

Applying now i hn 4 thermoilyuivndca] formuLa '?S/j1E — IfT at. eanatwl 
volume [tlie i-m iiry levels f, have definite values only in il given constant 
volume F> we arrive at ft - ! JkT, rernemberinu 11 <fB/k — — Nr/ log £ + Edft 
for given E and N 

Henwfi irtti we use ft ns n symbol for I/AT. The factor l is deter¬ 
mined hy the- condition In, — N 

84.3* Let us consider a gas of N free particles in the volume F. The 
number of states in the energy interval dz or the momentum interval 
dp (Jeart* number) as 

JZ - r dp = I'p (2 W>de (84f) 

if \\r .inn ir discrete quantum levels: the continuous distribution of 
Hassle; J int cluuiioe is obtained in the limit r>f h - b. The condition 
(Ictennmmg l. reads 

N = = §n(a)dZ 

and yields, with w(c) = 

p = | iWD' u - 

from which, conversely 

{ “ VjW/iM# |S<8) 

For the met## we now obtain 

E JV n(e)dZ ■= ;NAT, 
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Th* lost result in independent > >f the parameter h and thus hoi da 
for discrete ns well a* for continuous level*. Essentially new results 
are obtained not so much from the discrete energy levels (which iin 
case of a large volume form a qwuu-oontinunua hand) but from new 
statistical principles of distribution of the particle* over tho level* 
(see below). 


S4.3. The domical distribution yields the entropy of the N gas particloH 
from substitution of eq. (84g]i in oq. (H4o): 

S = i-N jlog V + } log T + log 4-1}. (84h) 

This is identical with the chess Seal formula 

S = k Iff {log V -\- I log T const}. (84i) 


However, the additional coiiata-ul, in eq. (M-lh), which for discrete levels 
has a finite value, becomes infinite Fur h — 0. This constitutes an 
objection to the continuous energy levels of classical kinetics. The 
objection is not serious, however, since only entropy difference's have 
a physical significance. 

A second objection may be raised against S an u function of the 
temperature: S tend* toward /:• ns T approaches absolute wm, 
leading to nu infinite difference between the entropies at finite T and 
at T — 0* Tills difficulty is based, however, ■on an unwarranted 
extrapolation of the formitin (8Ah) down to very low T a. Indeed, 
near T t) all partit'lus crowd together eel tin 1 lowest* energy level, 
q, go that tlie occupation number* are % — K and all other ff-j, — 0, 
The Stirling approximation for log n ,I can j]o longer be applied. r I'he 
correct value of & rather is 


& 


Bi 

BIO! Oh ' ■ 


= l at T - *}> 


(N) 


go that we obtain S - k log .-fi o at- T — h. The classical proba 
bility formula (W4a) then agrees with the Nemst theorem: The 
difference of the entropy at T from the entropy at absolute aero of the 
clas$ical gaa is f\nite t and S(Tj actually stands lor S(^’] — B(U), When¬ 
ever the entropy is calculated from the formula S - it log then S 
is normalised to zero at T = 0. Those S-for[nidus which contain log 
T must not be applied to very low temperatures. 


* A definite* IctwI energy lovel hi I CKiatfi only whe-n we Aceapt the djaereti' lav&L 
quantum theory. 
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§ 85* Entropy and Gibbs Parados 

85.1* A real anil serious difficulty of classical statistics; is the way in 
which the entropy eq. (84h), depends on the wJumt rather than on the 
temperature. Lei twin different gases be end used in two separate 
volume* l each owitainiug N particles at temperature The oom 
hdied entrupy of the two separate gages then is 

S =■ 2 x lTJb(log T + f log T + const), (Hna) 

Hlwti the wall is removed, the two g(wea spread out independently 
into the volume 2T and the entropy of the- mixture becomes 

S’ = 2 x Hit (log 2T t lug T + const). (Hob) 

The ii B ' - S *1 ■ Nit log 2. This result- is quite correct 

for ihi- diffusion of two diHerein gjiiWH* but the dasrimil theory retains 
it abo w hen the two gfi*i.-s in question are at I to; indeed, the final state, 
after the wall b removed is one of :;N particles in the volume 2\\ 
and the entropy, according to eq. (Kill), now would he 
S -*Nx T{kifi (21*) -r 3 log T ■ const}, 
identi d with the former 5 for tin- mixture, with S' T —S £f? log 2. 
Me know, however, that the entropy does nol increase whell the wall 
berwn-n two like u;as samples is removed. Kq. (H-Jli) is wrong; it 
wilt hi- r> placed in gHh by a correct quantum formnhi for the entropy. 

Furthermore we have tso solve the paradox of Willard (Ubhet who 
evjM-et - S S n for the diffusion of two like gases, and S ' — S' 
-Nv teg 2 f.^r i to- diffusion of two different gases even when the differ¬ 
ence is inhmtcsiri'eli. ThiH-ibbs paradox is resolved by allowing that 
the second part iff the expectation is wrong, 

A i£a~ may considered as a mixture of two M quite different gasrs 
when it can be completelj' divided, at least in principle, in two separate 
gases by thr- application of semiipertneable walls or by other means of 
separation. As an example, consider two jail vet-vapor samples in 1 wo 
volumes I the urn containing N atoms oriented parallel to [lie 
-j- t-direction ( h 3-gai), the other with atoms of — 2 -direction- Two 
such gases could he produced from ordinary silver vapor hy means of 
Stem-CIerlach polarizers, and iheir mixture could he separated again 
by an, analyzer passing -f z and blocking — ; atoms (Tig. tJ,3. p, J I l). 
Diffusion of the two gases would lead to an increase log 2 of the 
entropy per mob- of each gaH. The two gases are 11 quite different/' 
.Suppose mow that we have one mole of pure -j- a gas in the volume 
T on the left, mud one mule of 4- 3*-ga* un the right. The angle 
between the z- ami the indirection may he 0. For 0 - 11 . the t,wn 
gawa are alike, and diffusion doea not increase the entropy, The 
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eb.'Hicftl theory ox poets nn entropy inemaafl of value "1R log 2 j« noon 
its there is an angle ft between z nod z*. however .small. Actually, 
however, the difference S' S i« a continuous function of 0. Indeed, 
wftK rcspectf to an analyzer of ;-direction the 4- £*-gaais lv mixture ui L 
ooa B (j3/2) melon of -f s- gas, and nm s (G/2) moles of — 3-gas. Therefore, 
when the wait is removed then I sin* (0/2) moles el’ Lite — 3 -gets will 
diffuse from right tn left, and mi. equal number of moles of the -\- 3 -gas 
will diffuse front left to right unti] right and left contain fbo same 
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mixture; rbe two schemes give the number of moles before and after 
diffusion in the left and right compartment. The entropy increase is 

S" - S' = Jan‘ ('')-/<log 2, 

ami hag its largest value for & = isn 1 - (quite different gusc&), and 
gradually approaches Eero when 0 - 0 (exactly like gases). The 
classical disvontmiiity of S" S ia leveled out due to the fact that 
the state z* contain.-, the two states + * and — z as romponenU with 
reiepeet to analyzers used in place of xemipermeaMc walls. 


Quantum Statistics 

86,L Quiiutum etuListicB is depetuteuit on the principles of symmetry 
or antisymmetry" discussed in Chapter IX. Without symmetry 
principles, a distribution of A particles u, b, c, - - ■ over Z utitea 
A, B, V, ■ ■ ■ would belong net only to the product 

V = y 4 (a) v'h^) ' ' + 

but also to all those products which are obtained by the permuta¬ 
tions of the arguments n\ h> c f ■ ■ * aa well m to ail linear combinations 
of these products. According to the symmetry principles, however, 
only one linear combination is admitted, namely, either 

'P> Hl = SPT or T” 1 = X ±r P'l\ 

Hu that the statistical weight of a configuration (n A , ti s . - ■ -) is induced 
from SFof eq. (84a) to unity. Example : The six possible distributions 
of two particles a and b over three levels A, H, and C described in the 
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table belnw, The lost thrw lines contain tliu statistical weights of 
the six configurations The cloBsfral HtjLtrmtkw of Maxwell-Boltzmann 



1 


n 

h 

(M-B) counts 

I 

us tim different cuae^, namely, 

ft and 

ft 


b 



- 


other hand, quantum statistic* ascribes to the same configuration the 
weight miHtj. "l'bt^ difference between Bt use-Einstein 1 (B-E) statistieu 
and Ft-rini-Diraii'- (K b) Ntatiritirw is that (be latter gives weight aero 
to ibu-e cimfigunitiojirt in which more than one jHirticIf is aHsjgned to 
eoie slate, in agreement with the Pauli exclusion principle and the 
principle yf antisymmetry, 
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I s > ■! j 1 1 le wen \ nvn cy is fun mi i n S out o I' b M - B disfcri button si [ 33J %) 
ami in 3 out of '? B-E distributions B E statistics favors 

crowding together of particles, F-D statistics has the opposite effect. 


86 , 2 * Quantum statistics deals with *V u (idisfinguishable particles 
distributed over Z states distinguished by labels A t B. ■ <• ■ The 
may receive particles of nearly the *aiiJG on-ergy i\ They are 
divided, in t-- sub^rt)-upa of 4 empty states. 4 on-no-CKSCnpiod sfatea, etc. 
The niven number Z - ^: rj allows many different “configurations," 
4 4 4 ■ - ■. and each particular eontigumtion can be realized in many 
iliffercnt distinguishable ways* Ah an example, consider the cun- 
tigurAliou — 2, -: t = I. 4 — 3 lor hi particles in i) leveb; two dia- 
liiigidshuble \t:otjs are shown in the following ache roe: 


i, - 2, 4 - 4, 5^ T- 3 

ti — -■< = i — b *i o 


4 c ■ o ■ - 

It P o - - 


u o * n - * 

If 4 D * ■ 

I'tC. 

B * I ' ■ 

W * J * - 

F ■ 

£7 ■ 


Eir&t way 

Ne-acnul Wivy 



1 S. X, Do* X, I'hyrtft S8. 17a A. liraalrlti. fieri, fir?, 261 (1024) 

* E I'"mu. £ I'wtt SB. attg (10*6). P, A. M. Dime. Prw. Ii*y, Sic. iL^M 112, 
601 110201. 
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The various tmifa are obtained by permutation of the Z states *1, 
B, ■ ■ ■, not counting permutations within subgroups |7I atul B are 
empty is Llifi mim- us B and .! ore empty). The total number of ways 
producing one ami the name coil figuration fo, ry z^, k * ■) h 


w - 


7A 


**.%w r 


• 86a- 


[compare- with eq. (Shi}]. Hur problem, is to find those numbers 
z^ r z v ' - - which max leu ho II' under the supplementary conditions 
2&r w *■ Z and £>zs m =* N. Supposing that the Z states receive particles 
of the .-ianic energy r, the total energy ls necessarily B ?N 

hi practice we have to do with particles of different energies e, t\ 
- - ■ However, we may divide all states in groups of Z states of 
energy Z‘ states of energy z\ etc;, subdivided into subgruups sti that 
Z = Xt m , Z^= E4 etc. 

This relation holds particularly lor gas particles in large volumes with 
n q s nisi - eon t inn tins d tetri b ut iui i of discrete energy levels which uiay be 
divided into groujja of tiZ levels with practically the -same energy. 
The numbers Z (orifZ), its well ji* the s„ are targe numbers so that one 
can apply Stirling's formida P lngfr.J)- rjJog-,,— I). This formula 
can also he applied in case of z n — If which certainly is tint a large 
number; yet Stirling yields correctly lop (u!) v * (Jog U — J) — u. 

A formula oiKTBafHinding to (tfrta) hJho holds for the con figuration 
(sj |(1 z \„ ♦ “ q with "Zz ti — Z f in another group of levels. The total 
number of ways realizing all these ctuiSguratioua auuultmieously m the 
Z + Z' 4- 7/ ■ ‘ - levels is the product W = IF IT’ II' T ' ■ so that 
log w-S' lug w - z r {z log Z - IU tog faab) 

where indicates a HUmma-liim over the various level groups. The 
most probable configuration is obtained by nmadmizing eq. (Sub) 
under the conditions 

= Z, It*; = Z\ etc. 

- N 

Z'{tZ n nz n J = E'K) = E. 

The summation over r* is from u to ~€ in case of B-tl, and from u = o 
to rt = t m OftSC of F-JJ ^tatLstics, 


(Hbc) 


$87 + Bose imii Fenui Gas 

37,1, Variation of the nundiera : TI y - ■ * yields the maximum 
condition 

A log w ^{E^logs* + = i) 
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and from eq. (86c) 

£ n fte fl = 6, 2 B .ds' = u + etu. 

* % £'{£„*&,,} = o. 

Multiplication of the first etjiiutiuns with LagTfcnge factors a, sh » ■ - 
mid i it'the second mir.l ihird w it I l /Tand y, rcBjjec Lively, and addition to 
the main condition gives 

Z J {L,tfog2n + I + ft* -H nefi + «y)&J = 0, 

This relation holds identic),illy for all Az v . Az,„ etc., only when every 
I truck 1 .'T Yanishen separately. We thus obtain the following set of 
munitions; 

log :, + (i + aj + mp + ny = (I, I 
fog -' + f + « r J 4- e'nfi 4- ny = n, ett\ ;J 
hence, with B= t 1 * T B* = 5“ 1 T , etc,. 

= Be ** + r\ i n — BV JH *‘ + r K etc. 

With the abbreviations 

£ — e" b ie — w* — £e -jf1, ', (87a) 

etc., I he I list result reads 

t 1l — B( 4 e _ ^ r )' 1 —^ Bw n j =■ etc. {H7b) 

and l are common djnstank for the gas aa a whole. 

The const nut B is determined by tho condition 

Z = B ' ; (87c) 

hence with » rimming from ti to 30, or » = 6, I only: 


B = Z{1 — m) (Bote-Ein stein ga*)l 

B = Zf{\ l rc) (bermi Dime goa). I 

Of irtifnoiiimee For physical applications is the uwratjn number of par- 
tides per state of energy t, namely* 

L rt Tiz^ iJEnitf" w l 

«-»(*)= v . -* <**»> 


f T in 


/Tl 


ami conversely 


1 + H 


The upper sign applies to tbE statistics with summation from 0 to 
X-. the lower sign holds for l'.li statistics until sum mat km over n = u 
and irel only. 


♦ £f*j footmitu. piitfr‘ I N 7, (or .^LtiuJiuitiiui nbBtljuU. 
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The oonafcant fi is determined by the ent ropy relation S £■ log W, 
Ltv, in the present ease, 

S — fcX'f# log Z — £zjlog H n$t -\- n log £)J 

= *£'[» H z z t'w B \ - ki&. ~ log ^ 

mu that kfi — i^S/rlE hence, 

ft - \fJtf. 

The constant £ — €~ is determined by the condition 


N =AL f Z,i{t) = Z'Z (| T l) t 


(H7h) 


In general. this equation loads to a very complicated mathematical 
problem which can be solved only by approximation methods in certain 
limiting eases (see below), 

When Bose-Binstam statistics is applied to photons in a volume 
with heat-conducting walls of temperature 7\ the total energy is 
determined by T, but the total number of photons within )' is not 
restricted by an additional condition. The Lagrange factor y in the 
foregoing derivation therefore is zero, and £ — t~' is unity. The 
average number of photons per state thus becomes 


m(fi) = 




f photons), 


(m 


leading to the Planck ralkfiail IflW. 


[87.2. Ji Is significant (hat the mm® result* may also ho derived it! a 
different fashion, showing the principle* of quantum statistics in a new 
light. According iv Maxwell-Boltzmann, the probability of a particle 
rising to the energy level f h proportional to f ;| '. so that the average 
mini her of particle* in such ft level is 

*(#) = £«r * (M B gti), (B7j) 

with C depending on the total number of particles. Quantum statistics, 
on the other hand, subjects the sfcatas, rather than the particles, to a 
kind of M 15 statistics [compare eq (84*) with oq, (S6n)] t and assumes 
briefly that I bo probability for a state to be occupied by on< particle 
is proportional to 

tCj = w = (87k) 

and that the probability for the same estate to receive n particles is 
proportional to 

top = = (£e“*)" p (871) 
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irratpaetire of permutfitkmA of itfc partid&a which play such an important 
part in ehoadca.1 statistics.* Thus, quantnixi theory gives the same 

%\ \ I 

imihahiEity to the two auiifigiiration.^ 11 and ] nf the table on |i&gc 

o| |oj 

->\ namely, and rr ! trhry respectively, both being ir 1 . The 

average number »f \ irtkdoa in n state then ijecome* 

_, , Snip, Emu" w { 1 \ -1 

tf = f|(* = ^ - =» —T— = [ - =F I ) (» 7 j]l) 

Sw„ £w* 1 =F w W / 1 

as a short cut to erp (§7e). 

We are now prepared to apply the genera i results of quantum 
statistics to various limiting cases in which the mathematical o&lcula 
tii>n cun be carried through easily Both quantum distributions 

»<*) = Q«**=F ■) ' («n) 

appmsfh the M-B distribution [eq. (S7i)| for small £. The larger £, 
the moi> pronounced IwcomcM t he deviation from a classical gas, that 
la, the quantum deg* neraimn,'f 

Strong degeneration prevails in 1‘ D statistics when £ -jb r and in 
B-K statistics when £ — I since a(r) is to remain positive at all 
temperatures T - tfkfi.] 

i S3. Fluctuations 

88,L Acton ling to quantum statistics, if w is the probability that a 
Ht-iHe or level is occupied by one particle, then *l m is the probability 
that the -same stale is occupied by n particles, The average number 
of particles jier state, therefore, is given by 

ic , n 

n== ; hence, it? , (SSa) 


i-KT [C « 

b == -«■ ; hence, w - -- 

1 — id? L T n 


when summing jj from o to oo (B-E atar-istiesb Tins mean square of the 
occupation number is 

—- EwHtf* wf 1 -j- w) 

fl! = = (i-V="( i+2 ^ <»j 

The mean ihicfcuation i> ■ - n — a 

& = {a — »} — n — & = 0. 

" [rreipHthn faliso of pttftkJsH which L'liooau la occupy otJtsf nOUc^, pnivirtod ihnl 
A’ > ». 

1 ^bogDaontiaa " iri coiitrnal to “■ JjeguiiBriwjy r ” whloh, (iaualaH goimrfdM3fia of Cinergy' 
jFVulfl. 
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However, the iubau square fluctuation, also known as the dispersion, Is 
= (n — n) a — (w a + ft 11 — — Jt s — n* 

and in the present ohmi, with the help of eqs. (ftSa, b), 

d* = w(l Hr 2«) — w 2 = S 1 f— -\- i^J, 

The mean square relative fluctuation or the rrhUvr &i#jRr*ton is 

i 

- - = - -f l (How statistics), 
n 3 n 

approaching the classical value 1 fn for n I. 


{8 He) 


88.2. The corres]lending results in case of IFermi statistics are 


(hi* + Iwr 1 w ( n 

a = —jj-|- T~ = r~T^ : w = 1-3 

tr° + uA 1 + w l — n 

(8$f) 

a* = d* -■ M a — n a = » l ~ 1^, 

(HHg) 

m> that, the rotative dispersion becomes 


= - — 1 (Fermi statistics), 

H 2 If 

[88hJ 

which is always positive since f< cannot exceed unity. 

Instead of om: state containing % particles, consider r group of 
Z distinguishable states with .V Zft particles, The dispersion ZZ- 

and. the relative dispersion then becomes 

Zb* Zb* Id* I/l \\ 

j| ~~ 7M* ~ Z & _ Z U ± / 1 

1 I / + Bose \ | 

“ P :: Z \ — Fermi j 1 


m) 

approacliing the classical J/,V for N fZ <N U 
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$9.1. Wo now the limiting taw of small C. (weak degeneration, 

similarity to the classical distribution) where 

= & = i r* (m) 


with the classical value [eq. (S4g)] 

{ 


P(2ir/tfcrf* ®* 


|88b) 
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which in M- B statistic* was obtained For all values of £* The condition 
€ ‘ •-; I is satisfied beoau.se nf entail density H/ I down to the temperature 
ot e<iridt'iituition [excepting helium, which condenses at only 4-.2' J ). 
The >1 o induction electrons in metals, however, luis such a large 
density N/1 Jincl such small mouse# ft that tr. lends to strong degenera¬ 
tion even at room temperature. A temperature of 30(1 absolute is 
‘ low for electrons) {§90J. 

tn the approximation of small l (he total eftfinjy of the gas is 

|s|»T. <*9 C } 

I he < .n Irv-ptj oi the xn--. even in case of weak degeneration„ deviates 
essentially from the M-U value. With 

« — * = «(fl) < 1, 

both expressions {kid) reduce to the common value 
log B = leg Z — w = bg Z — 7 v{e). 

The entropy, pq. (H7g). therefore tiecomcu 

S - kXZHt) + ilE - N log 0 -* [»+*,-» tog {): 

hence, bemuse of eq*. (S&b, r), 

S = *X J1 T • • T log ( + 3 log T + log ■— j, (8&d) 


This result for a quantum gos of weak degeneration differs from the 
ent ropy eq. (*4h), of a M B gas,* We now have the term / N *lug^jl 


in place of the former kJH ■ log F, This modification renders the 
quantum result physically acceptable, in contract to the paradoxical 
M-U on (ropy Indeed, flu - total eutrnpy of two like gas sample* of N 
atoms in two separate volumes V, according to eq. (Mild), is 


s* - a - 2 x iN {• • • + tog (^) + ■ • •}. 

After diffusion, for a gas of "N partial os in the volume 2V the 
entropy is 

S" = k x iS {■ * - + togT+- ■ ■). 

The two entropies agree, Mutual diffusion of like gases in like states 
does not increase the entropy. On the other hand, when two different 


■ Tbr. diweirciii a l- olil.n 111*-i E [’ruin fcli-o quantum £ of (i cduthKl £ti>i l>y inMitum of 
■ N Jo^r N f—fc lug Nb uiiiob iiiiuountfl lo muJttpymK tbe quantum probability by 
n ponuMlcm fat Lor Jf ! 
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goaes diffuse from the separate volumes V into the common volume 
2 V, the entropy increase is 

8" — S’ — * X t-H •[ Inc I - lug (~)|- *»N tog 2. 

Quantum Htatistira thus solved the difficulty of §■ wri. I. 


89,2, The gas prataurf p urigimttea from mechanical Impulse traim 
missions to the walls, and is 

j .-?*$ = * 7 . where E = mr. (Wo) 

G t J I 

Wo thus have the usual equation of state, pi tffcT. or = RT per 
mole, for the diluted quantum gas. The entropy per mole, eq< (ft9d) J 
may then he rewritten in the farm 

S = R jHog T leg p 4 log — + »). CW) 

Suppose, now, that the gas is in contact with its condensate eo that 1 
H-mi p are tin 1 vfljjorijsation temperature and pressure. The entropy 
of the vapor is defined as S WjT. with heat supplies dQ beginning 
at T — II in the condensed state and ending with the heat of vaporim 
lion a\ T, which gives by far the largest ecu it ri but inn to the integral, 
«i 5 that we may approximate S = Qf T on the left, ul eq, (rtiif}» Solving 
for p we obtain, with )R - c t .= rtiolal heat, the fallowing vapor 
pressure formula of a m on at o tide gas: 

= £j^0 " * ' $*Jfi ( e - QfRT' (g£|g) 

1 A a 


This important result,, first obtained by Sackur and Tetrode ,* specifies 
the constant factui In tine vapor-pressure formula an the result, of 
the quantum theory. whereas in prequantum days the constant factor 
could be found only by an actual measurement of the vapor pressure 
p at one temperature T, The additional constant in eq, (Hlh namely, 


K* 


f89M 


is known as the rhpmiml aonittmt of the monatomic gas, Similar 
constants may bo calculated theoretically far diatomic, etc,, gases,* 
The chemical gas oonatantn dtslcriililio the equilibrium between dm 
soefation and aesomat ion in gaa reactions, according to tho ryuLsS'action 
law of Goldberg and Waagc, 

* n Wiudnir, .4nn, M. I Ifltl), M T>'tn«lu, i bitl. 38, 134; 3&. (Isiaj, 

* O- Stern, t'htmk. Z 14. li£B Ann. Phgrilt 44, 4D-JE (IflUi. P. Khtwflbvh 

fun-: v. Tfkai, ,t.\d a. aos> ■: i as if. 
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Although qn [Ultima gates of worth degeneration do not, differ from 
clHf&ica] M U giuifrt, quantum statistics appears to go beyond the 
eluehvd entropy dctarnunalum, even in tbn M B limit, insofar as it 
seems* to bail to a definite absolute rnlur. of the entropy. Actually, 
however, the “absolute’" entropies ofeqa., (8lkJ) and (SBf) are entropies 
in excc-s* of the- entropy at T = 0 where S _ k log TF = 0, since 

IF = 1. 


£90. Strang Degeneration ot a Fermi Gas 

901. Atomic and molecular gases of low tem]KTaturo and high density 
usually condense nnder van dvr Waak forces. Gas degeneration occurs, 
on the one hand, in h din in near absolute zero (tt-ft dJU-iyt-ica) and, on 
tin- other, in the of conduct ton electrons in metals (F-D statistics). 
The following discussion of the ibgrtmerate electron gas rents on the 
simplifying assumption that Coulomb forces are negligible, ho that, we 
have u gas of free electrons Every quantum .state of motion can Iks 
occupied by two electrons of opposite spin. The overage number of 
electron* of one spin direction per quantum state m 

*£0 = i—^- j*.-l , ■ ■ («s) 

-V +1 + 

i 

where wr have introduced the abbreviation 

r 0 = hT bg t-w fw A (00b) 

Low T I'M'kmge to large £. 


/. £ -s op. When i is very largo, wfr) changes rather abruptly 

from [tear unity to near zero when s pa*«ig through % as shown in 
Fig. II.la. I ho dotted line represents the case of complete degenera¬ 
tion occurring at T —. d; all the eleptroiiB am crowded together in the 
£= JN lowest energy state?, two electrons of opposite spin per level. 
The largest momentum value p a occurring at T = 0 is determined as the 
radius p rJ of a sphere in momentum space (Fermi sphere) by the equation 


= £ = 


i^/ j N 

3 


V 

h r 


(flOo) 


from which follows, ns the maximum momentum and the maximum 
energy, 

‘ft 


aA a N\ Ji, ‘ 


A 2 / 3N 
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for an electron on the flnrl'nee of the Fermi sphere. '1 be kinetic energy 
of the whole elect tun f$as at 7' = If, with dZ from rep becomes 

f *t W-TT P 

= 2 I sdZ = -p- (2^y- i ff J*, fHOe) 

and finally 

E„ = |j ( swf ) 

EJ N is the mean energy |ier electron at 7‘ =o; it depends only on 
the ilentdty N/l\ apart from universal cimM-ant-n, At T - 31MI the 
product /feu is ntill nf the order* of III? so a- to yield n targe degeneration 




Fra. 11 . 1 . (at Tim dJnLriliittlion of ft F^miL tfft* over tbn orinifcy * poet rum. Thu 
(Jutted linn indic-ito* i hn 4 l>i 1 nlmtiom nt nbnolute Sana, {t) Tim dtatribalbw of a k iui 
...vnr tins enorKy sprat nUU ia tttiao of 1* MiUlWOll'jHottaElMtai; Ll. 0MP-RtHiltBEil} III, 
|%tBi-Dinte BtutaBticis, 


parameter £. Room temperature thiu is a ‘ low’' temperature for tItc 
elec iron gas, with tinly it small pcrte&tagu of the electrons outside of 
t he Fermi sphere, 

ll ? st. i. in C 4 fi& or strung degeneracy the distribution curve 
■«{£} nf Fig. I Kim I ms ft tianaid arable slope dnfde only where it is close 
to the point t — c„ This fain, bah 1m- used, ikceunding to Kommerffeld, 
to obtain An approximate evaluation nf integrals of the product of 
wit!i any function dti/dn, Indeed, when one expands $ near 
u = y| j, mi a Taylor series one obtains 




£*+£).J> 


5 '*+•■• 


•> £ ,u 1 

dn 


fWMgl 


* ip i,f (]|«* ordrfir Qf 2 X lfl" 1 * (’Of whSTW A 1 ?' ftr T on 31 Id iH X I '•> “ fen- 
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The Hr^t, integral on the right is je- t’^o) — »(0) — 0— I — — I. The 
second integral vanishes wrier dn/tf? near fig Imu. r.-he same value for 
positive m for negative values of s “ The third integral can bo 
evaluated by an fixp&nabn of tfnjfk near r„ and has the value — |(mfc7 T ) a I 
-o that one arrive- at the approximatiin 

f fa) ^ <** = — $%) ~ kfrkT)* , f + * * '■ (00h> 

Integrals sneh as eqp (90h) ueeitr in the following deri vation of various 
phy sical properties of a strongly degenerate Fermi gaa. 


90.2. >'* if? Ht&L The energy and the epeciHq heat of the electron 
ga£ ate 

E = 2/cncdZ. c, ^ = 2/e — — dt. (901) 

From tip (90a) we have, with -r = (e — f fl } n 

a*. r F — fwi I (Ifni 


brace, 


_ £*w f f — Eg_J_ 3s# - 

57 DT ~ 57 ' L AP ” £:T .irj ; 


2 rfif 5n r^y Sit 

- — ^ — f o) £ 37 ^ ^ — - -rtr ^ -vT 1 1 m jl ' 


iw Si 


When t i ec hrst integral is evaluated with the help of eq, (9Qg). <^U lt ) 
vanish's. In the second integral, which has the nmaJl factor HiJdT. 
w> mav neglect the second term of eq. flMihj„ We thus obtain 

-FTiWs'iltlL « 


(■?) 
\ f/fi /. 


Tiv linij .,/ f T we use* the fact that. M in constant^ and 

rfN f9* „ f3» j 

dr J ST Jsrdfr 

When one substitutes eq ( 5 >i>j) the integral can bo evaluated with the 
help irf eq. iWlih) and yields 


2 (irkTr 

0 = — --- 

T 3 


d fdZ\ , f dt^/dZ\ 
d& \ de )m, ' " i/!f l Jr /(„ 


The value of d^JdT resulting from tins equation substituted in eq. 
(00k) yields for the speedier heat at- "low" temperatures 


-o 


in 1 ,.- ^tr 
— 07 = II* -■- —. 

ii 3 2 £n 


(BOm) 
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The specific heat is proportional to 7 but is small even Bt 7 300 

bd that, the electronic heat is negligible oomjmred to the specific heat 
3N^ of the lattice. 


00*3. The magnetic susceptibility per mole is defined ns the ra-ti• i 
where -rf is the resulting magnetic moment per mole parallel 
to the Held H- Es com posed of t tie positive and negative eOntribu 
tions of various electrons. Electrons bound in atoms have negative y 
(diamagnetism). According to the quantum calculation of Landau/ 
however, free point electrons have positive quantized magnetic energies. 
We an- concerned here only with the y produced by the magnetic 
moment of the »jnn which la 


nta = one magneton =- 

2fic 


(HOn) 


and is oriented either parallel or antiparallel to the held H- The 
orientation with negative magnetic energy, - »r lS H- is the mure stable 
one, 'File resulting moment depends on the numbers v*_ and n*. in 
the two orientations, namely, with r. — kinetic energy. 


_1_ 

eucp£(£ =P mjl — q,) — t 


dil 

The excess numlicr of w~ over n + for small H U — 2w„H. so that 


# __ \dn dZ . 

The fir^t approximation term, — ^(e„> of eq. (90h), yields 
Multiplication by .Xm^ gives the magnetic moment per mote; 

■* - $ {^) ( = J'2«W ~ (fcy*!//. 



(SOo) 


and the susceptibility jier mole y — , with from eq. (iKJci), 

becomea 



([jnp) 


X is positive (paramagnetism) and Its magnitude is of the order of 


■ L. Laudio, Z. Phyxik 64. DC,I < 11330) 
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[n -s L-tiiU f 1 ut* ks the spin. The diamiLgiietio contribution to % owing 
the j -i l.itta of lamnd deotrotiB is only of order 10 -7 emu. 

All the foregoing conclusions were based on the uesimiption that the 
moiduef-ij.ui elei l-rons represent ti gas of free electrons, in space. Actu¬ 
ally, they move in the periodic force held produced by the crystal 
lattice. This has a far-reaching influence on the energy spectrum of 
t lie electrons. Whereas the free gas lias a quasi ■ocmtiumt.y of levels 
whose density is. described by Jeans number, the lattice splits the 
energy spectrum into *'energy bands’' separated by gups. Those 
substances in which the highest energy band oceunHug at 7 r = 0 is 
completely occupied are hwn knot's, since any change of the distribu 
tion of the electrons over the energy levels would require a finite 
energy supply for bridging the gap. In the opposite ease mm has a 
conductor. 

There is no room here to discuss Soimnerfold’s* general theory of 
therm, electric phenomena in conductors, and the lattice theories of 
Bridouin liloofe iind others concerning the dissipation of electron 
waves, 1 


§91. Theniiionic Emission 


91.1. Direct evidence of the degenerate electron gas inside metals can 
be dmuji from the therm tonir tnnissia-n* of electrons from heated metals 
Bid u !-•■!, efieet) Suppose that the dectnaw have potential energy 
— J inside the metal. Only those can escape through a surface = 
cims-t whose kinetit energy in file x-directina, 1/j rj, is larger than t r . 

<_’}o?,-irnl tfitory 1 be number of electrons in a velocity interval 
J. -ji■■ ■;•■ per unit of volume in classical statistics [«f. eq&< (Slf, g)J le 


ftjT <ftT ^ = _ 

* v Fra 


N 


P[i httfflf 




mu) 


when . i ir •. Integrating over dtydv, and naing 



oi- ul.min for the number of electrons in the interval dv^ pet unit of 
volume 


dtt.j 


K 

l 





(91b) 


■ A. Simusnrfvid. g Phywit 47, I (t93Sj. 

L. BrtllihUUC QuttMirntfrtiijttiJct Kerim 

■ J. A. Bsolew. 'TlmmiMiHLi' Km warm,’ 1 titr>. Mini, t'hy*, ?, Hii (IBflfl!. 
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Only those electrons penetrate the surface whose e, In huger than the 
critical velocity. <v — The charge escaping per unit time 

and unit area thus in 



(31*:) 


(f_ roproBcntfl the electronic charge. distinguished from t lie energies 
f 0 , t rj etc,). Integration yields 

?«-*'“’=■ar'**-*' 1 . (fid) 

Quantum T’i&eory. The number of electrons per unit of volume in 
ft velocity interval, according to cq. (90a), is 

^•W y = + 1 ( £) (flie) 


'["he t hermi onic current density then becomes 
* =*- ’ 


di\ 


exp i- 1 


The Icvre integral in case of strong degeneration may be simplified by 
omitting unity ln-side exp. The integral then reduces to 

j - «_ ' rt '” T )( j) (jT**v- ’ ;WT ) e "‘ tT - 

and filially 

j = VW. = ATH- (Gif) 


fj — i fl is a negative constant. Indeed, if t 0 were larger than e c 
then there would be an enormous number of electrons, near the surface 
of the Fermi sphere in momentum space capable of leaving the metal. 
Actually, the thermionic current is due to a deviation from I ho 
degenerate Fermi distribution, so that some electrons have W-; > <? f 
in spite of q, < e a . 

Experiments decide in favor of the quantum result, cq. (Gif), and 
against the olasHionJ formula, oq. (hid). Although 1 ho gn-i inside the 
Ttif.'t-ii! in strongly degenerated, the velocity dintribution of the escaping 
electrons conforms BHaemtially with the M IS distribution. 


£ 93, Strong Degeneration of a Bose-Emslem Gas 

93-1. Helium at very low temperatures is a liquid that shows sever! I 
features of a strongly degenerate Hose Einstein gas. Let us discuss 
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the extreme case ttf cow.jtte-te nttbn of h B-K gas, The genera] 

occupation fumju ]ji 


*io = 


[-;-- r 


(H3*J 


reduces, for £ = E r to 

w. — [c* 1 — ij- 1 Complete degeneration). fil2b) 

! ; ■■ subscript r .stands for * 4 complete,” The total number nf part-idea 
in ttiis cats? Lh 

H t - J»«4& =j [exp [pV^wi-rj— ]]-* ^ p*dp 

or with the help of the expansion 

r * 

I l exptjr')^ l]-*j^£r 3-. I- s-%-f s-'-'t-p . . .] = -2,rtl2 t 

Jd 

N * 


A 3 


ajiia. 


(»2e) 


< ‘Oui.letr degeneration at a given temperature icska for a definite 
dt-nsiu N/ ! N / 1 On the other hand, a given, number of particles 
in a givr-n vcWi i ■• a given density H/l‘. will I rati to complete degm 
oration when the reraipemture ia 



inroniplet- dcgf-iif-Mtirm wii.h N • N. occurs when T < T t , When 
the tenijN-niture is havens I in T • T r the ena pilaws into a state 
ol vaju fc«oTf/#«w viilii S3 N in he ili.wiiAsrd below, In rill 

eases, except for T — T e with £ = l t the parameter £ will be leas than 
unity and will Ikj determined by the rendition N = $n(£}dZ an a very 
complicated function of N/ S' and 0 = lf£T. It ie much ampler, 
however, to express £ in terms of the number n,, of particles in the very 
lowest level which we suppose to he a riondegenrrnte level of energy 
■ i i.~ •-1 ver tui n fraction of aTI pm [idea, » 0 ytf, w hr-nrt/iw lean thmi 

uni tv. With the help nfc-ip (Sl2e i aud with r a = 0 wo thus may write 

Wfl = ?N — ^ — l] S 

hence, 


I 1 I 

: =, + ^ =1 + ir 


(\V>e) 


^VitII tins value of £ the general distribution formula {B:£aJ becomes 


*»-K i +£)'■-(T- 


|04f> 
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9tJ.ll. \V> nn¥ Jmw to distinguish between two ease*: 

/, T > T r lienee N < N, and l/</N not negligible produces a fairly 
htnooj.il distribution of the particles among the levels, Alld We) gradually 
deeiTases wit Sl increasing /. Yet every individual level can-teH only 
an infinitesimal fraction of all particles. » it . as well as the other «(*). 
ait 1 nf smaller order of magnitude than N itself. The revolt is a norma! 
notitlt'gem-raU 1 gna Eel which no level plays mi exceptional rote. 


SptxiLtfh 1 hrjdt • {ml dug] of liquid helium 
£ .Mt'ti siircmiint ^ of April Z \ . I U3£ 

IT iiremonts of April 28, 1092 

K,fr.ii m iuirl i' luniiw 


U. T 7 hence X ■ K r (superdflgenoraiion) occurs only at very 
low temperatures where the number % =*= '>f partiolcs occupying 

t he very lowest level is a considerable fraction ml oil |i:irticl(?s of the 
same order of nuigmtude :l^ N. on that no! only N but also % = qH 
i;- a large 1 number, Under these ciruuii^tafioeH wo may neglect, /or the 
higher tvvcU 9 the fraction !/r/N bedde I ill eq. (Il2f) n so that the ooati- 
jialion number ii{rj of the higher levels reduces to 1 lie* value which wo 
formerly found for tii■ ■ .stut j.- uf c-tj , rq £9-10- Wo 
thus have ji distribution where N, part idea a re allotted to the higher 

" It cun l* 1 hJljiUji Unit Ujs umiibar it, ot‘ particles ui iht* nesl higher kit"*! t i in nf 
juiulItT onler iki . M wImmi ie of order Iff. I ,, nr oxi exnM. th^ray in cnist af ft 

failure of the fiUrhptf forttiulrt.. r^ftr to EJ. Schubert, “Zur Jfu*«' St.ijtlid ilt." Z. Kntur 
/ormAunj 1, il.n 1 1 LUO) : A, .Suuun.-rfeld, iftirJ.. tin. 
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levels in a state of complete riegenerat ion, Hurt the remaining N - N. 
pairtick'^ settle in the very lowest level, « a " with occupation number 

% = - N - tf e 

h\ u sort of condensate pervading the whole volume When the 
rcm]leriiHive is raised r the number N. will moronse, according to eq. 
(!*-«■!■- «ii the expense of, and by 1J ereparation " from, the condensate. 
The process* is comparable to the evaporation of n condensed suh 
stanet- suspended in it,* saturated vapor—the vapor, in tfafe case, being 
re printed by the degenerate 
gas, which stays completely 
degenerate until all "‘con* 
denied" g3U* particles are re¬ 
moved from q, except for the 
mfiniteshnaJ fraction normally 
remaining in e„, This is Lon* 
don’s 15 theory of a B-E gns at 
low tempera-tuim 

Helnw 5* helium freezes at 
pressures p > 25 at id. At 
lower pressure and below' -Li! 1 
absolute if a Liquid. When 

it- i.s cooled below '1 .1 K'd ordi¬ 
nary liquid helimu (He I) 
turns into ll modiftcat ion (He 
II) which behavra rty though 
it nere u roixtun of two 
siihbttmuesj one with oniinary viscosity j r/ ^ lt>—*, the other a xnjier- 
Jivid practically without viesxMity fa < Kapitsa) and capable of 
hiking through narrow clumneb of width liH to 3 0~ 5 om independent' 

| d l he press tire hem I and the lengt h. Apparently the siiperlluid consists 
iif "condensed +1 jpartickw of zero energy. The euperflow, according to 
I hi uni and Mendelssohn, 11 is analogous to the electric surface current 
in ■'•iitrm'wui ta:twn near Absolute zero, 

Tendon's theory is confirmed also by the strange behavior of the 
specific beat < of liquid helfrn i found by Keeaom. Whereas i ' vaniahcfl 
near T - o hi agreement- wit h the Xmiat theorem r the fA-ourvo show's 
a steep riw up to the temperature of TIT’. only to fall suddenly to a 
lower value, similar to a Greek lambda (Fig, 1J.£); 3, IS C j H denoted 

10 V \.< -rulon, Xettur Ml, fi.f'l flflSfl); \ Jtrr 54. 11 +7 K, 1C, Burrow, 

HtLiiim 1-tn.i Ssupisftihb" Wed. Ig„ S5T i 1940), 

11 -k t?. I taunt iLn-J K, Mcaclftwohii, Xamre 150. 4^04 (L94£). 



I• 3. TBo Hpccific-luiiLt oiarvfl w£ im 
acJi-iil Ri ira*-E i h-H ein piw, Mictirrfttip to Uondcm's 
iliiitiry. 
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as the JL-point. Qua! it a lively* iho same result obtained from the 
London theory (Fiji- 11 Li ) f and is explained by th? 1 extraordinary heat 
supply per degree of temperature tt'qiiired for the'VvaporatioTr process. 
Wo have here one of the most spectacular confirmations of quantum 
rnediarue.fi in spite of the fact that the present theory applies to a 
perfect gas, and the experiment's are oarrbd mit with a liquid. 

Summary of Chapter XI 

When N particles are distributed in groups nf %. n u etc,, over 
energy ieveta r fl . r L . i-lr.. the classical statistical weight of such a distri- 
hutinji is ■— N !/(*„! M, 1 * 1 ') whereas the quant qth theory gives 
statistical weight II — Z]/[zq' q t - ’) he,, Boso-Einiskiri statistics, 
Currtispotu I i i ig t.r f l t' |i i i 1 fit ion* a jf <<i n't < iric Vi it h res ] iee t tot] to ci i - ord i i rates 
of like particles. Fermi-Dime statistics. wliicli corresponds to anti¬ 
symmetric 4"-functions and tn the exclusion principle, counts only ^ 
and =t its different from Kero, The average occupation mimher of 

a state of energy r is n,ft) — ^ \ e ,r * f : E^) with minus or phis sign for 

B-E or 1‘ I) statistics, respectively, with fi 1 jkT and with the 
parameter £ depending on the number of particles fier unit of volume 
ami on the temperature, - 11 gives cloasiciil Maxwell Ttultv.] naan 
distribution, y.!.(0 = £e“ fiK ; nevertheless the entropy of the diluted 
quantum gaa. IF. differs from the entropy S A log & of 

a M II gas, Whereas lhe classical entropy loads to physically mtao 
ceptuble results (Gibbs paradox), quantum theory admits the existence 
of intermediate cases between exactly like gases and ocmipieteiy 
different gasses. It also yields the correct constant factor in the 
Yfipor-pmssuro formula of if il liter I gust 1 * and thereby determines 1 
chemical const a tit. 

Whereas atomic and molecular gases at ordinary temperature are 
only slightly degenerate, the conduction electrons within a metal 
represent a Fermi gas of strong degeneration,. At T — 11 alt electrons 
settle in pure with opjjo&ite spins in the LV lowest energy Jo vela, and 
■oven at room temperature the degeneration is still very strong. This 
explains the acmt!l contribution of the conduction electrons to the 
paramagnetic and thermal pfO]iertics nf the metal, and the deviation 
of the thermionic current from the classical expectation. Liquid 
helium shows several traits of a degenerate Bose-Einstein gas, A 
given volume at« a given temperature can accommodate not mure than 

* IJujiJiLtmiJvc' agreement. would prevail tf the J't'i-law, r^. [S£c), won- rojjlrtiintl Ijj 
n, TMnw, 
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a certain maximum number of atom* in the normal li M distribution. 
The alums in exffloab el' this number settle ill Che lowest energy level in 
n son of condensed plate, whose “evaporation^ with in created temper¬ 
ature oxytlaina the abnormal inoroaee of the i?peoilio beat to & sharp 
maximum l./-ywinti. marking the completion of the evaporation 
process, 

< )f part inuiar significance are the fluotxmt ions of the density distribu¬ 
tion in n quantum gas. The square of the relative fluctuation, 
/h n V l 

I J . has average value - ± L in case tif BE or F-D statistics, 

..tivriv in cnntniflt to the elasaicaJ valued 

» 
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■ 93, The Speck! Theory of Relativity 

93.1, Th Lorentz Tm>t#furmu/ktn, W'n begin with 11 . short review ol 
! he classical theory of relativity. A co ordinate system xt/z with 7cro 
point O may contain clocks Indicating tine time /. Another system, 
x*tfZ r containing: clocks /' may move with constant velocity c with 
respftct to the Hirst system, so that Q and O' coincide when their 
clocks show t — t' = 0. At this time and place u light signal may be 
flatbed. The experiment of Michekon and Morlov then shows that 
llie apaoe and time co-ordinates of the emitted photons satisfy the 
relations 

x 2 -j- y- -|- z* = c%* p os well ut> x 1 - ft " 1 Hh ~' 1 = r 2 ! 1 ' u , 

i.e., they form on expanding sphere around f > its well as around O' 
as center. When the notation 

;r 1 j.' ;j s* T r 4 x , y z, irt and = x\ y\ z\ ict‘ (SJIJa) 

is introduced, the sumo tight spheres are characterized by t he ct[imtion 

3irf = — 0 

with summation over k and h' from 1 to L li<{. fSJfSa) introduces 
Minkowski's 4-elimcrtesnna! geometry in which die world distance hd 
between tun two events is the same in both Hysteme of reference, 
O and 0\ namely, 

^ (SSb) 

where Ar* and Ar,. are the m-ordimito tlifl'crenoEVi between the two 

events in the oo-ordimitv systems O and V a-i’^|.. i rely, The space- 

time or world distance As between two event* connected by a light 
signal (straight path r>f a photon) its zero. The transformation 
(Htfft) leaving &> an invariant is granted by a tinitartf CQ-ordhifttf 
trajutformation: 

fix* m* Sjand conversely, dx k - — ^*A*yr tr (Si3c) 
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with tratisfurmatiun coefficients (directional eosdneKj satisfying the 
following rules of no m ud Nation and orthogtm&lity: 

v — I for L = n .... 

There a no diflereww kdween < i Li , anil n )rl although we prefer to 
write 1 .■ as the first and k' si^ a second index. (in the other h im 4, the 
t wo coefficients; a . ami *t. etc., art' not interrelated. The unitary 
transformation, eq. (93d), from the syrens O to O' become* n Lormiz 
tnm&formfiMan in spaetvlaaie when quantities. with om suffix -J are 
purely iiu -.ginitry. hi id thnav with an even number nf 4's are real, an 
mllit inn tu 

<jfj.4 — fi l/t and <r l4 ^ real and positive. 


A> an example of u Lucent?. transformation consider two systems 0 
and 0 the latter moving relative to the funner with velocity rin the 
x-d Erection. When the abbreviation /j = r/f ^ used, the rmnsiVirnui- 
Uun coefficients are 

— if3 

**, *■ = ( , _. ^ = ~ fl t. r(—r* amh °) 

and all other coefficients « 4 . = U and 1, respectively. Rule (33d) is 

satisfied. Owing to cq. (fl3o), the co-ordinates; x k and _r r of one and 
the samu event are connected by the t ransforn i atiei i farmulas 



+ * , , , *' + H 


and, conversely. 

** = 


£1-^3' 

x — rt 


(1 -$*)>• ’ 
i - (#] 


{l _ pfU* * ~ *■ * “ ^ *' “ (J - 


(m) 


(03g) 


supposing that. O and O' coincide at t t r — \t_ h]qH r (llSf) and (03g) 
satisfy the rule of inyarionw, eq. (93b), 


03.2. h> iif Length find Proper Tim#., A rod parallel to the iE-dlrection 
and liv'd in the system O* shows its rust length dx* when the two ends 
are nerved simultaneously, for dt' - Itw length fir relative to the 
system O, with dt n, i* obtained from eq. (93g) m 

dx = dx’{\ -Ffk (93h) 

dx is smaller than the rest length dx* (Lorentss contraction). 

A clock fixed in the .system 0 r shown the proper time interval dt\ If 
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differs from thy time ub read by the various clocks fixed in the system 
O, The relation between di' and dt for dx i — 0, according to eq. (03f}, is 


dt = - 


dt 1 


(i - pf' 


(ass) 


Ttio proper times intervals rli\ often denoted by dr, arc shorter than dt. 
'Flat 1 traveling clock ages more slowly titan the clonks at rest which 
it passes. 


03.3, Dtfnwnk#, Wo postulate that itn . r = ftx t etc., together with 
f& l = tiid — tik, arc the components of a 4-vector of invariant value r 
namely, 

— c a ) — invariant, (93)} 

This expression must have the same common value in various systems 
of reference, Hence, ft must be a function of n. In particular, when 
ft ij is the rest mass, the last. equation yields 


Z k (f f x t f - /*V- '*) = ~ ^ 


from which follows 


P = 


th 


(1 - 


(03k) 


( 931 ) 


These results hold for free particles as Well as for particles in lie Ids, 

In case of free particle# the physical meaning of the tirst three com¬ 
ponents of ux b? that of mnnlent ilm. p m = p l - pJ\ is canonically 
conjugate to the co-ordinate x = ,r, r and p t j(.i, = fur is conjugate 
lu j-j kt. Howe vet. sinee t is known to be et nonicully conjugate to 
the negative energy, it follows that r 4 = kt is also conjugate k> iEfc. 
Heaoe, p i must bn identical with iEfc . We arrive at the following 
Identities: 




iE 

P** = t lte = Pi = — 
r 


for free part biles. 


(H3m) 


The last row contains the' fiiuums Einstein reUtiou between mass and 


E = ^e a , for free particles. (03a) 

Owing to eq. (93k) we also have. Fur free part ides 

(rf-t-JsjH-1?)- (“) =" E = ± rf/js -f- (/v;) 3 ] Vt . [»:l \o) 

Negative energies are Important in the quantum theory of the eleafcrun. 
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£94. A Point Charge in a Field 


94,1, For particles In mi electromagnetic field it, \& natural that the 
en orgy i * the Bum of Use field lesn energy — kin otic plus rest energy, 
anti potential energy fF. where V[xi/zt) ig the scalar potential. 
E — ric a -y ft is the total energy, tir in Minkowaki notation: 

Pt = 7 -^ + tV) =5 ft£ 4 4 - ~ *1 {to} 

v C f 

when iT is in trod need ns the fourth component of a i vector potential 
■t whose first three eamjionentR tiro defined as the components of the 
vector potential A of electmclvimiuios. Wo therefore supplement, 
eq. (94a) by 

Pi = P* = [M* + -A, w ia f, + - <£ : ., (94b) 

E G 

etc, Just as the energy is the aim of rest -j- kinetic 4- potential 
energy - ■ the momentum /■> is the? aiim of kinetic momentum, fix, and 

£ 

potential momentum, -A. There is no 1 * 061 -moniontum. 
c 

Vic.' ^ e?rsa. the kinetic momentum is the difference between the total 
and the potential momentum, liq. (I?3ni) has to be generalized in the 
presence of a field to 


^1 = P* = Pi 


■®- P = p.. — A, 


=■ f*& = iu ~ “ *1 —7 f^ T - * Vh . 

t C iT / 




The invariant equation (TKik) holds as before, but it now may bo 
written ag 

S*- (pi —{ 94 dji 
nr also, ns ?\ generalization of eq, (03o) : 

57 - -I (s. *t) + hv 1 = 0 = ■*". <SHe) 

£ft v \ C / 

Thin expression -V . of invariant* value sera, is introduced us the 


* j> Hnuiiifi a 4-vaoLcir aUo La ijuanluni m&nhankia* wlwsfc ilvird^ far — tAdy3s p . 
irjdiM.nl p the- tnuufanrtutii}n (dr ttw sypcml^cB SfSXf. tn ri UJ'vr LoMBt* tonda: 


_v L ^* JL v — 

d*v “ ** a*? ^ 
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Hamitkmum function of a point electron in a Geld. The definition, 
eq r (94fi} ( of.?# 1 m justified because the iiorresponding canoiiHifd iKjttfrt lodh 

dx t dp k dJf r _ , 

— ^ — — — — [r = if I u*fc*) ■ = proj^r time] 

ctr i fp k dr 3ar* 

lead to the well-known Ijoreotz equations of motion: 


* l/,i> = r 


( B + [>]) 


j t itu*) = t{% i-E), J 

The proof rest* on the relation between the i-vector potential * and 
the field eon l pc men Is E and H (see below), 

In the approximation of small flelde and momenta, oq. flttejredutioa to 


*’=^ + ‘ r+ i(--» s 


which is linear in ft, wheiroas the general relativistic Hamiltonian, 
eq. (ft4o), is quadratic in ft = p^fi- 

94J2* Tin I Add Equation-*. An cleutroiiiagnctic field in vacuo i> 
determined by lhe components of the 1 ■ vector <t» 

= AA.A iV (Mb) 

which is supposed to satisfy the Loreitte condition* 

J)jv «*» = ih or (y - A)— j- V ~ 0. (941) 

The field components 

¥ ki = — Fj*| 

F** = « I 1 

are derivatives of 'P, namely, 

3#, 3#| fH — y X A | 

P w — =-■ . — or I . (94k) 

At* ^ I E = — V F — - A. | 

F in an antisymmetric tensor. also denoted e# a fhvector. The com 
ponents E and H of F depend on the co-ordinate system, ho that in one 
system the field may be purely elect He, w hereas in another system 
the some field F also yields magnetic components. However, the 
expressions 

Si , IFi: = H- - E* and (E ■ H) 

* i>iv lr t.t» 4 -ilirni'HHiciniiJ div. mul [ 1 the 4 -dtmemiU'rud, y J , 
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fire invcmnta. As a QanBoqiicnce o f eq. (W4fc) ow rib foin* 
^ ™ 


whir}] is Mas well's first quadruple. The second Maxwell quadruple 
is but [i definition of the -i-veotor 


C f 1 f 


fU4m) 


by x’lit it yf the tiquiH.ji.>iis 

Aiv F — 4irJ. or 


(V *E} - 4frp j 

LPXH] ;* —i| 

O £5 r 


when i Aiv Fl t = I, ^ ' delinks the 4-vechir AivF, Eq. (fJ4n) also reads 

iwj — Aiv F = Aiv i url = Grad Dn == — 

because of the Lorantz condition. bo that 


.- 4 * + 4 ttJ = r.b t,r 


VM — 1, A H- 47T J — ii 
e* c 


V d- 4w/i ^ si. 


£95, The Wave Equation of the Point Electron 

95.1. The relativistic wave equation of il point charge in an dootro- 
magjc :ic field of potential is obtained from the dyusakal Hamiltonian 
= 1 1 of eq. {9& 1 ) by replacing 

juid operating mi n function T(^c e j 1 j j* 1 ): 

= (95a) 

Bscftuse ui Div ^ ii this equation may tie w ritten in the form 

□ il *'+ §,(*- ClI1K1 *) - ™ + &) r - 0, 

known as ttie Fock-K! c:f nGunkn/ //{nation* for the Hcafar fiidctinn V 

1 \ y U onion, ?, Phytik 40. 117 (IMG). V. FwL, ibid. 38, 24.ff tlO£H3J 1) Klvtn 
tbi/i 41. 407 113t!" J, 
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fOfi 


We algo write the complex wmjmmte equation, obtained when one 
replaces H P by l 1\, nI iti by — j'A f but dues not replace - ir[ by — x x \ 

□®P - £ I* • and ’T'J - 1 + fijA f - ii. {9So) 

In case of n stationary field which leads to m constant, energy of the 
elytron one may substitute 

T(xyzi) = ip,{xffz) e~ (06d) 

into the relativistic equation (S>fjo}. Supposing that the main shan- of 
the energy E /i 0 r a + E„ is the nest, energy, one is left with the 
rionrelativistic eq. (0Se) when I' 3 anil .E q ana neglected. 


95-3* A hyd'fOf.hjumn :c interjon'MtUm of the function T (refer to § GS) Ik 
obtained when wo multiply oq. (05b |i by T and eq. (95c) by M* and 
subtract: 

Y\y*¥ - VtTF - [<£ - UttdjTFjl = 0 ( 

ten 


wliieh, because of Div & — 0 P is the Same as 

Dlv j h (T G rad *F - T Grad Y) - —- •PYY ! 

w& /v* * 

Hie exprosaieo In braces is u I -vector J with components 

r 2/i^t \ 3x ?js J /i 6 c a 

i P - 3, = - —(V'F - TV) - ~ i pPy. 

2/V e W 

so that- eq. (95e) reads 


0- (flflei) 




Div J — n, or div j -|—— — 0, 
3( 


i 


(95g) 


* . , , ■ * , rest 4- kinetic 

in the stationary en&.\ eq. (9 ;.h 1). one obtains p — \ r 


Negative E in eq. 
pro bet 1 1 i lit y < lei laity. 


rest energy 

leads to negative p. Thus p cannot be the 


The Dirac Equation 

96.1. Lei us introduce the kinetic - - total — potential momentum; 
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Tin- classical IImiiiJi»■Tiievsn nf the [h tjjit electron, eq, {Me), then seeds 

o = * = (Ml + »■') = ^7 (f * + W s ) ( 98 a) 

m*l - quadratic in P. It may he split into Wo linear Factors 

ii = ,#' = -t (i» + i IV )(P-Iftrf f-IBb) 

each -if which, equated to wo, would satisfy ,W — (>. /'in eq. (fihb) 

. * the vidue of the I vector P wit]mat. trforerice to its direction. P 
Hush In represented In fceim.s of its Four components with I’y-Pi 
- when ;/ is the directional end no he tween the vector P anti 

the jq-asis. satisfying 



- 

I. 

(90c) 

E.q. (tH3b) may 

then he written in the 

form 


U 

-jT-T + 

w) 

(tltSd) 


-,"g 



or also, 




0=jr = i ( 

E.(yn*i1 - **] 4- 




■SpH 

which in onh a complicated way of writing the simple equation (iWa), 
Jji the absence of u Hold the operator* P fi ami P t are identical with 
the momentum operators. Without Held cq. [Stle) may thus be 
written in the form 

0 ■= * = -A [s.tdV) + <&*J + /- St<£,<rv + 7 V>M- (®«fj 

a -Pit 

IHnac remark'll that this field less Hamiltoiuan becomes identical with 
eq rilflnj without tie Id not only by Virtue of eq, (IWo) hut. rd $ct when 

mg] 


\m\) 

Tiiis assumption changea I hii ■ meaning of I he y"s from directional 
cosines to four imihiftllj, incompat ible observables which antico minute. 
Tlictr physical significance will Iwoom* clear below. 

The change from etj. (W3c) to oqn, (Ufig T it) is of no consequence in 


eq fflfie) Is repS&tied by now conditions, namely, 

(y*)* — i for every single k\ 
y k y l — — yiy* for L }, | 

which may be written in the condensed, form 

MfV + Y*Y h ) = 


*? 
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the absence of a field- In the preecnoe of a fidd- however- eq, (DBe) 
now becomes, by virtue of eq, (flflgj, 

0 = x = ~ (EJf + jugc*) + S,. W( pj>, JV\) (Sfli) 

■Hb */% 

ns if.he new Dirftq 1 Hamiltonian. .W -- 0. eq. (96d}, it* satisfied ivlian 

I ^j-y*/** — ifirf = n | (96j) 

(or + i instead of — i) t since the product of eq (9ii-j) with its rum 
complex conjugate yields eq, (UfiiJ again* We have arrived at. the 
Dir ao operator equation which is linear in the P A . 'l r he Dirac Hamil 
fcmi&n, eq. (flfii), is quadratic in the P k ; it differs from the Hamiltonian 
of the point electron by the double sum which vanishes without field T 
but in the presence of a field gives an additional energy to the electron 
as though the electron had a magnetic moment $97). 

@fi.2. The last two equations represent relations lx-tween observables. 
Quantum mechanics subjects them, iid'ter multiplication fiftim the right 
by I -- y. to the usual labeling pruue^, which is ha^ed on the folic wing 
quantum considerations. A state of the Dirac doctron is defined by 
four numbers such as the quadruple ?j !n>r: the first three utv the naual 
orbital quantum numbers ; r, the ‘’'spin state number h capabje of 
four values (there arc four spin stateu numbered r = E, 2, 3, 4, respec¬ 
tively). Also, t here are four co-ordinates of the 1 time electron. namely, 
Xffza or rOtfij: the first three indicate the location of tho electron in 
epa.ee; it, capable of four values. I, 2, H, 4, U known as the “spin 
co-ordinate The probability amplitude of 1 ho Dirac electron is 
indicated by the symbols 

YWmit* or Vc(xyz}. 

Duly the first notation i« consistent with the laVtelmg rules of matrix 
mechanics. The second notation implies that a certain choice baa 
been matte for ntm and t. Vice versa, at a given plane xyz in a given 
orbital afcafce nh» them can he id different values of y, depending on 
the choice of the four values of rj and of r. Examples of the lfl 
p-funations all lie [ringing to the same orbital state are listed in the 
tables of fflk, There one finds that the four “spin states" t are 
ehiimcturi^i by positive and negative values of both else energy 
± |A F | and of the spin momentum component • the "spin co 

ordinate” o, on the.’ other band, appears as a Dirac index number, 

1 P A, M. Dine- 7W. J?oy. £<w, 117. tUQ (li^i 
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A futfticular choice of <r is indicated by rr‘ or ir* H and £ a it? a sunn nation 

■ ■ ' r i LI four values, -jryz may Imi* abbreviated to x. Tho observables 
3 1 c>}sentte 4m a only noooniing to the expansion rule 

y l 'u = f* 

The P operate on the space cu-onlmaU* only. After these prepara- 
-ion* we tjow can rewrite the operator equation (!i(5i) in the following 
explicit form: 

* Y, = <1 = ~ (JSJV + „ir?) V Az) + 

T £ . £., SAj-Vw- pp jvM <««*0 

and eq. ififij); 

■ wwfc) = 0^1) 

Each 4.ii’ the^t? relations represents fbur equation^ with index rf' = I, 
- .* or 4 respectively. When c-q. (ittSl). iy satisfied. Lbnii eq. (9-ftk) is 
obtained by Operating on uq. (901) with its conjugate operator. 

Tbo first part of eq. ; LKiki Is identical with the Fook-Elaio-Qurdon 

■ ci iti 'ii i if,'* 1 1 applied to the four functions y a separately. The 
double .-*uri ill eq (#flk) may thus be Considered is a perturbation of 
the tWh-Kfem-Gordon equation, resulting hi a perturbation of its 
ciip ilLit-- in the presence of a Held. We investigate the double sum 
more closely. The operator /\ defined m eq, (95a} leads to 


E 

, / 1 P _ p t p x I - ; J lk p , _ PiP t ) -!p, *, — p.** A + ♦*/>! — *jPt} 

c 

t-ih /, iMfrA fth „ _ -L . „ 

( L y- - lV ) % — — = — F ktW (**m} 

■i i r tor the double a urn in eq, rOfih) reduces Lo 


(«•*) 

where F,i an' the field components. The first term in eq, (ilflfe), in 
t hi- appiviximatimi oi small vdtxitif-ft, read.**, 

(.,T[p-'a)' + W * + r r-E|^, <Wo> 

an found ui eq. (&4g)« If the double sum in eq, (fifin) could be 
LiiMlj'-r reduced to the form of a product, E 1 - with constant factor 
E". the bitter would represent an Additional energy of the electron, 
iil least fur small velocities. Such a reduction w ill bo carried out in 
§ il7 As a preparation wO now turn to the yV. 
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96.3* Iiresjiectivc of the physical meaning of the four nbaarvablng y k y 
their matrix element* have to wUisfy the rules (iHJgh These relations 
htre satisfied by t lie following four Hermit inn matrices: 


rlc- ~ 


0 

0 

0 


0 

0 

0 

— j 

0 

0 

— t 

0 * 

0 

0 

1 

0 

0 

i 

0 

0 ™‘* m — 

0 

1 

11 

0 

i 

0 

n 

0 

— 1 

0 

0 

0 

f 0 

t) 

— t 

0 

1 

0 

0 

0 

0 

0 

11 


0 

1 

0 

0 

i 

U 

0 

0 i<v = 

0 

0 — 

1 

0 

1 tf 

— i 

0 

* 

0 

0 

11 

- 1 


Yv'r r 


They give a certain preference to the ^direction. Other matrices 
y r * * * y*' satisfying the same relations (UGg) could tx? obtained by 
a unitary transformation: 

/■ = ^ L y k a ki . 

with coefficients satisfying cq, (IKSd). However^ the I Jirnc theory 
admit* oni\ -■such new y l matrices which arc obtained from the 
original yV hv Lortnlz. {rttmJnnntitioft-6, 6c) that the original y x ■ ■ ■ y* 
ms well as i hr new y 1 ' ■ - - y 4 ' appear as the component# of a 4-vector y. 
According to the expansion rule monlmiicd above one may confirm 

y l y>i = - *Vi- yVs — - m- etc. 

In the literature on Ihrae'H electron one also finds t,ho following 
matrices defined in terms of the ;■“«: Paulin spin matrices 0 (to be 
chfitinguhheri from the spin Htutew a 1 ) 

ct 1 — ■ iy*y*i u g = — ijAy’, <ri = — fyy, (P0q) 

and their counterparts 

a 1 = — iy 1 /. # = — tyV- * a = - tyVi (9flr) 

hence 

t 1 = — iseV, rf* =± — £a’a l , ff* = — i**#- (06s) 

Explicitly, these rnatritifig are 


0 

i 

0 

0 

0 - 

1 

a 

(i 

1 1 

0 

0 

0 


1 

1 0 

c 

i> 

ti 

0 

n 

1 

— 

0 

0 

19 

u — 

0 

i 


t 

0 

0 

1 

0 

0 


J 0 

0 

1 

0 

0 

11 

i 

0 


(J 

0 - 

I 


n 

u 

0 

1 

|| 0 

0 

11 - 

i 


0 

J 

0 


0 

0 

0 

\ 

1 

0 

a 

0 

* 0 

" - 0 — 

0 

1 

i 

a 

0 

0 

- ? 

0 

0 

0 — 
0 

1 

0 

(HttuJ 

l 

0 

LI 

0 

! ( 

11 

0 

0 

0 - 

J 

0 

0 




OIAI 1 XII 


THE DIM At' ELKt'THOS 


251 


The ■'■h0ervablp.4 *. y, rj Are Eformitiau with real eigenvalues — 1 
and i After multiplication by iy+ from the left the Dirac equation 
reads 

J - -f + /W 4 ) T = n ‘ ) 

P/up as well as rot play the part of the velocity. 


$97. The Magnetic Moment of the Electron 


97.1, 1 nnsider i ronatajit magnetic Hold of "-direction so that. H P LJ 
js the only non vanishing field coin fo ment Eq, (9Gn) then reduces to 

"*■ FJWyVUftt*) - - f - F»“V- I” 7 *) 

i/V W 

rr bn- diagonal elements -+ I ami — ]. respectively, Kq. (t(7u) thus 
redm^-A to fi simple product A"y iT . where 

J5' = i ( f7 a 'f*) (07*>J 


«ith jdliS sjign I'm i,’, and and minUM sign for and v'<- According 
ti. II Is-- h’i i.rk a! the end ufjfllri.L!, tile mu stunt fii«■ <• >r A r* the addi¬ 
tion ' energy of the elect run in the magnetic field. A" has the form 
M.H rhnngli the electron poaHb&acd a magnetic moment with 


^-component 


M, ~ 


f-fja 


one magneton 


(97c) 


i. iridlel or luitiparaM In H - rti Agreement with the resuli of (roudsiuit 
and t'hlenheeh. hh a direct result of Dime's re interpretation of the 
ftirtv* from directional codm-fl to mutually incompatible utaerv- 
rihh> -atisfying the exchange rules (HtSy, hj. 


97.2. \\ en there is i purely rhririr field af x direction. say, then only 
Fj, ; E. is different from rxnu The double emu. tip (96n), tinw 
reduces to 

In order to repif aeiiL a tml electric currgv it would hr irecemnry that. 
fa 1 be diagonal and have tm\ diagonal elements, However, the let* 
an- nor real observables, that is. There are mi states in the presence 

■ fi an electric field E when I he elect]' . UapUiys a real electric 

moment. 
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§98- Free aiul Bound Dirac Electrons 


9S-li When ode uaea the matrices y k ck! eq (fl6p) f the Dime equation 
(D0j) reads 


- jP iYi ~ P iVi ~ * p aYz + ^iV'a = WlPi 1 

- * p m -4 F„ V i a 4 iPtft + /Vtt = J 




>AVl + ^ Ara = WVj I 

* p iYj — JflVi — fPjV'a - Avh = WFi-( 


(flSh) 


These four equation for the v^aie n-* logon* to the Maxwell equating 
for the field components F tJ insofar as time derivativea of one cam 
fMjnent are coupled with space derivatives of the others. 


98.2, Free- Electron#. Lei ns first consider the .special ease of /rec 
ikeirtmx with vanishing potentials so that P £ . - ;j > 

Eqs, (SSa, b) in this pane am solved by plane wave* 

V* (I, /] ^ exp fi if * r - Ef)fft\, 

with const-anl parameters p and E. iSubstErntii>ai into eq*. (itHa, 1 • t 
with l I k — p k > yields the following relations between the complex wavt- 
amplitudes ti rf : 

t- & + Ptf*)« ( + 0 * «„ 4- cp&* H- t'( p* — - 111 

0 * tq + (— E + ptf *K + c(p, + *>*)«* — W l i = 0 ( 

Wi + ^(p* - + (-E— + 0’8 t 3 « 

+ 0 * «i + (— # ^ = ft j 

Those linear homogeneous equations for the n fl have a solution only 
when the determinant, vanishes, leading to the following fourth-order 
equation for E : 

r^-0v- a ) s - eVS4 rf + jW-O 

with two roots. each of them occurring t wice: 


E y =r\ (//^) D 4- p a and E. - - r\ [»&)* f- p‘. (»8d) 

Itelougiiig to four possible quadruples u. r listed in the Four raws of the 
table on the opposite page. 

In ease of auiftll velocities, p ■•.■.. r 3 . the h^h with p in the numerator 
are negligible, yielding the nonre Inti vis tic spin theory uf only two 
polarized wave functions. namely, 


y, and y« a wlien E > li 
and yt t when E < r 0 


and p <4 



CHAP, 3 U 1 


THE Dili AC ELECTRON 


253 


KRB1 DIRAC KI.RCTROy, RKLATlVi-STTC 



a i 

a i 



Spin 


i 

0 

- tf, 

<P* 4- 

f 

E > 0 

* 4- /'iP l 

A' 4- ,v‘ 



I 

ctPT- wj 

- cp* 




A + /i/i* 

E 4- /V’ 1 

4 


rtPf - i P t ) 

“ CjPf 


1 

t 

X< o 


m + tv* 




*{p f i + *lV 

l 

0 



m + ^ 

W + /vs 1 

4 


98,3, Another important ease is that of fl conservative declrmtotk 
potential i ■ 


A- 



5 £ 

dtd c 


tSfce} 


When E i* the constant energy of the electron in the electrostatic field, 
even' y d is periodic in the form 

?U*i * * * **i = XJi*3P)A W f 98f > 

and eq**, (98a. b) reduce to the following equations for the jj tf : 




mg) 


itish) 


These equations reduce further in the nonnekd i vistic approximation of 
mwiil rrti.Kitiex. Again we have to distinguish between two oases, 
When E is jHiaitim and slightly large]' than the footers of jj t and 
in eq. (flHg) are much smaller than the factors of and Xi in eq, (S9b) r 
hence Xi and Xu ate large Compared with %% and Xa f [ >*‘ $ > d and 
In this approximation we may replace the brackets on the 
left of eq. by — 2u^, divide by 2^c a t and substitute the values 
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of £ 3 and y % in ctj, cm the" right. This leads In the following 

second-order equations* for y A and y t i 

(E — ft(f* — f ¥)% -I- ^ = it for E > it (98i) 

corresponding to the classical equation E = ^d 3 + eV 4- p*f2ft a for 
iti j electron in I Jan field of potential V and solved by scalar funel Eoiin % 
for eigenvalues of {E ftf*). i.e., the energy in excess of the rest 
energy. When one wgfiatitiutrc y A from eq. and - it. or ^ from 
i-l|. (Hsi) and y A =. U, in eq, (98 L) one obtains the following two 
^ tjtmdrnplc* listed in the first part of the following table. 


DIRAC ELECTKQK IN AN ELECTROSTATIC FTKT+t) f 
NON RELATIVISTIC 



2i 

Jfj 

Jfi 

Xi 

iH|ntfc 

S > ft 

P <■ /V 

3fi 

n 

..A % 

3>*flTi 

1 (t 

V'.r ' 

t 


n 

Xi 

a /> *n 

i awi \z>j * ty) 

. I -* h* 

1 ft i \ iV i a* 

4 



Xi 

— 

Xr 

Xi 

Xi 

!d| iin 

e < a 

V < iV 

h (2 , _3 \ 

* ' 

- A 

0i 

0 

x» 

A 


£)V* 3* 

- A / 3 , 3\ 

^W' J " ' 3,y/ 

* 

j 0 

4 


Similarly, when E < n then jf 3 and y A obey 

(fC 4- ptf* ■ *1)% \- y y*x “ 11 f( > r E < lh (98j) 

■"/ ( n 

yielding two £ quadruples given in the second part of the table. liqs. 
(SJHjl correspond to the ulassio&L equation E = e V 4- 

The negative rest energy is aueumpunied by a potential 1 multiplied 
by f rather than by 4- r. This Schema to signify tliati electrons of 
negative energy are ptisitr&rut. However, we shall see later that there 
ai-e reasons for the view that positrons are electrons of negative 

energy (Dime's hole theory). General solutions are obtained by linear 
comb in aliens of solutions belonging to the same E. 



r.H.^P XU 


Tin: hfftAC ELECTRON 


355 


§90. The Spin 

09.1. SupjHMW the electron moves in nn electric fiold of radial symmetry 
witli electric pnlcritinl IV) no Unit, it i> not- subject to any torque. 

Pi — Pi’- “ i K(0 is the only /% differing from /?*. Since the z-aonv 
c 

: ■: i- jit ii t tin nr bit 'I angular momentum comm kites with l"(r) [ refer 
t" M 7 ] a* vvt'IJ a- v- it h i> t . Z cummuttw with the Hamiltonian Jta of the 
point electron. »'»j I'.iihi.«, indicating that there are states of a point 
f-ii itron i-iihitioTi* of J #’^ = in in which Z has definite eigen vilines. 

\ different situ at ion prevails tor the Dlr&c electron controlled by 
eq untj miring this equation in the form Ly - 0, Z does not emu 
niute with L. since 

ZL LZ = {.r Li u ; - - W) - (■ - *)(' ’ ■}, 

f 

The only P k differing from p k hF^ = p t —- ■ but V(r) commutes 

win Ik Z. Only the summands k L and £■ —. 2 give contributions Lo 
the product difference. which thus reduces to 

ZL - LZ = A- rVd - (y'i*, + 

Because I r, j\ — — ifi = ^p™ — p^Cjf. this further reduces to 

ZL — LZ = ifilyV-d — =£ 0 . (SSHhi) 

Z does not commute with L lienee the orbital angular momentum 
component Z a* not diagonal in 1 he state!* where Ly — 0. Z does not 
have definite eigen values in quantum states of the Dirac electron, 

99.2. Wo may ask. however, whether a quantity £ could he added to 
Z so that the sum Z 4- £ commutes with L : 

fZ+ DL- UZ-t 0 = o. {mb) 

Because of etp J09a) t ho quantity ( would have to satisfy the condition 
CL — L£ = iHy*Pi — 7 W- PSo) 

cilice tlie right-hand side as well as the factor L on thfl left is linear 
nt ilie p. the quantity £ ought to be an operator of the aamo kind as 
the y's, commuting with the p t , L being the operator of’eq. (WJj), the 
lust equal ion may bo rearranged in the Form 

Ky 1 — y l i- My*)p, +■ (£?•'-- yK -(- iVJft 

+ (ft-*- fiiPt + (Cy*-/£)/*. = it. 
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Tills equation holds identically only when the four brackets vanish 
separately, They vanish when £ is the operator 

J= j?( y y>, = (!)»d) 

f 

as may he confirmed with the help of cq. (Bdk). f retinccs to an 
ordinary factor, namely, + Ui when £ is operating on and i/'.j, and 
- Aft when it is operating on y a and p 4> These ate the fcUMtie oases in 
which the magnetic moment M, appeared with plus or minus sign, 
respectively, The compatibility of L and Z -+- l implies that there 
are states of the electron in the ccniml electric lield in which Ly n 
and {Z \- = < V hold simultaneously, where £' ^ constant. In the 

approximation cf very smalt vdocitiw, L£ — 0 has sohitioms belong¬ 
ing to a definite eigenvalue: U > d of the energy when either Vl ^ () 
or vv -=r- 11 and the other vankh; the Lomsrpondirtg eigenvalues of 
the constant C are {m -|- and (m l)h, reflectively, The same 
C values belong to f 3 and respectively when E - u+ The constant 
of the motion in the Will mi tie Id has value ;b j that is, it 
consists of the usual eigenvalue of the orbital angular momentum 
component, iiih, augmented by ^ A?j. It ia natural, therefore, that 
h Ifl is interpreted as an additional inherent ‘"spin momentum 1 ' of 
the electron, This interpretation holds, however, only in the approxi¬ 
mation of & viall vetmitiM* 

In a similar fashion one shows that there are p.imuJtsineolis solutions 
of th# three equations Ly = 0, (Z + £)y — f'y. and -/-y — By, 
where B is a constant and J a is the sum of the squares of the operators 

J. — X + f = (ypr— zp M ) + i^ 1 (OttpJ 

etc. Ln C4i*0 of mmU iwlocities, p jr^r. There arc solutions with only 
one ip t ^ 0 and belonging to eimultaneoue eigen values of f£\ J 2 . and 
?j 4- £, namely, 

B = J(J -j- l)ft s , C = J. J - I, — J, (flflf) 

with J = 1, h ■ * ■ representing the quantum numbers of the angular 
momentum composed of orbit and spin contributions. 

[99,3. L'/aA*«ifli Derivation of 1b: M/S Ratio The anomalous ratio 
between (he magnet ic moment M and the spin momentum S obtains! 
frcmi the Dirac theory, namely, 

^ = — — g with g =■ 3, [99gj 

S pc 
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can be derived classically from (HHisidmi ions of relativistic invariance.' 4 
1 -if -i- :• -t M and S as -(-vectors, proportional to cacti other and both 
with vanishing fourth component in t he system O' in which the electron 
rest? S'; n and M\ = 0, If i.ht* motion takes place only with email 
v elority ns the .• -direction one obtains by virtue of the iransfurinnticm 
eq (1*3 f) 

6 "i — idtS'jc + ifoS'Jc 

' 1 - (i - wcw ■ * - [i - 

from wlii'-ls one derive?, with X t — v and elimination of X’. the relation 
S t - '•'■■■ %jr as a htiulII quantity to be written,, again because 

of X A = n 

68 , = 8 , - Si = i j (SJWb) 


Turning now from tanema-liei to dymmlim, the change of the spill vector 
S undf r a h triple su pplied by a magnetic held Hon the magnetic moment 
M U described bv the noiirelutiviBtio equation in throe dimensions, 
■S; M H u iiieli i ihviou&fy is to In- generalized relativist] caily to 


fhS 

dr 




- ■ uow thai the vi Jueity tk f of the electron has been acquired 

during . time mlt-rviO At by . detrtrta Held E s hi the absence of till 

uther tie Id oanqn menh The fourth cotjipunent of the hist equation 

then reduces to (dr dt for dr 

= M % iE t M. (09i) 

Klimt run ton of AS a from cq, fhhli) •a il ti i*q, fttfii) yields 


* _ ^ 
dt s, 1 


tm 


When the js, compared with I he equation of motion, ftAv/6t—iE t 
(which may also be considered us u definition of the ratio yffi), the 
result i? yjur. fpe.d It was to be expoRted that this ratio, 

which flow not contain Hands s constant could be obtained ftt'im purely 
classical oonsidoratEons. The same result can also ho derived starting 
from the assumption t hut M ami X are the real oompononts of fi-vectors 
whose imaginary Components vanish in the rest system of thf) electron ] 


99,4- Tin Fine-yfrurture Constant, fine of the great triumphs of the 
older quantum theory Wik? Soumierfeld's explanation of the line 
structure of the H- and He -1 ' -lines observed by Fascben, from the 
1 H. A. £mnai, Ph^iiui 1, [ISHUg 
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relativistic variation of the mu-?s of ike electron in its orbit. {Vhereas 
«, to nst ant muss would lead to closed etliptii orbits in the Coulomb 
field of the nucleus Ze, relativity leads to a precession of tho ellipse 
with angular frequency ta* and a corresponding preoe&aional energy 
E* = mli. Sommerfold arrived at the following formula for the 
quantized energy of the electron, depending on the principal quantum 
number n and Ike azimuthal quantum number l\ equal to our f — 1 : 

E(n, t) = #, (l + ()i (4 , _ ■ ... 

where A , is the npnmJ&tivistic orbital energy and x is the dimensionless 


eon -L ant 


c* 1 

a ^ (Snmmerfeld finn-striietiire constant). (DPI) 


The liirtfcD wrto equation leads to exactly the same result [rq, (OOk)J 
jis shown by liurdnn J4.rn 1 Darwin. 1 whereas tlie- inuilar relativistic wave 
equation failed to yield tho gunret tine structure formula lids in 
surprising in view nf ihr fact that Niiniufrfpld obtained Id result 
without knowledge of the spin of the electron, However, we must 
remember that- the Dime equation yields what amre-spund:* 1 o the 
classical picture of a spin and magnetic moment *■[’ the electron only 
in the approximation of sum (I verities. Kxperi menial deviations 
from the Sommerfeld Fiirmnln, have funnel u theoretical explanal ion 
through pew developments {ft quantum electrodynamics: {§111). 


£100* Relativistic Invariance; Spinors 

100.1 + Let us write Diracs’;' equation without -mbscripta a and without 
indices h referring to the four co-ordinate axes; 

ifttfiy — 0 ( 100 &) 

as bji abbreviated form of e(j, (Wfij) which referred to a > i nfini te Lofttntz 
set of axes. If Dirac's theory is to have any physical significance, a 
corresponding equation ought to bold also with ncjqwet to other 
Lore ntz nysleuiB in the form 

FyY — = 0. (100b} 

The relation between I* and l r is given by the I vector transformation 
P = Pa (La, P k = (100c) 

where tho (t rk are the cocllicients introduced in jh'h n is the wetor 

1 W, < 1 i-irrlni-,, Z. Phg.nk 4fl. I ! ^ I!i"Jt -1 C, (i fJnrwiri, f J iw. Mu i,. JnV. ( Lttwluu i 118, 

tfW (192&). EL Jr Hilt Mid ft. LnudabvEI, fttr. Jiwi. /Vi^. 10, 87 (IMm. 
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frtirt.*J<>r!r\(itirm matrix of the Lurent? transfonimliors. We imw nsk 
fnr th* relation between y an*I y* ami between y and y' which trana- 
forms eq. (100a) into eq. (100b);; Substitution of e.<]h (100c?) in eq. 
[ I Onto) yields 

P'tlyif — tfiffitp ■= 0 P (lOOd) 

which become^ iiicntieul with eq, llOOb} when we postulate 

fit far >/ — y and y' — fly (i.e., y„- — % and y* — XnSj^h 
that is, if we trim&form the y* fi.^ Hie components of a 1-vet tor but 
consider the four an scalars, 

or y = y ami y' — 7> (b@ t| 0W&) 

that is. ivlwti wt i always use tile y a nx defined in eq, (&0pJ but subject 
the v ’ to u transformation with a matrix T t> to be determined now, 
Substitution of eq, t J00H in eq. 1 tuflb) givey 
P'yTy - — 0, 

.Multiplying from the left by T~ ] where T~ V T = TT 1 = I, one obtains 
P T 'yT y - iftj y = 0? 


witis h iiiiraff with eq ( 1LHie | when we lei T _1 yT — ay and remember 
P a — P T thus i> defined by fcht 1 Identity 


y ■= fiy - T- y yT. that is, 

- tiM&r = 


[ltlOf) 


In vvc-r U: J'ht- transforms ion T toother with 7’“ L is equivalent to 
the vector transformation mat,m a. T ip. denoted ns a tpinar fntm- 
formaiitm uruirijc* ; the r,v which transform according to eq. (lOOe), 
are the components of a spinor 


100.2. Tile ■■ j ueiii I v(?ei. ir titu^b'innation matrix tt pt of eq, (tP3e) belongs 
tii the Mi-owing Hjiinor rrjnisfnrniatifm matrix T: 

T - I coaiifi0) + iy Y ,. |>r , 

7 1 Iwnhfjd) — vyY 

This r-matrix indeed smhkirs cq. (lOOf) for every T, a , and a". The 
I ranafornifttiori */ — Tty of oq. [lOOe) now becomes: 

y r ■= y, ooal'i 0/2 -j- T;q nnb 0/2 

y 2 . — y, cosli 0/2 4* Vi, si nh 0 / 2 

y s . = cos!] 0/‘2 + f* fiinh 0/2 

V* 1 = Vj. QQfih 0/2 + i/q si nil 0/2. 

4 B. L, van Wucrdttn, NwAr. II fit.*. t.ivtt>wtrn, IlHi o, F. C'Lljniback 

■inU tf, t-<qHirt« a Thy#, it* m, $?. Hwa (JUMlf. 
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£101. Dirac Current and Positron 

101,1, The solutions t/.',, of Dirac 'a equation in the presence of a Held 
satisfy a hydrodynamic continuity relation of the farm 

Div J ™ t>. or div j 4- = 0 (101a) 

at 

when the components of the 4-vnetnr J an- defined as follows: 

j* = (ioi c>) 

With the y' a nf eq. (Elfip) the four components defining the current 
density j and t he density p are j/r" = tnid p = yty, or 

ij< 3, - — v,* 4 ■ Wu - Mr Mi \ 

\Jc = J.. = + Mi ~ vm + Vf»V|— f&t [ 

) / r = 3* — - ftn»* + fiWi - Mi + fin I 
p-JJi- M s -5- {n\* + k'al s + M*- ' 

The components of the l-vector J art- quadratic lei the components of 
the spinor y. 

The Dirac current is different from the current of the scalar theory 
of the eleet-raiq eq. (l+5fj, This is important aince t.]ie two expression ft 
for J lead to different radiation phenomena derived-from J a a source* 
For example, Dirac's J leads to the correct Angular distribution of the 
scattered Intensity hi the Compton effect of hard y-raya, given by the 
formula of Klein and Niskina, whereaa t he scalAr theory 1 of the electron 
leads to wrong results* 

A state of given momentum vector p of a fret electron has a four¬ 
fold degeneracy. Its p,,-Inaction is ft linear combination of four 
functions - exp [i(p - r - Et)fh\ with coefficients u n described in 
the table on page 253, 

v. - =* ■ w * {(»:' + at ‘r :,w * + («;'+ «; * >f ■ «™*K 

The four aj 1 {« from 1 to 4) have tilt- roune ratio as the four a, in 
the first fine of the table, and so forth. The donsity J derived fr«m 
ucuurdinp to eq. (Itllb) contains products of %■ and J thus 

consists of four terms, two with factor lexp = l, constant 

t e i [ime, aiid two with fact<ir« ex ji (4- liij E | f f%) rt ta^ieciively, peri m 1 ic 
with frequency m l\k',fh. The conMam part of J correspond* |o the 
inertial flow of particle* of ijiumentum p, 'flu- [jeriodie part, in known 
h.h the Ziiirrbtvsegung\ it is due to interference between the yscLim- 
[Hjcienss of [Kjfiitiv® and <4 negative energy belonging to the Kume p 
Similar considerations hold for wave packets compoacd of functions 
belonging to a momentum range ftp and representing a wave pEieket 
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in k]jhcc ''I width fir ^ kfftp, Ite center travels forward with group 
% 1 -li.i‘iiy tltfjdp ami, in general, vihral.es, The Zitterbewegung is 
absent only in slates of positive (or negative) energy alone. Such 
i - iii'i- fm^sthle for a free electron. In a force lie Id r however, the 
■ tiiTU't inn is =i superposition of all unperturbed ^-functions including 
th ... of negative energy; interference \ virtual transitions) Ire tween 
positive and negative energies then produces cl vibrational part of J. 


101.2. The I-vector J representing current and density in the state 7 
yields a cine to the physical interpretation of the two feigns in the 
classical energy expression 

E = i cO 1 4- ^dC 1 ) 1 '* for free particles. 

1 -jtl relativity knows only n£ a positive energy of a free particle, 
i: — fir-. In wave translation, a slate of constant energy correspond* 
t > • a ruinoehroinntit wave fund ion with periodic factor a i '" t or 4" w , 
For the point electmn both exponential factors represent 6 tiLt.cs of 
/fO.Wrh' ■ .-/y, whereas the chutge density expression of the point 


tdecte'in 


P, = W) 

W 


\ K'lds OpJKisitC signs depending on whether the iieriodie factor of iff is 
e*"“‘ or t'~ It means that the sea Jar relativistic theory admits 
ncgath - a a well a* p> ^itivo tied rems, both of positive energy. Further¬ 
more. since p, together W ith j„ satisfies a continuity equation, the space 
integral of p, is conservative in time, and the total rhartjc in sjia.De is 
conserved, Tills oorreepemils to the experience that only pairs of 
opposite charge can be produced and annihilated, On t ho other hand, 
in the scalar theory there is no continuity equation for tho intensity 
yy, and the integral of j y| fl *3 not conserved in time. If one interprets 
j|pyrf T us the total amount of ti\(itUr in space, this quantity is not 
conserved, again pointing 10 processes of production and annihilation 
of matter. In spite of these promising results tho scalar theory is 
unacceptable because it does not explain the spin and magnetic 
properties of the electron. 

The Dirac eq, ( 101 c) yields a different result . 11 The quantity whoso 
space integral ia conservative is tho intensity indicating 

that the total amount of matter m conserved; acts of production and 
annihilation are excluded. Furthermore, p t = has the same sign 

■ W Puuli and V, Wtisdwpf. Both Phyr. Art* 7. TIC (IKU). V, Wtitikoph 
Satnr u.^jfn -«fiaften £&, 631 | l§S&), O. Halpam, PV H*v- 44. 848 (1034}- It- Fekirb. 
Pm-. Hoy. Hoc. I Londfm i 146. | I U !t-L i. 
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fur bath t + and « r liJ „ Mi that there ought to he only one ajgn to 
the cha rue. The two signs of the expimeniiftl factor rather belong to 
different .signe of the energy. Iii a state of negative energy whioii 
n|so may bo considered ilh one of negative mass, the electron behave* 
eih though it wore a positron of positive emugy insofar ay it accelerates 
in the direction opposite to an electron of positive energy when wiib- 
jented i'i an external held, IWtrans iheii ure to 1 m." coiitiikimd as 
negative electrons of negative energy. This result is problem;ii u- 
liecatiflO if would permit nil eleetmits in Ibe course of time to fall front 
positive energy 1.0 lower mid lower negative energy states, with more 
a rid mi in* en t ■ rny l mnsfi j ru i« I in r 11 rad tat i- j n. 

UQL3* S o overcome this diffi culty Dime 7 assumes that all negative 
energy slater fire already utieirpiod, so that further transitions to 
negat ive states are barred by the exclusion principle. Still, an electron 
might Iw lifted from a negative li» n positivB state hv the absorption 
of a photon (nr of twu photons). The ‘'hok- 1 ' left in the negative 
domain then would appear as » positron. IF Dirac's hole theory is 
correct —that pj-dtrons aife electrons of negative.energy missing (rather 
than present, $/0t above) from the negative domain—then it might be 
risked why l lie many occupied negative levels do not give rise to an 
enormous index of refraction to light waves in vacuo, in particular 
when it h assumed l licit light waves ocean Serially can lift an electron 
from negative to positive energy. The answer may be found in the 
remark <hat only those frequencies cnerve ms resonance frequencies in 
the refractive index which belong to transilions from an occupied nega 
live energy slate n to an imocou pied positive energy state i» (cf. $7(1,3)+ 

In favor of the Imlr theory it should also bn mentioned ibM the 
same Dirac electron which hits spin 1A and therefore obeys the exclusion 
principle, w> d* an exclusion principle to keep i! from falling to lower 
and lower energies, A particle without spin, such as the Klein-Gordon 
dtactrun, neither obeys nor needs an exclusion principle since the 
calamity oft bn negative energies iti h-h imt exist in thu scalar theory. 

Pauli* has shown that relativistic invariance requires all particles 
with Fermi statistic* to jMi^hKiMss half integral spin. 


Summary of Chapter XII 

The Hamiltonian funeUiin of the relativistic electron is quadratic in 
the .'tietgv. TntnaLaiion mlo wjivp mechanics leads to & second-order 

T P, A SJ. iJinie, Pros. Ray. iifoc. | [<&n/tw\ 126, :inu H UKt]) 

* VV. Fttuli. Fh w _ titv, &S, 7 Iti |.LEHtij, 
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(Uitfrentiftl eqim ti< >it ibi 1 the fuuctimi >;• known us the Fock-ltlem- 
Ovnlou equation The hydrodynamic density p which satisfies R 
continuity equation diffcre from the hi tensity |y| a . and p may Im 
[ xiaitm or negative do f ten ding on the Hgn of the energy. This signifies 
ike > i.vdbiliu of production and annihilation of imi th with conserve 
lion of charge, but tiouooDswrvatinii of mutter, siuro | y] a does not 
jj.nr i eoriborvativo space integral- The scalar ^-funotsOn cannot, 
however explain the spin. 

The I hrfte theory hitrixluceH a function with four spinor coni” 
pMriem- . Fite directional tioftroes y k of the impulse energy vector 
uiv rvdc lined us imfi commuting observables satisfying the rule 
k(?*•/' — ; ! — th -. The resulting system of linear equations for the 

!•■ :■ . U a-\- hi .,1a additional ohergv ins magnetic held corresponding 
!■ ■ ., t-cn'NijMJiit’nl of magnetic moment of ± one magneto]!. The 
ruitoil ir t-momentum in a lield of cent ml symmetry is conserved only 
when the orbital angular momentum; m supplemented by Ft spin 
momentum with components ± !J <; butk results apply only in the 
l j■ j.r ■ vi;iiio ion uf small velocities, Dirac’s theory Leads to the .Som 
Hi*: f- : i it iniila for the line structure of the H and 3e + -epoctxmn, 
Tic hydrodynamic density p of Dirtvo is identical with the intensity 
i, - *n that tht- if hi ulI amount of matter is conserved, and the charge 
i- dwav- • -!' the same sigh. The energy may be positive as well as 
Ticgsfivi' -M that a particle may have positive tmd negative muss. 
Pr d union. mid annihilation of pairs may be explained by the “'hole 
i henry.” according m which u positron is an electron miming from a 
negative energy level. 
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UG8- The Field a s a Mechanical System 

102.1. The classical Maxwell-Lorcmt^ theory' of radiation hm three 
objectives: first, deriving t.he variation of the field under u given 
charge distribution in space mid time; second, deriving the motion 
of the charge in a given Hold ; third, finding the future Hold and charge 
distribution when the present field and charge distribution are given. 
The first problem is solved by the method of the retarded potentials 
emerging from the given charge distribution. I’he second problem is 

4tt , 1 - 

solved by the Maxwell equations, 4 tt/> — div D and j ■= curl H —■ D 

f£ C 

The third problem, however, cannot be solved by elartrodynAmieji 
alone; it requires additional hypotheses concerning the inertia of the 
charge. For example, a vein me-charged ball must explode under 
own Coulomb force of repulsion; yet, without knowing the inertia 
of the charged volume elements one cannot predict whether the 
explosion will take place within a very small time interval or within 
a geological ago, Furthermore, when a volume charge i*) accelerated 
one does not know how the held In distant volume dements can pro¬ 
duce an instantaneous fores on the particle us a unit, in t iow of retarda¬ 
tion, If. on the other hand, one assumes point charges, Jjoth soli'field 
energy and uiaws become infinite, and higher -order infinities ajqiear in 
case of accelerated motion. These difficulties are amplified in the 
quantum theory of radiation and they have until recently blocked a 
rigorous solution of the radiation problem, 

102.2, The quantum theory of radiation, that developed by Dirac, 1 is 
concerned with transition probabilities of free or bound electrons from 
one quantum state tt> another in reaction to the surrounding radiation. 
This is a typical perturbation problem:. In zero approximation one 
lifts an unperturbed electron or electronic system and n pure radiation 

» F. A. Si. Dirae, JW Joy. S<k. {London) 114, 243, T 30 (|!»S7). 
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field, The fire! approximation Introduce a mutual perturbation 

■ ■ i 1 r-■ fn tuei’ii field and eleufcmns. The pun? field in vaciuo lE = D 
■in'i H B i v-ctta Ik? considered n.s a mechanical system whose Hanrtil- 
i-'iiltVil is *t futlc-lEon of certain field "co-ordinates” and "momenta,” 
q. and p,. The field m&\ be Confined to n finite volume (vul) s so that 

■ In' number of independent oedflatiruis within a frequency interval rf*-„ Is 


dFt - 




fii' ( =; Jeans' number. 


{J 03a) 


TL- HitNeripl ■- always refers to the radiation. For si given direction 
••: i_.L’i"ii defined by the unit vector p there are two directions 
■,.f pol'ifi -ti j, in ehs'Li'acti'-rized by the unit vectors a,, and a t * of the 
■ r - l ■ -- electric vector. -r p and — p, together form a stun ding 

wave. 

Ti - r-td!,iti"E held E and H may be derived from a. vector potential 
A •'■“iders^l li-. a superposition of standing wants: 


A — ~,A< sin r ( , 

F, -^r* p, + * 

c 


where i 


(102b> 


Tl ■ fin i- r A is a vector parallel to a transverse unit vector a. M J_ p,, 
and A. is periodic with circular frequency w, — 2wr f . Hvctv summand 
separately *ati-ri* ■ the wave equation G 2 A b and the condition 
: A The Lnrenta condition Di v * — 0 is satisfied for A alone 

wf.i-n ike -» iL ir putt-iii i;il T of the wave field is constant in time. Tbo 
rir hi . nrnp'>r t ffnte E and H derived From rq. (102b) are 


H = curl A = p, X A. coa 


l 1 

E = — A = — - -,A,«di Fj, 

c c 


£102o) 


1 ; ■ -■>■ •! 'magnetic; energy in the vnl depends on the mean values of 
E- i H“ which aw obtained hy omitting products cos F, cow F ir etc., 
tor .5 - r. anti writing \ for ems* and sin 2 .. The energy of the pure 
iield then becomea 


1*7 - T (E 1 + H®) ■ vol = S.HA* + KA;}. (laid) 


When one introduces as co-ordinates and momenta of the radiation 
the quantities 

( vol V' 1 4 / vol V‘ f » 

* " A, U^»} ’ p ‘ “MfciS/ ’ 


(102a) 
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the field energy reads 

+ (to20 

J&'} is the energy of a s-roti of linear oscillators t»F unit. mass vibrating in 
the transverse direction* of the a,, Each oscillator ncpniwrtt* h JvatiM 
standing wave in yoL The vector potential eq„ (J»j:>}>), in terms of 
the vectors q, now reads 

/Jiirc a Y^_ , 

A = Vvol ) mi * r ** f 

All thtK pertains to the pure radiation field. 


iilCKJ. Hie Point Election in a Radiation Field 


103.1. Thi' Hamiltonian of a point p.lrr.tm w rn the field of potential 
w*w given meq. ((Me). We here denote by p only the three-dinienBional 
momentum, and replace by ilife. The energy of the electron 
then is 


£ = 6 V + c 




(103ft) 


Let lift consider art electron of rnmll ce fatty, with p -r/i 0 . e.g., an 
electron in jl wave field of vector potential A, bound by an eloctro- 
st.atic potential V to tt position of equilibrium. In ncnrdfftiviBtic 
approximution £ then reduces to 


E = £ -f /i*c a 4 - p s - — p' A + - f - A 1 + T ’ ' > f 103 b) 

2/j 0 ptf 3 ptf* 

We disregard the term with A- at first, .■Substituting eq. (102b) for 
A and (102e) for q and adding the energy of the pun? radiation field, 
the tut-aJ energy of the field and the electron becomes a sued of 
electronic energy + field energy- ! mutual perturbation energy; 

■#■ = [w 1 + <r + 2 P £] + E. (ip; + KlJ) 

- y (.'p “.3 ■ a. sin I'. = ■#*,! + 2P, + JT (103c) 

in nonnslatlvifitic appmxii&atinn and for weak radiation. J€'" is a 
function of the radiation co-oniinates q, and of the electronic q and p ; 
q is contained in sixi f,. Eq. (H>3g) controls the reaction of a bound 
electron to visible light and to soft x-rays. In this approximation 
both point and spin electrons give the same transition probabilities. 
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10-i.^n 7Waj<r7jbp(fl The perturbation em-rgy between Held 

and electron, acturding t u eq. (103b), is 

¥ ( Sjj \' ,!| 

(WM) 

1 1 m^iti m; tub- place tmm ni\ initial state t?t. - ■ *) called state 

A . in wide i the electron has energy E n anti the radiation oscillators 
hare energies E M , A' hj , etc., to a lined state {m. m 1( wt a ■ ♦ -) = M. 
Ilio transition probability depends on the matrix element of tho 
perf.tirhatLOn energy, cq, {Ht&d): 

*s if = JJ‘ ■ ■ '#>JrivUSW * ■ dVdt h 

in. the mtegmnd p is replaced by — rftv; the component of p in the 
direction nf q. which own re in the scalar product- p-q is, therefore, 
t " In? tvpkced by - .ft times the A.,-component of V- However, y, 
■': - ri i tnit on (r*0.,) in V. gives smi, Therefore ip * qj commutce 
with I in vi |. j 1 1 1 lid I Hie y {tj,) are Uie eigen luncth ms of a harmonic 
otjcilhurjr of unit mass amt of energy (a -p Ajftr., They are real and 
mum idly orthogonal, so that 


JlMWfep = &njmj 

VV, obu u*e the oscillator transition values (§ol): 


( n * + *)] Vfr = n * + 1 \ 


(I03ej 


\il other matrix Hotnenta v anish , like*#', is a sum Z ( . For 

giver] * ■ - ami given wj-p/q, * * * all summands vanish unless on* 
m, is either t>, + I or n, - l, and all other wt fc = » t . Thus, all matrix 
elements of W' vanish except. 


jr. 


t 


"j± i 


jf / fijT \ / h \ 

“ - *•<»> si " r - ( - (u^) 


{ * y 

■ j vV, -f i 

\ MJ 

1 v*. ( 


= -JL( 

fti 


f * V- Jrt . fv'». + i 
1 | J (Qd* m j-— 

W, w\J vs, 


(103F) 


with the abbreviation 

(*U»™ = Jnfa) ain FT— slyr. (103g1 

V- ^ the gradient in the direction of the vector potential A,. 

We tilin' have obtained t he aehction ml* for radial Eve transi- 
Lions Only those transitions take place with a probability amplitude 
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proportional to $ !> ill which erne radiation oscillator changes from 
it, to n M *f- • or n i — i« First-order perturbations lietwRen light 
and matter consist in the emission oi absorption of r; tingle. phnton. 
Thoso processes in which two or more photons arc involved, e,g,. the 
(Jompton effect, where i ho incident photon disappears and a new photon 
of different momentum appeitre, are processes of second or higher order 
in .JP f , involving transitions through intermediate states. 

From the general theory of indirect transitions {{j72} we know that 
the one-stop transition probability .<? V-U is finite only when E 

then is proportional to the absolute square of the matrix element 
J?xm according to the formula (72d): 

# jVJ l — I m\ 2 Pk* (direct transitions). (I03h) 

h 


whore in the density on the energy scale near the initial or final 
energy for - e o yj , According to eq. (72f] H indirect transitions 

lotvc probabilities 


j ai* f 1j* 

-' 1T v "" XL'* l.Af 


dj _ v £? 

^XM ~ T -A } 


hii) 


PfJ (indirect transitions), (Iblii) 


ML 


These general results will now be applied to various examples, 


§104. Radiation of Sound Electrons 


104.1. First wc calculate the emission Find absorption probabilities of 
mi electron, or electrons, Injund to s fixed center; the electronic 
functions v„(yj then are appreciable only within the range of atomic 
dimensional, Let us further consider light whose wave length is large 
©Ompared with the atoms so as to yield a pructicaUy constant phase 
over the range of the functions and \i'*,,(?); the factor sin 1\ can 
thou be trioved in front of the integral of eq. (M)3gb with r now 
referring to the center of the atom, Rq, (lll3g) then reduces to 

— ftin (7 Pr r + ^) SfM (- ' n v - EI 

The integral on the right, in the matrix element of the ^-component of 

the electronic momentum, which may he denoted by (p.). ffflnw it 

hrts a time factor e 1 ”"^ we obtain 


hones, 


Pn !■:■., f ( ^hbh m In ’ 

Qi)-nni F rr 


Furthermore, wu introduce the ^component of the electric moment, 
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j ■ i ra | eq, (103 h) yields 
1 1, (10*o) 


P, — rr r , substitute IQ,)*™ In eq r (I03f) and the latter in eq, (103b) r 
and use the density of the radiation loveia. 

Httt ® 

= (104b) 

Berne mliri irig that there must be rwOTumce. r, — |r 1|gH | eq, (103h) yields 
the tinal result for the transition probability 

**#-!h < 10ta ) 

where -iid [’ has been replaced by I. urn! P by the average, ^Py over 
all directions of polarization. P jh the electric moment. The (aatgr 
in ► - I $ rr when the atom aWr^nm- photon, being yWjrfeti ci tiring 
the prow-* from si Jenna level, originally carrying it, photons. The 
factor it, + i applies to the emission of a photon into ji level which 
orijfs Eia 11 v carried >i t photons; it represents, the mi in of an induced 

* mU.<ita\ probability proportional to ». uud a tponfaneoit# e r mi#xkm 
pruliability proportkmAl to the factor -*- J, Ehnsteins aitsumptionm 

• y'j nr- thui* derived from the quantum theory of radiation. Spoil- 
tnhc.ius >.'tj j i-.'ion might he understood an emission induced hy the 
xero point radiation held. 

In the absence of an external r:uliiiti-m field (m, — 0) the ppontaneouB 
transition probability becomes 

Sir to® 

r*t = VO With Y = jP Mm |* ( 104d) 

If there are *V n atoms in the tipper state at if = (I, this number decreases 
during (ft aecrodii.g n> - dN = Nydt and, integrated, -V = N^s~ K N is 
the nui iher of atoms still "living" in the tipper state. The mean life in 
the upper state Is 


r = ~- = mean life. (lG4e) 

jiVffi y 

with integrals From 0 to =x. The half-life, on the other hand, is the 
time interval during which ,V 0 decreases to LV U , so that ).A\, N t /'"* 
whiah is satisfied for 


Vu = - log 2 

y 


IV093 half life 


£l04f) 


104.5. fOdlkitiH Let us apply these general results to the spun 
1-tttLeoua emitwiun by a harmonic oscillator of charge /■ and natural 
frequency > initially in the state ft. Substituting the result of § 54 


= ^liViij* in eq, (HHdj we obtain 
2eWn 

Y = = damping constant. 


(1040) 
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I^et ua compare tin* result with the damping constant of ft olassicul 
oscillator. For thin purpose we rewrite tie* equation y — — dN/{ ,Vri7) 
in terms of the energy of X electronic oscillators of quantum number ?t, 
namely, E = N - and their energy ^ — - yielding 

= = ^ = (io4h) 

E fttaJiN h ±V ft S/iG® 

This is identical indeed, with the energy U*m by radiation damping of 
fin electronic oscillator according to the da&dc&l Maxwell-Lorentst 
theory, The agreement holds only for large *. where the energy 
E - (is 1- i )/ i <ry Don he replaced hy nha*. 


§ 105, Radiation o£ a Free Point Electron 


105,1- The probability of transition from the state N fcq -1/ depends 
on the matrix element ((Jj(. s .j defined in etp (I03g)- Let us first 
consider a free electron w hoeo momentum chungr.-* from p„ to with 
emiepion or absorption of a. photon- The normalised eigenfunctions 
of the free electron in the volume are plane wares 


r*(4) = v ^v, ®*P Wu* * *OT- ( l05 *) 

The exponential factors appear under the integral, eq. (I03g), even 
after being subjected to the gradient. Hie factor him T, represents a 
standing light wave and consists of two progressive light waves wit.li 
periodic factors 

exp jj' y (=b * r)J- 

The integrand in eq. (I03gj thus contains the product of the three 
exponential functions, and the integral vanishes unless the res tilting 
exponential function ha* vanishing ex pullout, that k unless 

P,„ = P,± — P* ( 106**1 

c 


&'\'U is finite only when t he momentum tx ajit.v n-ed during/ thremUmon 
or abwrfjf-Lon of u pkotpn by thr ; <'heiran However, conservation of 

momentum ineoiiififttiblo with energy conservation. since the East 
vector equation contradict* the scalar equation 


* = * + «* 
2u *Ifi 


im.W') 


On the other band a finite transition probability requires resonance, 
that k conservation of energy.. Therefore. « /av rfurtnm ran never 
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o> tiftaath u ling!? -photon The reaction between «» free electron 
and radiation involves two (or more) photons. 

10&2. Single photons can he omitted «>r nlwortod only by bound 
electron*. However, u Free i lee (.row may emit tm photons at a time 
Mf emit one photon and absorb another one sinmltaneruisly. Indeed, 
there La no cotitrailiefciqn l>etwcen the two crjiujervatinn lawn involving 
two photons, 

“t* + z~ rf = ^ H-tt- Pm UOnb) 

toJ'< ii'Ji _ 

Pi + Vm = - - Pa + Pm- (106c) 

e c 

i:i mechanical interpretation such .1 pn »■!■>*, N - *■ M , takes place in 
. r u .-I suft.-, through an imm-rnorliJUo state L. the direct process having 
vanishing probifcbitfty bccanae of .Jf' vu “ 0 for A\ — E Ai ; refer to 
Jb'jii- a.l i>n |' igf 1*2* For both , V i. and & i.m he finite, the 
Momentum murt U t'ormfrvtd in either step separately, that is, 

— Pi - Pm — P< and Pr = — Pi Hr p ff , 
c c 

which 1 tiroes with et(, (ln5e) ami is not in ijqntradiufcidn to eq. (lOSfe)* 
Finn! energy and momentum balance thus are granted. The states 
_V, L, M are: 

m m « 

ft ; r?j, Wj V ; rt|, « a — 1 m 1 f*j -p I, % — i 

or F; n t 4- I t\* 

when 0J1 l> absorbed and fu,A rs emitted. When ln>(.h plmtonw are 
emitted the corresponding states are: 

m i l ) {M) 

ft 1 fC|, V ; % + I „ fl . 2 m ; rtj -j- 1, « 5 -|- 1 

or r; tt,, + 1 

Eij lo3i] gives the pepliability of the twmstep prooesn. 
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Using the expansion, oq. (102b), and introducing the tsKordinatris q, 
rather than A„ we obtain 

Jtf* — ——* q,) sin V, sin V t . (100ft) 

vol 

The initial state of the free electron may have momentum p„, energy 
K h * and ye-fimotien (105a). One radiation oscillator, k J( may be in an 
excited state j? JP and all others in the ground state. The quantum 
numbers in the initial and final stale then arc 


n; 0 + 0 * - ■ Wj * * * 0, - - ■ and m ; l), tl ‘ 1 * (b, — i). 1 * * I f 

with energy difiwrenoc 

— E iV = (E m ~ &"} + — hv t ) 

and matrix element of JF" 

^3, (106b) 

The matrix element may be calmiSated with the unperturbed eigen¬ 
function* * 

9/f = y=- t &*‘* }f * ¥ Q (q i) ■ ■ - ' ‘ ' Vbfar) * ‘ 

V vol 


t 

Wm = ^7^| ellP " tr ' Jfl wW* ‘ *1^.-1^*) 


(lOGo) 




106.2. The integration of .XT* leading to # \ 1T may be carried out 
under the assumption that the mti-t lengths K t and are large so that 
bo till T, and Fj have constant phases h* and fl, in the range* of y. The 
integration over voi practically VFinishec unless ji m = p ri , hence 
— E n : the integral over vol then becomes unity. Using (lie 
oscillator formulas (I03e) we arrive at 


J? 


e a A , , sin c). sin (5, L . 

,v,v ra — t'j-M (*. ‘ «<) - ■ 


w 


(KMSdJ 


where a t and a, are unit vectors parallel to the transverse electric 
vector. q s and q c , respectively. 

The probability of a photon leaving the radiation oscillator i* T and a 
now photon appearing on the oscillator r t is finite only in the case of 
energy conservation, which in the present case of E n = E m requires 
v t = v<; only the photon direction changes. The probability of 
the process is obtained from the general formula (10Sh), in which 


• Wo thiM oocuder tlw jrtt elytron mmfiopd tfl i» mtge pMitdE ntufimd with ), M 
<nnd Xf ruiliDr thou vcl; Llua is itnsj^autoui. 
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y is now given by ei|. (IHtid) ami i$ defined in eq. (104b). In 
11 1 absolute square of w , (J «i(* drop all pi id u eta sin F, sin F r and 
write sriu* T = sin 3 F, — A. The square of (*,♦*.) ra*y be replaced 
by its. average. fl_ In this way wo Arrive at, the transition probability 


3 vol 


OOfle) 


The aumbei of photon* scattered per unit of time becomes tPft mid 
the -frttiered energy per unit of time in 


t ’Tl 4c* 


i lin’d) 


where i jt, — aJn JviA is the energy density of tlic 1 incident wave v,. 
Since t b t- incident wave travels with velocity c. the enopgy incident 
pe: unit ere *s-section urea and per second is u) t ■ c. Tire scattering 
a im .. o,. r i.d iUi- electron i* defined ns the ratio of the tots] energy 
scattt-red. and the energy incident per unit area: 


hv t <? 8ir / ** \» 

scattering cross section ** --- — I —- 1 . 

ifv f 3 V 


(lOtig) 


This is the formula of Th ornxoji for t bn scattering of tong light uxims by 
• l tree duet-mu. • I e rived here from the quantum theory of radiation. 

The intensity of scattering into th? solid angle dU i* obtained when 
we rep]ace the factor | by its original (« 5 ’ ot f j - oo&^d, i), and the 
fs£ - or by tin For scattering with t pnlmizat inn w r c then obtain the 

differential cross Mectfnn =• fflcoa^fl, /) } , (inrih) 

\$W?f 

which agrees with the classical formula. Ml tluw results arc approxi¬ 
mations for long waves, 


$107, Compton Scattering; Bremsstraldnug 
107,1, Tn apply the nonrelfttmstic eq. (Iti:tb) to nhtotter light waves, we 


have to use the full value of the factors ain V — 


- [; 


m * r) + A 


It is convenient to replace pin V bv - (r 4 - When the matrix 

2i 

element of Jf* is calculated, the integral over vol conflicts of four 
terms with (+ +)* (+ (-f), E-), respectively: 

2i vol “* * 6ZP G ( r * »- ~ * T *' ± h l‘ *)] 4 V - 
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Tlit integral in different from zero only when the e j \| nine lit vanishes, 
i,o,, under the vector condition 

P„ - V , ± *?ft ± Pi = o (101a) 

C t 

together wit h the scalar condition of resonance 

ft 1 ™ “ B m + h* t - hv t = IK (107b) 

Eqr (107a, b) deacHbe the conservation vf momentum and energy 
known fbem the cm-puaeiiW theory of the Compton effect. The 
feigns in o(|. (t ire double lioeaiaw the radiation oticjllalnra jupnesant 
standing -wnvcH produced by I ho iftiijH-rpusHiun of two traveling wavrs 
□f npfMHite direetiiUlH ± 

Thomson and Comploii scattering bv free electro n-fl is opposed tu 
Rayleigh and Raman scattering by bound electrons, 

107,2, Brrutf&tra&ltmg.* When the electrons of a cathode my are 
stopped in a solid body, they emit a continuous spectrum of x rays 
known an Bremsstriildiitig (radiation by deceleration), Frum the 
quantum point or view wi have in do with transitions of a free electron 
from the kinetic energy E n to ft,.., with emi-wion of a single pi niton 
fkn = E tl — E„„. Such a pro-nftBs ttsn happen only under ci perturbation 
energy V(y) caused, say, by a nucleus, in addition to the perturbation 
between electron and radiation. The total perturbation energy is 

qj + F(f), (L07o) 

The unperturbed functions y(q: </,) ai'r the products defined in eq. 
(lCMki), Energy balance between initial and final state is required. 
However, all matrix ole men Is u for — E y r wm Eh r 

Indeed, I"_ v _ w vanishes for nil transitions in which Ilu ^■r.iu'trirs of the 
radiation an. 1 diilerent in 1b>- initial mil final state, t.c.,/j>r aH radmtivr 
proot&NiM. v j; vaniahew under conservation nf energy, us seen in § LOS. 1 - 

Transitions via intermediate states L can lake place ho that tbe separate 
processes N - L and L > M cotiserve momentum rather than energy. 
The fob owing two step processes t lirough intermediate states / and 
11 can satisfy these conditions with final energy balance : 

/. First p* * p f + ^ P- then p f -* p m + P, 

* J. It. OppcnhuimiT, £, Ptiyrib. aJj, VSS (JUJa'i ,T. A. GftWiK iftiti. SO. fidft (1950), 
A, Somnurtnld, Anu . f*hy*ik 11. :JS7 1 .1U3-L i, 
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where P is the rt-coil momentum of the nucleus, whose reroil kinetic 
energy is negligible because of the large umsa. Or 

II. First p, -*■ p„ + F then p, t -► p, n + — |3. 

c 

The corresponding products, and substituted 

in r-.| (I U'lfd i. yield the probability of a Bremsst rah lung process. 


■ 10S, The Dime Electron in a Radiation Field 

108 J. The i-Eutiatiim of the Dirac electron in a light Held depends 
on the perturbation term .# ' Ijofcwccn bold and electron, In order to 
Hxi'J if we l:o back to the Dirac equation winch in the presence of an 

to magnetic J jmt initial ffr A - • I mads 

~ (y 1 ' Pt — *- A■ ) + ("A ~~ ~ r ' T ') — W =* k 

Multiplication by : 1 mnurnhering iy 1 ] 2 L yields, with introduction 
of the miitri.f” jyV ■—• s' as components of a vector matrix x, 

E -= I I c t* ' P) Hr y Vo*"* — e C tt * A). (I Ofift} 

Tiie Dirac el.'Tjron in the held of otp augmented by the pure field 

energy, yields the Hamiltonian 

■* = eY — *[«■ p,| -f y*.rV 1 * ■+■ ^UIbJ ■+ 

/ Hit V- 

— If j ) -*(k * QJ till 1\, (JOHbJ 

■ > differ> thoroughly from eq. flOSo), It is linear in the momentum 
P --t the electron mid the operator c« plays the part »f the velocity 
■■ectin []/■.-, The last term of tap (WHh) j H the perturbation poten¬ 
tial between electron mid radiation: 

jr = - *T (^") 2 , 1 * ■ q.)am t’, ( 106 a) 

as contrasted to the former flipnes&iun, eq, {lnSd), Tin- transition 
value iff & ' \- obtained b} r calculations similar to those of §H)B, and 
leatD to a result ,dtuLliir to eq. (lOSf), ntimely: 



i.Q,)™.m = V&fvMdY- (108*) 
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The subscript n indicates the orbital and spin st-n.fec p i.c., it- refers to 
tint of the four rows in the tnbEe id pinto 254. «* Ih the .^component 

of the vector matrix x 3 * 2 *- 1 {in contrast to a* which is a vector parallel 
to the i?-direction am! parallel to A ). The till ruination is carried over 
the four spin indices it, i.e.. over the four functions in the chosen row 
of the tabic. 


108.2. Til the approximation of Ion# light wave# the factor sin F. can 
be moved in front of the integral in eq, i Hbie), so that 

(QJ** = - /V nin l\(flt*) rim , where (a J ) nn , - (UM) 


The factor (*■).will Iw calculated in the nonrelativistic approxima¬ 
tion, We lireat assume the spin to be paraltt! to fz in both states 
w and at ; according; to the table of page 254. with <f> fi and 4>^ as orbital 
factors, we then have {notice the conjugate sign): 


y.ii — £«. V'liii T y,ia 


fit _ 

Swa*’* 1 *” 


Jn (§*_. j'M 

2 /v \ c*x ?tf }' 


and furthermore, with a' p iia . = S„ atj.,, y #lf 


lv «”2-i.(^ +i %) > * , ’ p « = i iSr- lV ** =0 ’ 


rtf> that 


4 •( (3$. | ,,, 

<* >- = 3j&. *■ v^' + ¥l“ V* “ 1 H rfl 


?_ f A 




The first and third integrals may he transformed into surface integrals 
which vanish for eigen functions, so that 

and, in gene nil. \j t for ?/3w in OftfiG of a', 

Substitution in ei|. (iOSf) gives 

(Q,)** = sin T\ j 4 jl- ttvJttndV. 

Tins, however, is identical with the former (Q,)™. of eq. (llK3g). Fur 
long Light waves and small electron velocities the Dirac electron leodfl 
to the same radiation effects us the point electron. 

The same results hold for spin parallel to — z in both initial and final 
state. Ff wo situ old assume opposite spin directions in the two elates 
it and w, the result iQ.) ni|l would he k«to. Hence, rmliafii'e (munitions 
from n to m occur uni if with conservation of the it pin tit reel wit, at least 
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in the present first approx traction, that is, for weak coupling between 
the mu;/cii'-tie moment of the spin and the magnetic field produced 
by t he orbit, the latter br ing small due to the supposed small velocity 
of the electron. 


§109. Scattering by a Dirac Electron; Pair Production 

mi. When we derived the scattering of light by a free print 
electron, eq. (long), we had to resort to tiie seeond order perturbation 


origins: iul: front the quadratic term 


( p -; A ) 


of the mutual energy 


Dirac"* Hamiltonian contains only a term linear in 


(H 4 


aHowing a tw.. photon process of scattering to take place only in 
t« ■ steps through an intermediate state L. Although both energy 
and momentum must lie conserved between initial state N and final 
state M the two steps + VL and LM require eonaorvation of momentum 
■ml;. Denoting by p„, the fhml momentum vector of the electron., 
•.Mih rnitis] p„. m n. by k. and k. the momentum vectors nf the two 
photons involved, find by 0 the angle of scattering, we have 

M m = ptfP and E m — cVjI + (Sff (108a) 

The conservation laws between N and 31 become 

k„ = p„ + kf and + fi*, = cVtfi + + ri it (l 9 Bb) 

from which follows, because of jr m — if + If — 21^ cos 0, the re la- 
tivistio Compton relation 


K 


tw 


(lOOe) 


Ptf 4- * P (1 — ooa 0) 

i je transition through an intermediate state L can take place in 

two Ways; 

(L i The electron first absorbs tire incident photon, then emits the 
? lettered photon, in both instance? with momentum conserved: 

Pi = k (1 then p m = p, — k f , (109d) 

\L't it first emits the scattered photon, then absorbs the incident 
photon; 

Pr = — feri then p m = k, 4 p r = k, - k (109c) 

i he : musk-ion probability, eq. (103i), contains the absolute square nf 


I* ‘' yft * ■ ■* ■ 1 

v r* r/.v I vr ' jT *- 

**L l n - S - “T 


L\v — Ejj- 


ir,\t 

Eg/ — j iZ y 


(l OOf) 
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with summation over :U3 intermediate L' fwnil 1/ compatible with 
momentum oontervatimi, In the denominator A'.\ equals E # 

The matrix eleojonts.Jf‘' V/ . H etc., arts special ctu£« of cqe. (UMi*d, e), 
with \ n, r I and \ n, both replaced by unify (emuwioit into an empty 
radiation gac-iHatof v t , absorption from an i^cillator carrying one 
photon /j i,>; sin V is repljuwl by r iT /v - for progressive waves, with 
the denominator \'2 eo as to have the same nunnolh»tinn a# the 
former heii V. The integrand of then contains the product .?f 

the three factors 

£jr) = y Va (r) = vV- ‘ a]ld e** 1 '* 

and the ynlimn integral vanishes unless the suin of the three exponents 
vanishes* yielding p, ■+ p„ k, ~ Similar results hold for the 
other matrix elements of H Altogether, one obtains 



where tt* and tt* are the components of the vector malsiN x in the 
direction of the eleotrifi vector of the incident find scattered light. 


10S.2, Tkomsffii Saiftt rimy* The evaluati.. eq. si rid of the 

sum (lO0f) iti companatively simple in the approximation of long light 
waves. The electron than receives practically no momentum, so that 
p wj ft,p j] = n; hence, k t * l;,. The four states to which the S L 
applies are those of positive htk! negative spin component, belonging 
to positive or negative energy. In the preaenb flp|'fujrimati.on, the 
table of § OS reduces to 

o o ^ e 

0 0 O y 4 

y, h ci o 

a ryv 0 0 


E 4= '* 

E - t itf* 


Each Z, r iu oq. flOflli) consists of a single term only, By summation 
over the two polarization* of the incident at?- well as the scattered. 
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t r ! * ■ .1 E,. r i ■* one arrive* at tlxe same Tkomson-scaUcrmg formula which 
h.l- obtained in cp (liiflh) from the theory of the point electron, Et 
la nottHftble, bowl ■ i ihoi this fORtth, when derived ^om the Dime 
E1 H-i i- \ depends nil transitions through intermediate states of positive 

<ii* welt tk^ mytitiw tnVTfjy. 


109,3, Camion Scatter itt<j, In case of abort light waves the factor p x 
in he- transition probability is the density on the energy scale 

i-E • lie final states, which ici ease of Thomson scattering was simply the 
density of the Jeans proper vibrations near r = tj. In the present 
ease where itself varies with 0„ one has 


sq that 


Remembering 


B 


if 


p lf ({! r l ljr pfd[hr t ) -■ pfidfe ,, 



- /i'„. -h ek t = e(p? ■■■ yjc 4 )' ■ + ck, 

— f ^ + If — 2 k M k t cm H + ^Vu)' 1 ' + trfc, 


(ioeij 


in4 11 -ii _ the Compk'ii formula {Hf&u), one obtains 
= K_J-,- J u i f‘k f uni with E — ^flC s ; 


l#dQ BJb 

pAf hW ' tirfPk, 


doe]) 


I : • e ahiation of the matrix element* V£ , i-te,, and the minirnation, 
eq. (limf), with the exact Dirac functions. % of ecj. (ttSf) is a rather 
involved afinir (refi i to VV. Heitier Th-e Qiwnhim Throry of Itadiation, 
pp in* ff.j li feuds finally to the weU-eunfirmed fnrmuiu for the 
dittfreiitinl Scattering otqkh section derived by Klein and Nkhinn and 
by I Waller, 5 

dS =. 

■._ . 1 1n- states *af negative energy of the electron prove to represent 

.t physical reality rather than a mathematical abstraction. 


$#. Vi 
£2/ 0 


°°* w + oJtTj 


(HWk) 


109,4, Anniiiijtdmn of Etwtrun Positron Pairs. Unoccupied states of 
negative energy, or ‘hole* 1 " in the negative domain, are interpreted, 
mx-ordiiw 1 ■ Dime, u*j positrons. When an electron fads into u fio3e T 
Ik.[ i the electron and the hole f- positron) disappear Such an 
iLiniikihoin-n pmce-s* may take place whenever a ray of jTositnons is 
iio-.ted through mutter 1 containing loosely bound or free electrona 
* I.). Klein Mild V. ShIiuim, Z, Phy»d- 58. SM i IMS). I. Waller, ibid, 61, 637 11630). 
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(aluminum foil, Thibnud and Crane). The process, theoretio&lly ooti- 
sdsting in the energy change of a free electron from more t-iu 1 ) n tt 0 c 2 to 
loss than - /v 3 , cun trike place only with the ishii uit-unco us emission 
of itco photonsi each of energy hv > p/tf: 2 = 0*51 Mev, in opposite 
directions* This bus been confirmed by eomoidenoea in i Jeiger counters. 
The theory of unnihilution* is analogous to the Compton scattering t>y 
a free electron which also involves two photons and the energy change 
of a free electron. The probability of the annihilation during dt of a 
positron traveling with velocity v^r tltrough a substance containing 
A T free or almost free electrons per unit of volume bus been calculated 
first by Dirac; 


— i^iriVc df, where r n = 



(r u ia the k ’electrostatic radius 1 ' of the electron.) I '1* leads to a life* 
time of order i0 -,cs sec of u alow positron In lead. 

109.&. Fair production, us., the lilting of an electron from a nega¬ 
tive to a positive energy level leaving a hole f - positron), could take 
place in free space only by the simultaneous arrival on a small 
croiss section of two photons hr > ptf- from opposite directions, ait 
extremely improbable event when two y-r&ys arc sent against each 
other. Near a heavy nucleus, production of a pair can take place by 
the absorption of a single photon of energy hv 2^® = : I."- Mev, 
Pairs were produced by sending Tlii."' y-mys (At = A.ti'A Mev) through 
lead foil fJ. Curie and F. Juliet, Chadwick, ant] others). The process 
is analogous to, and the reverse of, Bromastrahlung which Involves the 
emission of a single photon duo to energy loss of an election near a 
force center. The crasti section S of a heavy nucleus Zte for pair 
production by incident photons hv In vs l>e-rii calculated by Gppenhftitner, 
Plesset, Be the, and llcitler, 5 with the result 



where is again the electrostatic radius of the electron, and t 'Jhc has 
the numerical value 1/137. 

Even in the absence of any force centers* pair production can take 
place m a two-step process in vacuo, and the pairs may he annihilated 
again after having lin'd for some time. Th.ii? implies, however, that 
the electromagnetic held theory in vacuo without charges must he 
replied hy a theory in which the pure held and the field of matter 

1 P. A. M. Dime, I'nr. CatnbruSp Phil. Sue. £8, 3St (PKK'J. 

*15. iLitEl W. Kii-itlc-r, Ft or. Ifey. &x. (Lmafen! 14B. S3 \ L&Uij, J- Ft- Opp«a- 

hctnirr ,le.>] >T, S, r’Lct^ti, Phyit, R- if. 44. .~r3 (1D33). 
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waves roprvsej tfcixig virtual poaitrnnR ami ^lootrunJ? are interconnected 
80 th.it neither "F them any longer has iin independent existence. 
For further study the render may refer to the standard work of 
W Hfir.Jm- Th*. Qinmtmn Tfti&ry of Radiation. 


U10. Quantum Electrodynamics 

llGLl. 1 '!iiH lt'-s at- recognized by the surrnuniling fields which, in their 
turn, an? measured by meana of tewt charges. The question arisen, 
what i- the margin of exactness of measuring a field? The answer 
wie h gained in gift from the principle of uncertainty for the teal 
charge#. Tiiv field uncertainty limy also he derived by considering 
thr- he]-: itself a> ,l mechanical system in termsof “radiation oscillators 
with the canonical co-ordinates. and momenta defined in ecp flsfifc). 
However, radiariun oscillator* fjervade the whole volume. A 

Uit'chiiimzjition nftlie field in whtvji llie L| co-ordinate* J ' and u momenta 1 * 
are characterist-ie of the field in the various individual volume qle- 
me of.- <■:' space time wa* tirst efltftbl idled by <1, Mic 0 and will now 
be cfescribed. 

The Maxwell field depends on two 4-vectors* namely, the potential 
md tin- unrnt density J. wit'h their components 

<£ = A if and J — j/<% ip. 

They haw different values in different, space-time pni nfcn = let* 

The belli itself i* dr lined by two fl-vectoi* F and G with components 


Fi-il* i,P H FAFfl - B.rB ,B,fE \ 
G w G 3i G ijGj,G, fi G w 

B in-1 E Art derived from the potential 4> by virtue of 

(B = V X A 

P-Ctot#,*_ v _i A 

\ C 


(110ft) 


(110b) 


$ io-i i!-" satisfy the Loren tz condition ifiv O = p r 
I (mi Is t(j the Maxwell relations 


f’F,, .'F u ^ f'Fz, 
Ar i Ar* 



XE 4 B - 0| 


Kq. (110b) 

(lino) 


• Li. Mu?. .Jpiii. Phy/tik 86, 7H [ LU^Sj. F. >lor>tii.ri fvnrl E. Vfifprar. Z. phj/miJt 47. 
Iill i t'J-4] U Eim«; L nbni^s; m-i 4 W Fnuli. ibitL &&. 1 fl[ii£S*'l. L. fbDaanfulcI. i'hid. 70. 
4S4 {Wl'i 
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eta a mathematical identity. With Aiv explained page 2-iB, the 
ouii'etit i* defined in tortus of the field by 


Aiv 0 *47rJ,.ttP 7 X H 


y ’ D - 4n-p. 


(IKJd) 


110,2. Equations (3 10(3) will now bo derived ns the Lagr&nysftii equa¬ 
tions which minimise the variation problem 

jfjL dv di = J ' dt = extremum, f LIOb) 

with the Lagranghin L defined as 

L=-'-(Q.Fl- id. *) (H'-'fJ 

Stt 

= - (G. Curl *) - |(J. *) i,(Cnrl *&. *] 

Hit 

as a function of ^ and its derivativaa^ nontaininv G and JrrJ •- Aiv G 
as quantities indepcndmit ■ '! 4* and [ nrl Hence, 

AE — — (G. euiid®) — £(J. 

OTT 

and owing to the Identity Thv {<&. G) — {4*. Aiv G) - (G, t'urt 4>); 

AL - — ttJ*, Aiv G> — £(A#. J) - — Div (d* ; , G), 

Sit 

The variation of oq, (1 10 b) thus booomes 

iJJI j/r d/ = Aiv G t*J) - ^ J/l iv (4*, G)<*« ifr. 

The second integral may be t ransformer I into a Ktirfjuie intognd which 
vanishes if the variations of A& vnniah til the Imundjiry, The 
Uat equation then is Batiafifd only if the factor of ■>«** under the 

integral namely Aiv G —&ttJ C =™ Eq. (Hod) t \mn solves the 

variation problem flltte). 

The Ijigi'bUigiii-ti function v = JZ rfv determinra the 11 momenta of 
the field if we consider m “cn nrdhiAt^a" the three spatial components 
of in the arhuis volume elements dv: w ith A..A.A, m <a>- 

ordinates the canonic ally conjugate niuinenU El., ( are defined as 

dM d$Ldv t\§Ldv 

= A*; = fc3(Curfn *) ” 7Sr«‘ 

Hi nee G u itetff is proporticmal to F H , oq. 1.1101') now yield h 
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! I . — " G ? , Jr, In conclusion, tis canonical variables in the vhtiouh 

*C Hrr 

volume element* rfr wo obtain; 


A.A t A (.'o-ordinatcH d*. 


Jit dm ^ 

. I>„ D„. 

4j 7C IffT 


r# p 

D. = in u meri t a il £ . 

4 nr 


(ilug) 


t^uantimi dec trndymmics ptwtuhUc.-, limt these co-ordinates and 
in omenta toe mutually iiioom partible^ they have to satisfy the un¬ 
certain ty relations : 

dv 

riDjAAj * -— fits, (llQfcj 

4 ttc 


From B r - curlj A it. follows further that an uncertainty AA. along 
i . involves an uncertainty — <>A ./Jy, Hence. 


$R t m r 


h 4 nr 
dr dg 


(IHti} 


- I • - r in certainty relation for the simultaneous measurement of B, 
irei D in the same volume element Jr of length dry. The last result 
wiis derived in from the uncertainty of measuring the field com- 
l- ri'. uts with the help of A test eh urge. 

After hawing found canonical co-ordinates and momenta which 

- i- H- ri I - ■ 1 hie field as a mechanical system, one may try to establish a 
s j.inin iu theory of the field by introducing a JSchrodinger equation fur 
ri function T of t-hd eu ordinates ♦j. There is an infinite number of 
such on-ordinates, each of them pertaining to a separate volume 

i• m dr. and 'I (♦J aymbolkes a function of ail these co-ordinaM 
f! • H,) in t he classical Hamiltonian of the field in terms of 
rw co-'nliiiutcs and momenta, then the oortwponding Schrodingor 
equation reads 


* ^ i-W 


Unfortunately, however, such a ulattHinul Hamiltonian is not known, 
Ji. In*-: iv do not any d&smcal theory of the field including 

charge density which could br represented by Hamilton inn equations 
d ■ ’'‘'h si. time the present field and charge distribution del on nine* 
tlo- field ami the charge distribution tit a later time, True, Maxwell'* 
«>< piat-iu us determine, by means of retarded ^ntenfids, the field when 
tl charge distribution rn space-time is given. However, we do not 
know of any ■ r.juationH of motion fur the charge distribution itself 
Mnee tile ineriia of a charged volume element is not. defined. 
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These difficulties disappear in theories which assume the charge 
either to Ite ccmdpiisod in mathematical points, or determined by the 
pant (and future) motion ^«Jf mathematical pointy, the latter being 
surrounded by a finite charge density of a certain effective radium. 
Such theories consider the field only fts act auxiliary Euidhematiisal 
scheme without a dynamics of its own. and restrict dynamics to the 
retarded and advanced interaction at a distance between the particle 
point a (unitary particle theories) t 


|HL Problems of Self-energy 

11U. Energy £>cIwwn Point Charge#, If there me several point 
charges at rest in the to] nine, their potential energy is 

h(HJl = f CTth 

whore 1 (rd is the potential at tho place of the jth charge. We know 
that l'h> r ) is Sy,/r fi ; our aim is to derive the Coulomb law from 
radiation theory. Maxwell’s theory locates the energy in the sur¬ 
rounding electric fi&lfl: 

tfpn — V,P(r,) ^ ^ /Ey (vol), (lHd) 


where E = — v 1 may hr considered ns a aiiperpoaition of 

atR-nding waves similar t.o eq. (Hijjh), with coefficients V, Constant in 
space and time, in the form 


I V.d -- S,1, cos r tj , where 

r„ = -'(r, - f>.) + rt„ 

C > 


(lllb) 


hence, with E ■= — V l'(r) = £1, p V t sin V t 

c 

E> = (s, ~ p,7.sin r,](s, p,F lS in 1\), 

When we substitute into eq. (Ilia) and average over the phase*, 
sin F, Hiri T t — 0 for 4 J 1 and — Ji(vol) for * = j 1 , theft 

£W = w-r. ™ r„ = ~ s, (jfv.-- (i 11«) 


1 F<ir n rtaingralieTuiiva review refer to C, . EliiOwr, LL Thfl ttiUrutrEon of EI«otronn 
aud on EliS;troro*gufltio PmIiV' tfav, Sfod. Phyn r 13, Us (lW7t 
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Differentiation wit.li resiiect to a particular F, yields 

v r ™l/®A* 

-t, 008 r « - ^ [ - ) .. 

Substitution of tlie resulting value of I', in terms of ^ on the right- 
band side *'if etp (111c) gives 

S|,m = ^i(£;) l2/i 003 

and averaging over the phases 

cos cos r IJF 


_ 477f a v 


ai* 


(Hid) 


We now cam’ out the la>t summation over s H i.e,„ over all directions 
p-, and all frequencies m i with 


c&s I\, co* T. = A. (a* (r, — r t - j3,) I + cos * (t, 4- r, ■ pj + 2^Jj. 

The pbiise average cancels the second cosine. When w average 
ver all ilireetions of the unit vector p, F the right-hand side becomes 

™ JJtf^d(cciB 0) ■ | cos r,j eon flj = -—— Jena y dy 

a> f 

and after integration between y = ^ 

c 

= «n 

The summation > in cq. (llltl) is an integration with Jeans' number 
sist factor i rein ember I" is tmpolnrized "^longitudinal; 

Cos r ri cos r, j f l Btn(w f r„/c) (vol) 

ajJ wf 2wg"£i/ c f 3 

Jti 


2 tt (vo|) 
ibrV ? r (J 


sin x , vol 
- dr = 




emee tlie integral Ls ^n Finally, from cq r (Hid) 


for which we may write 


it i v y f 

r 0 


fMIe) 


J,w-£ . 

(«j r„ r H 


(inf) 


ijCAXrrM MEf ItAMrS 


The fast, sum is the Coulomb energy, derived here from die 
Fourier analysis of the eiectmataliu field. The second sum. with 
ijatmmwntoEs t\ t — i>. is Infinity however. Infinite terms occur when¬ 
ever tSflil sources are condensed in points, The infinity of eq. illf) 
Lr^ purely classical since in die Iasi calculations we did not us-e the 
quantum A. 

111 . 2 . The infinite viatical mass of a jwjint clmrge enn lie avoided by 
cutting off ax ineffective nil rJio.se frequencies whose wave length in 
smaller than the electrostatic radius of the electron : 


l < r ft 


_ 2M < Iir u om 


fitf* | (i l if) 

jtoi ~> hrjt a Mw- ■' 

Quant um theory, at least at first sight, has to nit off at an even larger 
wave lengt h. Indeed, iu addition to the energy in its own field (§ I It, ]) 
there is t he Hunt nation energy of the electron in the aumounding 
radiation whose residual energy is |ft& j per Jeans proper vibration tw¬ 
in .L periodic field E E,,i ,f a free electron anquirea a periodic die 
placement and velocity whose mean squares, according to a classical 
calculation. «re 


Ifi'in* 




(l illi) 


Substituting 11n- viilueofE,, refill ing from the relation cj b - (Ej/Jto} vol t 
multiplying by Joans" mini her d-J, and integrating over a frequency 
range from w mln to m one obtains fur the fluctuatim* tiwtyy of the 
elect mu in the residual field 

E ft = - - ~ {to dvt = 1 \ {w*^ - t„Ej f (11 U) 

v TTii&* rrfir* 

Tliis energy is included in the experimental rest energy of the electron 
and should certainly nut lie larger than yv— Hence, supposing 

ten = > ^ 2tt ft#* => {%* ♦ 13?) Vj /V* = 15 Mov | (([ ( ■ j 

>1 < O.NftX ID -11 cm. I 

Higher fretpieiiflies are to lie cut ofl as ineffective. 


111.&. This classical calanlatiou of the fluctuation energy in the 
quantized fit-id is to ho amended by the results ol A more non- 
s latent application of quantum theory. First of all. we know that the 
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electromagnetic fluid begina to "net strangely” at frequencies m low 
&*, Compton's <u e with 

/< = ji/^ = 2,42 :< W~ l * crnl 

W* =0.611 Muv. ( ( ) 

Indt'i-J. hvi» ]ihi j1> -jis uf thin magnitude can. lift am elect nut of aiogalive 
■• :•■!i_;. i jMsitivi* level hi ;ls to produce uu i-ln-i-tniti- 1 m pair. 

The vrtL-uuju is full of “latent " pairs. When an electron in confined 
to a cerlain range hp s in momentum ■qiaoc, ii pushes away other 
rcms even those of negative energy, from a range fl.r 
riear its center. thus producing a thimdng-mil uf ii jgativo-enorgj’ 
electrons prrxlut'ing at] apparent spread of the negative charge distribu¬ 
tion of the real electron with a lessening of its electmat-atic field energy, 
witli'.ut feniiiing IriLim stEuctur<iI hypothec concerningIts “rodiua." 
i :i- videos ll.L- i i riii- ■ of effective frcqucneifN- ta without danger of an 
exce-sd i ely large welf-encrgy. 

Another r-vex] furihm pushing -up of (hr- mit -riff frequency is 
' fined t:>>m list- efl'rut of the rraidiml field.’' Those field fivqimnL'iL-N 
which are larger than the Compton frequency oj^ produce strong 
duet'Eiatii-iu of the veHodly and dmphmi-mcnt of the latent pairs which 
int e:\h-iv with those of the real e led run ami reduce the effective liuo- 
t nation Mteigy for e> > We t» a value obtained from cq H (LI tj) by 
mtiltipLieati >u with |.m /ml 1 . Instead of eq. (I Eli) one now obtains 

{mo 

n. j integral di'.etjies only logtu-ithrmeally; it cam lie kept below the 
vnJii* ■ - by mt ting oil n- ineffecl i ve the frequeneim 

fj > A% exp (tp I37)< (Him} 

TL< j-augi. of the effective frequencies is thus extended Tory much 
higl * ] than by ehi'wiqai eompnUi-tions, an spite of Llae absence uf ft 
structural hypothesis, Nevertheless., oleetroydnauiic considerations 
lire e.vj.n--cted to fail at the highest frequencies ht*cause new phenomena 
• T meson type* are superseding electrodynamics. The problem of 
removing the infinities has been solved by new methods owed to 
Tomumaga and Wchwinger. 


Summary of Chapter Xin 

The radiation Held in a finite volume can be eonsidored an a super¬ 
position of independent harmonic vibrations or Esriurtion oscillators 

■ Refrt hi the report, of V. W-ei^kopf, ' Rebuilt Lkjvflopmjtate in tlsu Timmy of tho 
Kltt'i trim,” rtMK M'Mt. Phi,*, 21. (PIJU), 
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whose a tat* is described by 00 -ordinates and momenta, proportional 
to the Fourier amplitude* A„ and A, of the field vector potential The 
mechanical sy^em of radiation oscillators interacts with electrons 
through a mutual perturbation energy, in non relativistic approxima¬ 
tion* both scalar and spin theory lead to transition probabilities which 
are equivalent to the intensities given by the classical Max wall-Lorontz 
theory. In liigher approximation, however, the point electron and 
the Dime electron disagree. The former leads to a wrong intensity 
distribution of the Compton scattering, whereat the Dirac theory yields 
the correct KLein-NLahina formula, based tm second-order effects and 
depending on two-stop transitions through intermediate states, in¬ 
cluding states of negative energy. Negative energy levels are related 
to positrons xxi Dirac "a theory. 

Instead of dividing the field into radiation oscillators pervading 
the whole volume, MJe oonnkiore every single volume element d! as 
an energy-carrying element, its energy content- ia a certain function 
of the vector potential A and the displacement vector D Maxwell’s 
equations are canonical equations of motion for the A's in the various 
volume elements a* co-ordinates, and the dV as momenta, 

(Jo‘ordinates and momenta cannot be observed with exactness in the 
same element at the samo time. Tins lends to an exchange relation 
between A and D. and between B and D. 



Chapter XIV 

IIIE MESON THEORY OF 
NUCLEAR FORCES 


fll2r Nuclear Particles 

112.1, In this Inst chapter we leave the solid ground of established 
iitumh 1 1 iry anti discuss the controversial topic of nuclear forces,. 
In contrast to the Coulomb potential ->w i^r, nuclear potentials decrease 
exponentiuEli o,:r i r [short-range potentials), It will be adequate In 
use [h ihre-i itivislie quantum mechanics since nuclear particles move 
with -.mud velocities. on account ul' their large: mo»ics. 

Muclear physics presents us with a rtiilring instability i if the very 
f. i. r t s. 1 - - - which were Ihrmerly considered ay elementary. Protons 
tflmsf. -nn into neutrons, electrons and positrons emerge from a nucleus 
which could not have " contained” them since the Compton radius 
of tbo electron is a hundred times larger than the nucleus itself. 
Mew particle-, such the meson and the neutrino make their appear• 
oner We suddenly ait* faced with com plications of such magnitude 
tli.:t bold and artificial hypotheses* have to be introduced to bring a 
semblance of coherence into tlie diversity of nuclear phenomena, 
Wht-rt l- the particle of paramount interest during the hist fifty years 
has been the electron, the center of attention at the present time has 
shifted to the mejttm, believed to bold a compound nucleus together. 

112.2, The accompanying table contain- data 1 on elementary par¬ 
ticle* and their simplest ermipounds. 

I'he moss numbers are those of the neutral atom and are based 
oil li'i for the isotope 16 of oxygen; 0.001 ina^s unit corresponds 
lu o.hSJ Mev. The magnetic moments of the heavy particles are 
given in nuclear magnetons. j.o Tr the electronic magneton divided by 
lVb.1, The 2, 7Si nuclear magnetons of the proton, determined by 
Stern, R&bi. and their collaborators, when subtracted from the O.SoOo 
1 Partly frcuc li. A. Bettvn. Etenrnlarj/ Nuclear Wiley, Now York 
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Parti rlo 

M™ 

number 

Spin 

Miunc! k 
moment 

CliitTKfl 

Elect fi -11 [ft ) 

0.Q0WW3 

1* 

1 

— p + 

Nnuinnri 

n 

t* 


U 

ji-M-wn <2tftj.il 

O. j ]g 

[ 

r 

-K-.0 

ir-Mi.'wn {IWjjwi 

ca&a 

ii iir h 

t 

+ p — 

Proton 

I.OOHtiJ 

Pi 1 

2,7*™ 

-h 

SVul rnu . 

i .(jfisas 

ih 

- 1.033 1 

II 

Deuieran 

2-0)473 

n 

CJSfitiA 

+ 

a-l'Lul Icle 

4.00100 

u 

0 

+ 2 


magnetons of the deuteron, yields — I .tlJWl mngTir-tons fur the neutron, 
as though the neutron had a i Legalive clwgr. Troton* and neutrons 
art 1 often considered as punitive and neutral state* of one and the same 
] untie le. the Jiuclr.nn . All ftBbrls to find i\ negative pmton (antiproton) 
have failed as vet, 

w ■ 

Two different types of rjuaen#, with rest, masses ^ 21 (i/4 and 
m v -■ swift have been observed w ith reasonable certainty in ooflinio- 
rov phenomena, and a third l\ go with probability, The tt meson 
fumifthes the binding materia] between nucleons; it? mass is ouin- 
IjenBftted by a negative potential energy in the nucleon. It decays 
with life time UJ - * sees, into a /i-meson. 

In order to explain the broad energy l>rtnrl of ft -emission frum a 
nucleus. Pauli introduced the hypothesis that n neutral particle of 
le^t mass zero, the wurtrifto. m omitted together with the electron, 
and that only the sum rtf the omission energies nf electron and neutrino 
has a definite quantized Vfthm. it i* necessary to ascribe the Spill 
to the ueutrim'.!, in order that the emission takes plane with conserva¬ 
tion of spin momentum. 

113.3. The dissociation energy of the nucleus into midenna is obtain¬ 
able from the nmse defect. i.e, T the difference between the mass of the 
nucleus and the sum of all proton and neutron masses. The deuteron 
has a mass defect of tMrt)234 mass units {ef. the table above), rants 
spoil ding to a dissociation energy of STISMev, or 4. ;it5 Mov for two 
deutorons. The mas defect of the at-partiele is 2S.i Mov so 1-lin.t 
SS.StKsv are required to split it in twa deutcrons. The dduterou 
is unsaturatod whereas an ?■ particle is highly saturated. Xu clear 
forces in general show similarity tu those of the cliendcRl bond ; thev 
ami exchange forces, 'Their nature may best be studied in the example 
of the deutemn." 


* II. A. Iti’llw mid It. F. liudter, Jffeu. Mod, jpfij 1 /#. 8, 83 i| IU3t.li. &, W imhIi 245 ijlVS?)- 
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A dcuteron may be cum pared with an If.; -ion where two protons <i 
and h jue bound together by etn elect run uliuw wave function fh(r) is 
n symmetric or unLisyin metric auperpend I ion of thr* wave functions uf 
ihr- particle in the held of a single proton: 

= -r : (v’.(r) ± V v(r)}. (112a] 

V 3 

l iic dealernn may then be considered us two protons hold together by 
a negative meson, or as two neutrons held together by a positive 
n.i> - ■ * - :■ i r i >j] tmd a neutron hound by r u neutral meson, Since 

T ■ last force nT the name magnitude as the first two, neutral as well 

s> charged mesons are needed. 

The wave fiincttoti of the deuteron is the product of 4>(r) and 
toil-- wave function of t.ln: j two nucleons, Tbi, h). When *!*(?■) is sym¬ 
metric in n and A. then T" is antisymmetric, mid vice versa. At n fixed 
list an cc A? ul the wave equation for ^(r) leads fco a mutual energy of 
the form 

U = C±D t (112b) 

in.-re r ’ and B depend on R 1% - U[R) then serves us n potential energy 
i,i-t»i r-r-ji the two nucleons of mass M so thut Y(a, h) has to HEitisfy the 
Sehrui linger equation 

j- !ryj (vi + vf) + (C ± D - fi)j V(a, ft) - 0. (H2c) 

Tie- two ri l- i.-—, with B and —D nrnv be condense*l into one equation 

r (v " h V * J + {C ~ E> \ v</t >= ~ m ' ih - ">• < 1 l2d > 

-'I d cr) = d 'l>. ii), aa 4>{r) in antisymmetric or symmetric in 

the orbital -md .spin co ordinates uf the two nucleons, may be 

inihqindent of the micloui do spins (Ma prana force), nr apan-dnpendent 
i Ht-irenbi.-ru forcn j, or partly dependent and partly independent 
(combination of Majumna and Heisenberg forces ut a percont&go 
u-’i'uned ad hue ); furthermore, there may be ordinary noncxebwiigc 
f *r ln . Kqs, (112c t d) do not contain it direct reference to the natum 
of the binding particle. * ■sllculatkjns originally designed for the 
oknri ron may be applied to Elie meson. 

§113. The Meson Field 

113.1. J he binding force between two nucleons bus a range of 
L'.s - ID -1 * cm and is an cxchuugr force produced by u third particle. 
The large (.dmpton radjuB of the elect ran, as well us its spin £A, rule 
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out the electron an the binding particle. A particle of Compton range 
hjutc 2,8 10 -13 . hence iff mass m liu it, is required to yield 

a ishnri-nmyi fotre. A theory satisfying these requirement was Host 
proposed Ijjv V nh wtt 1 (1 [(tfo). Two years later. Yukawa's mesons 
were found in ooerme-ray observations; thty are produced tti the 
highest strata of the atmosphere by the stoppage of primary protons, 
in much tiie some way as photons are produced bv the stoppage of 
electrons. The mechanics of the meson ought to be similar to 
that of the photon, except that i bn meson has rest mass and the photon 
Inis none. The w-meson. like the photon, obeys EJose statistics and 
hence ban integral spin, 0 or h. 


113,2. Scalar Theory. Yukawa first developed a scalar wave theory 
of the meson in analogy to the scalar theory oi flic spin less point 
electron. The elaatiioal energy equation of it free meson of rose mass 
TOa is assumed fo be 

p* - (Efc? Hh = 0. (1 L3a) 

Substitution of p- t by — ii&fdx k , etc,, leads to the wave equation 

□«F — **T = 0, with hr = A/w% f. (1 13b) 

Ah in the K lein-( Jordon theory, probability density and current 
density of the meson are 

„ = ~ (>H‘- ; = /—('TYH'-‘I VF). ( 113 c) 

Snii ifn^f 

A special solution of eq. ft 13b) U the stationary funotion of central 
symmetry, namely, the real function 

W = eomrfc - e" u \ ^113d) 

t 

T has appreciable values only- within j- — wb However, p and j are 
zero for a real T function although | l F| ! in Unite. Eq, ( 113d) signifies 
a stationary probability amplitude of neutral meson matter,. jjossibly 
composed of positive and negative mcsoTm, 

Eq. (1 ]3b) iiEao has complex periodic solutions of the form 

T = exp [’2 iV{F£ — ri)] f (113e) 

wherein f and v are related by the dispersion law 

4 -'(*'HS 

* 11, Yukawa, fVflft, Phy*. Math. Son. Japan 17, 4* IW*)- 


f k ! = O, 


(M3f) 
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P and j now are different from zero, with plus or minus nign, no Fts to 
I 'Tmit wove pttekjfcte of positive and negative meson matter. Without 
ivsjJrtiuti to la hole theory, production anti annihilation of rniwin pairs 
would be possible In analogy to the point electron. However, the 
Neater thcuiy cannot explain the dependence of nuclear forces on the 
nuehu -pin. We turn, therefore, to the vector theory. 


113.3. I Victor Field Theory, Whereas the Maxwell vector theory of 
litfht to the long-mage Coulomb potential between two electro- 

ntat-Le tie] 1 1 the mytwjii held theory mast be so constructed that 

the jNJteiitia] of the field source (namely, a nuoleon) is of short range, 
e ^ of the form t” '7 r - Suck a theory baa been developed by Froon, 
Fr-N-'-hJich, Hcitler, Kt-mmer. and others, and in a most generalized 
fashion by Bdfofknte and Faulk 4 

Let the former scalar function Tfzfzf) be replaced by at vector 
function with four components <f> h . In the absence of a meson 

field source, each component may satisfy the wave equation 

□%&* — k *<£* = f) [free mesons), (113g) 

-in ELir \ > tL<? four Dir&e equations of the second order without field. 
Howr v, r Dirac s four T a are spinor components cqqpled by linear 
equation*, whereas the four an? supposed to be coupled by the 
L -rente condition 

3 a* 

Div ^ = U t or — = 0. (Il3h) 

mCj t 


In "rdvr to street tine analogy with Ihe Maxwell held we denote the four 
components as 

jjp “ fi F1 * ■ *. — iv, (113i) 

and litn-imv a 6-vector F u with components 

I’n = l> 1 , ■ ■ F 4l — ie c , * ■ *, (iiaj) 


defined by the equations 

F — Curl ejt, or 

from which follow the equations 

r 


e =- ?v—ftl 

b - curia, J 


curl e = - b = 0, div b = 0. 
e 


(II 3k) 


(U.3IJ 


" W, PiLtiJi, \fr.AOH Theory uj Hvtltar >*njnu t lnt^>Tvw-i^isc-*- r Nnw York (J044)„ 
G- WanlMl, “Jtmwnir itowareh on Mnson Theory Rtv. Mpr |. Ph\t*. ID, l {IS47h t 
F. J. Botipifatriilfi, Thexifii LuElJihij {153SFJ+ 
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Ah it cunsequenoc one arrives at 

AjvF - Air 1 Hirl Grad Div <f> = v — K'fi, 


That i 


. . „ g . . (curl h — — e -f- it% = ol 

iJvP -)- - 0 ( or j r 

t\h 0 + K J r — nj 




for the meson field without: source*. 


If the meson Held pirtentiids are confined to [* i liI values, thru p 
and j vanttih according' to erp (1.1 3c): utn- then has a fluid theory 
eorreflponcUng to w utmt tarson - of real nm — n(„ «/•/'’• If complex 

values <if a, w e, h, are admitted then there are two sH.- of equal inns, 
namely, l.lnw< adopted above as well as thrir ram pies conjugates 

= 0. F =» furl l)i\ f — u. (I L3ii| 

They lead to finite jjositivfc and negative densities p, signifying the 
existence of positive and negative mesonn with conservation of charge 
in space (production and aiiiiihilution of pairs]. The total intensity in 
nut- conserved, permitting production and annihilation of meson pains. 


§114. Nucleons as Sources o! the Meson Field 

114*1. In analogy to the Maxwell thorny the ij-vector F = e b is 
supplemented by u 6-vector G — rj li which in the absence of sources 
in identical with F but, ui general, is assumed to lw connected with 
thr <i utj fifty and current density of tin? field sources by the equation 

afeG+ «** = — I. (H4») 

d 

supplementing erj, (113m). The suurct' of the meson held are nucleon* 
of spin ^h. The nucleons in antilogy to Diracs Theory. timv produce 
a Tutu-rent density [refer ts> tq. [IUtb)]r 

J _ with component# 

p - fV<¥. 3 f = ffCPyVT). 

The “coupling constant 1 ’ y replaces the electronic charge; both 
neutrons and protons in a state T may serve as sources of the meson 
field. Maxwells difference B — E and B — H is 4rr times tile polarisa¬ 
tion ; its analogue in meson theory is usually denoted by £jx. 

# & 

G = F f = L'uri 4 > + 4*’—. 

K * 



(H4e) 



ITTMF. XIV 


7 HE ME SOX TUKfifiY 




The paljm/.ation produced lay I h-■ nucleon snnn'« in the nucleon state 
4‘ is tleiiued tiH 

Jtpti r 

— ^ A fiWT), (H4d) 

K Ilf 

for the moment density in analogy tu l times exp region (IMin). with 
rr..- magneton replaced by J/k. For the six components of ^ 

we uise the notation 

JF* = and ltf u =^' e , 


Tbs factor / has the saute dimension ns g , namely, that of an electric 
charge Altogether we How can mite vf\ . (114a) in fchjt&e-dimensional 
fashion s 

div d 4- K a r — 4aja n 


] * 4ir . 

cur! h — - d 4 *r J a = — j. 

fl c 


n he i t- -i- '-q. i I l*e) rends 


. I 4tt 

d 4 ?* + ~ 4 ~ — 


7-1 


h curl a = — , 


{114s} 


Combination of the Inst two equations givea 


™ — 4n/j 4—- diw'f 1 

\ 

**b - - -J i + - - c 4 ')J 


tills) 


for ’!:■• scalar and vector potential of tbo meson field. The meson Held 
originates from the nuclear current and momentum density defined in 
terms of the nuclear wave function Y in ©qa. [I I4b„ cl). Wo thus have 
arrived nr u nirttcn field theory, with nucleons as sources. 


114.2. Solution of tfo Field Bqwxtims* Because of the sum 11 velocity 
-T the nucleons we need 1" cotimdur only the no nreLuti viatic approxiniA 
linn neglecting the nuclear miiTcur j nnd <L i frit The field equatiouR 
f I i k j J thereby reduce to 


I 
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Suppose, further, that the nucleon is in a ttnf-imary ziate with p and.rf" 
constant in time ; v and a will also be constant in t ime : eq, (i Uh) then 
reduces to the I Bisson equation whose solution at n point r in a]jane in 


v(t) 


J I* - t r 


a[r) = - 


ft-**' -*'dV' 


(ini) 


When the point of observation t is far from the? oontcr of the nuclear 
probability cloud, the integrals reduce to 


e -*T t ( 4~*fS 

v(T) “ 9 —> •<*> = - i cur! J* —J. 


(Ilij) 


with the abbreviations 

= SlJ - - fflyYmV'i eto. (114k) 

Eq, (114k) replant* the ac-aluT potential of eq, (tlSd) by a vector 
potential. The coupling constant r j plays rhe same rule as the electric 
charge in electrodynamlGS f whereas //*■ represents a quad-magnetic 
momenf of the nucleon, analogous to the magneton. 

The meson field which originates in the nucleon also supplies a 
mutual energy between two nucleons, in the same Fashion tui the 
electromagnetic - held originating in charges produces the Coulomb 
potential between two eliargea. To find thi- mutual energy between 
two nucleons one starts from the niesun Hold energy 

U= I (j- a) + h) -f (..r. d]J<l?, 

in which osio may omit j ft&d.t ‘ before, Substituting eq. (11 I j) for 
t) mid a. eq. (114f) for h. and eq. (114b) for p and: j t one obtains the 
desired short-range potential 

V = OA ~ + i /./«— &■*>) <114m) 


between two nucleons of distance r. Terms of order higher than l/r 
arc omitted; they depend on tin- direction of r with respect to the 
spin directions 3, and s*. When averaged i>ver all directions the higher 
terms cancel, yet for any single direction the higher terms represent a 
serious difficulty for the field theory. Eq. (114m) him a simple 
physical meaning: t he first term in Coulumb-Kke for small ; the 
product of the constants g^/ t correspond® Lo the product fjEfe in the 
interaction potential of two charges. The second term is comparable 
t<o the magnet! >■ interaction potential hi‘tween two spins. Both terms 
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are inversely proportional to \fr j-U- ^maEl distances. but. decrease 
exsitfrienEklly al distance*! larger tfia.it tc -1 . Wo thus have arrived at 
•ihurtrrange foroen between nucleon? effected by the meson held. The 
is i* weak force” based on the eraiiffion and absorption of single 
mesons. A “strong coupling Foroo" is obtained front multi-meson 
processes, 

The necessity of "cutting off” the higher-order term a is the chief 
difficulty in tills and in other field theories of interactinu between Geld 
source - . One may avoid singularities by the irdati viatical ly objection - 
■-ifI-- restriction ttint the integration be carried out only down to a 
pr o-cthv phere of radius *”■ surrounding a nucleon. With this 
pt-urn u,nd with the further hypothesis that the interaction be 
icj*--iuh‘nt ■ os spill forces only (y ~ 0), the observed binding energy of 
■r.- :-uteron would indicate a value near 0,08 for PJKc, as contrasted 
t-> tin- value • : - •— 0.00 tl for e a /ile. 

114.3. A • at ml Charged tneaanB are required for the force 

■ prr.ti.ns and neutrons. The corresponding mason field com- 

r- hr-: n- :-fined in ci|, {113k} are complex. Scattering exjierimenk 
prove however, that the foren between like nucleons ia almost of the 
- - •_ nude as between unlike nucleons. p-p and n-n fumes 

require neutral masons ; tha corresponding field components (similar 
to thfeie be lunging to ueutrul photons) art' real. 


Summary of Chapter XIV 


Mesons are analogous to photons except that they have rest mass. \ 
meson v-omr field r henry may be constructed in analogy to the Maxwell 
the ry i he meson field F = b e in defined by P Cur) ^ when' tf> ia 
a reefer function describing the probability amplitude of a meson with 
spin ii" non trusted to a scalar field theory for mesons without spin. 
1 r idditLon to the field F there is a field fl- =-^ h.d related to F by 


4?r 


G = F — .if. where. £{k is the momentum or polarization per unit 


■ : >i .Momentum density and currant density J arc produced 
by nuclear ]?artidew. >uch as protons mid neutrons, considered as 
different quantum Elates of the nucleon. J and are connected 


4tt 

wil The meson fn Id G by Air G k* tj, ' J, 

15 


The coiintant k stands 


For frtjjC/A and determines the range uf the nuclear forces. Nuclear J 
and ..jF/k- are expressed in terms of the nuclear '-T-function with four 
spinor components, in analogy to Pinto’s tbeoiy* 



RETROSPECT 


Jn the lirst chapters wa derived the principle of quantum mechanics 
from a critical analysis of a few standard psptirinients, viz,. the 
diffraction through crystals and the Dupplor and Compton effacte. 
These phenomena wore, and occasionally still are, bilkived to pr-m tde 
proof that particles violate the lavs of media nit* in favor of of 

wave interference, and on, the other hand that wave# contain energy 
quanta, obeying the conservation laws of mechanics. It. wag seen, 
however., as a liist- step to an understanding of quantum theory, 
that the afore men tinned phenomena do not. comp 1 1 us to conclude 
that particles disobey the mechanical law's. <>n the contrary, particles 
produce maximum and minimum intensity rjf diffraction through fl 
perfectly normal mechanical process which. however, is formally 
related. to the wave explanation. Both wave theory and particle 
theory are self-ctmaistent schemes tor the explanation of be standard 
experiments mentioned before. Tlie first object of quantum theory, 
then, is the establishment of ndts of correlation or of b-anttlation 
bettveeA r the concepts and dak.' uf the aw*, and thi jxtrlidc ihe&ri/. The 
simplest ride. f£ — hr , was found by Planck, But it does not. state, 
as Planck believed, that vibrations are oomposed of energy quanta Ar, 
which wonlil contradict the very principle of wave interference indeed. 
The rule E - - hr rather states that phenomena which may be explained 
a# clue to vibrations v, are capable also of a mechanical explanation 
in terms of particles of energy E hr. There are additional 
quantum rules translating wave intensities into particle probabili¬ 
ties, mechanical transitions into Wave supeipuBititinfi* and so forth, 
Planck 'h h appears only in tlie rob- nf a translation parameter The 
uncertainty principle is a translation of f be wave rules of harmonic 
resolving power. 

The next object of quantum theory U to utilize tfkwe tmnsialion rides 
for the prediction or i\rphmiitioji of physical phenomena that ifiuraot be 
explained l>y cither classical theory separately, ISoth mechanics and 
the wave theory are flexible and undetermined in various details; 
but the five parameters of one classical theory are determinable by a 
translation of definite parameter# of the tuber classical theory. For 
example, wave# in general might obey any mathematical relation 
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b-vt u een frequency and wavy length. i.e., any dispersion law what 
vA'vyc* Actually f lat 1 waves of matter and light are subjected to a 
very special dts]*mim formula, drfdQ = ?/£, representing a trans¬ 
lation 1 he definite mechanical relation, dEjdp — pf a, between 
energy and nm men turn for particles of uittHS p =■ hp. On the other 

■ irid 1 he orbit- of an electron in the Held of a proton is free to assume 

., _ !.i momentum p_ whatsoever according to mechanics; how 
ever certain quantized rabies of p v are selected if orbits arc? correlated 
to wave train* of well-defined phase (principle- of do Broglie). In 
cone high ..r*, particles do not disobey the htw.s ol mechanics, ysL free 
]..iru!i.r-terc ..f the mechanical motion are speeitiiHl, or stabilized. ur 
quantized by the pustulate of tran^lat-ability into the wave mtor- 
l-'tet vtinn, and vice versa 

i oipiivjilcnoe or mutual translat-ability cif the two classical 
i j - ii ml their quality of mutual supplementation fails, however, 
in ■ f"i:i ii 11 of {ttatiatica, when -‘trrcrfli f»irfich‘^ ought tu ru'cupy one 
element h 1 of phase space. The thermal behavior of (natter and 
radiation is an essentially statistical feature of micrrophy&icUn Only 
in tin -1 n-yiiiptotin instance of Low condense [.ion of energy- arc [.ho 
nations and other statistical properties similar to those winch may 
.... rX pecied of individual particles. wlit-tea* interference-.! ike duot-im 
ece. are fciund imly ftt high concent ration. Planck obtained his 
general radiation lortnnla for ail energy eon cedi rat ions (temperatures J 
when he .iscrflied particle statistic!* to the wave fields anil Bose arrived 
the same p-odE by attributing h bind of wave statistics to a particle 
Planck w o- compelled to introduoe his. now constant /j only when 
try in u in derive tin- ntHtintieiil properties ■ *f nidi at ion, n very sign ih cant 
historical fact. 

One chapter of the book i- devoted to matrix nwchatoiai. To the 
beginner nnitoi.v met-bunks often Bee ms a collect inn of enigmatic rules 
concerning Hertmtian opera tom and infinite no ncoinmu table matrices 
which in .l!i almost noigical way are capable of leading to correct 
physical coiim- queue*.**. We have r*ct']i that matrix tnedmnb is bin 
a ii.iturai genvivdiziitJoii of the theory of polarised light and matter 
rays. The matrix method reveals quantum theory in its complete 
^'■iierality. with ware mechanic* as a ^pecla! application, 

11m niL-final problem nf present-day quantum theory is the dualism 

■ ■f the radiation held an against its (jonrcea, the ole men tore purl ides. 
True, problems such as the production and annihilation of pairs can 
be reduced to transitions of a single particle between positive and 
iicgtillvc energy levels by I Ji rue’* preliminary theory of holes, Still, 
[In motit urgent problem of quantum theory is the explanation 
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of the different masses of the various, perhaps infinite number of, 
af.tr jxtTtirhs as eigenvalues of a common equation. It eoeiut that 
new additional principles are needed before one may understand the 
great variety of new phenomena revealed in nuclear and coamie my 
experiments. 
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